Mathematica 11.3 Integration Test Results

Test results for the 1917 problemsin "1.1.1.2 (a+b x)"m (c+d x)*n.m"

Problem 73: Result more than twice size of optimal antiderivative.

J(a+bx)3 i

x>

Optimal (type 1, 17 leaves, 1 step):
(a+bx)*

4 ax*

Result (type 1, 39 leaves):

a®> a’b 3ab? bl

4x* X3 2 x2 X

Problem 82: Result more than twice size of optimal antiderivative.
Jx (a+bx)®dx

Optimal (type 1, 30leaves, 2 steps):
a(a+bx)® (a+bx)’
- +

6 b? 7 b?

Result (type 1, 67 leaves):

a®x? 5 5 5 b5 x7
+—atbx®+ = afb?xt+2a%b3x’+ —ab*x8+
2 3 2 6 7

Problem 90: Result more than twice size of optimal antiderivative.

5
J<a+bx) dx
X7
Optimal (type 1, 17 leaves, 1step):
(a+bx)6

6ax®

Result (type 1, 65leaves):
a®> a*b 5a*b? 10a’b®> 5ab* b’

6x5 x° 2 x4 3 x3 2 x2 X
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Problem 105: Result more than twice size of optimal antiderivative.
JX (a+bx) 7 dx

Optimal (type 1, 30leaves, 2 steps):
a(a+bx>8 (a+bx)9

8 b? 9 b?

Result (type 1, 91 leaves):

a’x? 7 21 35 7 b7 x°
+—a®bx®+ —a’b?x*+7a*b3x®+ —atb*x®b+3a?b’x’ + —abfx®+
2 3 4 6 8 9

Problem 115: Result more than twice size of optimal antiderivative.

7
J(a+bx) ix
X9
Optimal (type 1, 17 leaves, 1 step):
(a+bx>8

8axt

Result (type 1, 87 leaves):
a’ a®b 7a’b? 7a*b® 35a%b* 7a’b> 7ab® b’

8x8 X’ 2 x8 x> 4 x4 x3 2 x2 X

Problem 116: Result more than twice size of optimal antiderivative.

J(a+bx)7 N

Xle
Optimal (type 1, 36 leaves, 2 steps):
(a+bx)® b(a+bx)®
- +

9ax° 72 a2 x8

Result (type 1, 91 leaves):
a’ 7a®b 3a°b? 35a*b® 7a*b* 21a’b> 7ab® b’

9x°® 8x8 x’ 6 x° x> 4 x4 3x3  2x?

Problem 132: Result more than twice size of optimal antiderivative.
sz (a+b x)le dx

Optimal (type 1, 47 leaves, 2 steps):
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a? (a+bx)11

a(a+bx
- +

11 b3 6 b3 13 b3

)12

(a+bx>13

Result (type 1, 126 leaves):

ale y3
+—a’bx*+9a%b?x°+20a’b3x®+30a%b*x” +
3 2
63 70 45 5 b1e x13
—a’b*’x®+ —a*b®x®+12a%b" x*¥+ —a?pExM s —ab?xP s ——
2 3 11 6 13

Problem 133: Result more than twice size of optimal antiderivative.
Jx (a+bx)™ax

Optimal (type 1, 30leaves, 2 steps):

a (a+bx)11 (a+bx)12
- +

11 b? 12 b?

Result (type 1, 128 leaves):

al®x? 10 45
+—a’bx3+ —afb?x*+24a’b3x>+35a%b* x® +
2 3 4
105 40 9 10 blé x12
36a°b°x’+ —a*b®x¥+ —atb’ x°+ —a?b®x¥®+ —ab’ x4
4 3 2 11 12

Problem 146: Result more than twice size of optimal antiderivative.

J(a+bx>19 i

X12

Optimal (type 1, 17 leaves, 1step):
(a+bx) 1

11 a x1?

Result (type 1, 114 leaves):
ate a’b 5a®b2 15a’b3 30a°b* 42a°b> 42a*b® 30a3b’ 15a2b® 5ab’® ble

11 xt  x1e x° x8 x’ x® x> x4 x3 x2 X

Problem 147: Result more than twice size of optimal antiderivative.

J<a+bx>19 i

X13

Optimal (type 1, 36 leaves, 2 steps):
(a+bx)™ b(a+bx)™

+
12 a x12 132 a2 x11




4 | Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)~m (c+d x)~n.nb

Result (type 1, 128 leaves):
ale 10a°b 9a®b? 4ea’b? 105a°b*

12x12 11 x1 2 x1e 3x° 4 %8
36a°b> 35a%*b® 24a3b’ 45a?bd® 10ab® bl
x’ x® x> 4 x4 3x3 2 x2

Problem 148: Result more than twice size of optimal antiderivative.
10
J (a+bx) ix
X14
Optimal (type 1, 56 leaves, 3 steps):
(a+bx)™ b(a+bx)™ b2 (a+bx)™

13 ax!3 78 a2 x12 858 a3 x!

Result (type 1, 126 leaves):
ale 5a°b 45a%b? 12a’b> 70a®b* 63a°b> 30a*b% 20a3b’

9a%2b® 5ab’

13x13  6x12 11 x12 x1é 3x° 2 x8 x’ x6 x>

Problem 212: Result more than twice size of optimal antiderivative.
XS
J — 5 ax
(a +b X) 7
Optimal (type 1, 17 leaves, 1step):

x6

6a (a+bx)6

Result (type 1, 64 leaves):

a®+6a*bx+15a3b2x2+20a2b3x3+15ab*x*+6b°x°

6 b® (a+bx)6

Problem 226: Result more than twice size of optimal antiderivative.

8

indlx
(a+ bx)10

Optimal (type 1, 17 leaves, 1 step):
X9

9a (a+bx)9

Result (type 1, 97 leaves):

2 x4

ble

3x3
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I S
9 b°® (a+bx)9

(a8+9a7bx+36a6bzxz+84a5b3x3+126a4b4x4+126a3b5x5+84a2b6x6+36ab7x7+9b8x8)

Problem 227: Result more than twice size of optimal antiderivative.

7

indlx
(a+ bx>18

Optimal (type 1, 35leaves, 2 steps):

8 8

X X

.
9a (a+bx)9 72 a2 (a+bx)8

Result (type 1, 86 leaves):

1
——<a7+9a6bx+36a5b2x2+84a4b3x3+126a3b4x4+126a2b5x5+84ab6x6+36b7x7)
72 b8 (a+bx)9

Problem 243: Result more than twice size of optimal antiderivative.

8
J (a +b X> dx
X1a
Optimal (type 1, 17 leaves, 1step):
(a +b X) 9

9ax’®

Result (type 1, 96 leaves):
a® a’b 4a%b? 28a°b® 14a*b* 14a3b> 28a’b® 4ab’ bl

9x? x& x’ 3 x° x> x4 3x3 x2 X

Problem 244: Result more than twice size of optimal antiderivative.

J(a+bx)7 i

X1a
Optimal (type 1, 36 leaves, 2 steps):
(a+bx)® b(a+bx)®
- +

9ax’® 72 a% x8&

Result (type 1, 91 leaves):
a’ 7a®b 3a°b? 35a*b?

9 x° 8 x8 x’ 6 x°® x> 4 x4 3x3 2 x?

7alb* 21a?b® 7ab® b’

Problem 368: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

dx

Jxl*’" (2am+b (-1+2m) x)

2 (a+bx)3/2

Optimal (type 3, 13 leaves, 2 steps):

Xm
Va+bx
Result (type 5, 100 leaves):
1 b x
x"Ja+bx |2a (1+m) Hypergeometric2F1[- =, m, 1+m, - —] -
2 a
. 1 b x
bx |2mHypergeometric2F1[ =, 1+m, 2+m, - —| +
2 a
X 3 b x ) b x
Hypergeometric2F1[ =, 1+m, 2+m, - —]| )/ 22 (1+m) [1+—
2 a a

Problem 369: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J

Optimal (type 3, 13leaves, ? steps):

b x™ m X—1+m
- + dx

2 (a+bx)3/2 AJa+bx

Xm
\a+bx
Result (type 5, 100 leaves):
1 b x
x"/a+bx |2a (1+m) Hypergeometric2F1[- =, m, 1+m, - —| -
2 a
X 1 b x
bx |2mHypergeometric2F1[ =, 1+m, 2+m, - —| +
2 a
. 3 b x N b x
Hypergeometric2F1[ =, 1+m, 2+m, - —] )/ 22 (1+m) [1+—
2 a a

Problem 375: Result unnecessarily involves higher level functions.

b x| /3
J(a+ x> ix

X

Optimal (type 3, 91 leaves, 5steps):
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3 (a+bx)1/3—\/?a1/3Ar*cTan{

13, 5 bx)1/3
al?+2 (a+bx) ] - =a'?Log(x] RN Log[a'® - (a+bx)™?]
2

A3 al/3 2
Result (type 5, 57 leaves):

6 (a+bx)-3a (1+ :7)2/3 Hyper‘geometr‘ic2F1[§, 2,5, 2]

37 3°

2 (a+bx)2/3

Problem 376: Result unnecessarily involves higher level functions.

1/3

J (a +b X> dx
X2

Optimal (type 3, 97 leaves, 5steps):

1/3, N 1/3
(a+bx)*? bArcTan | @ \%aas/; ] blog[x] blog[al?- (a+bx)'?]
- - +

X \/?32/3 6 a2/3 2 a2/3

Result (type 5, 61 leaves):

-2 (a+bx) -b (1+ ba—x>2/3xHyper‘geometr‘icZFl[f, 2,02 -2

2x (a+bx)2/3

Problem 377: Result unnecessarily involves higher level functions.

b x| /3
J(a+ x> ix

X3
Optimal (type 3, 127 leaves, 6 steps):

1/3, (a+ 1/3
(a+bx)™? b (asbx)¥? DIAPCTan[TEEIET] b ogx)  bPLog[al?- (asbx)'?]
— + + -

2 x? 6ax 3+/3 a%/3 18 a°/3 6a°/3

Result (type 5, 78 leaves):
1

6 a x2 <a+bx)2/3

2 2,2, 12 a3 o, . 2 2 5 a
-3a’-4abx-b2x?+b [1+—) x? Hypergeometric2F1[~, =, =, - —|
b 3

X 3 3 b x

Problem 382: Result unnecessarily involves higher level functions.

b 2/3
j<a+ X) dx

X

Optimal (type 3, 92 leaves, 5 steps):
at?+2 (a+bx)*?

\/? al/3

N w

(a+bx)??+4/3 a?? ArcTan]| | - =a*?Log(x] + 3 Log[a® - (a+bx)"?]
2 2

Result (type 5, 57 leaves):
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3(a+bx)-6a <1+ )1/3 Hyper‘geometr‘icZFl[i, %, i, -2

a
b x b x

2 (a+bx)1/3

Problem 383: Result unnecessarily involves higher level functions.

2/3
J (a+bx) i
X2
Optimal (type 3, 94 leaves, 5 steps):

1/3+ N 1/3
(a+bx)2/3 2b ArcTan| 22 \Zg(aa:’;() ] blog[x] blog[al?- (a+bx)
- + - +

X \/?a1/3 3 al/3 al/3

1/3]

Result (type 5, 58 leaves):

a \1/3 . i 1 4 2
_a_bx_zb(1+bx) x Hypergeometric2F1[ 2, T, 5, - 2]

X (a+bx)1/3

Problem 384: Result unnecessarily involves higher level functions.
2/3
J (a+bx]) ix
X3
Optimal (type 3, 127 leaves, 6 steps):
(a+bx>2/3 b (a+bx>2/3 bzAr‘cTan[a’/ Qﬁa;:/j : ] b2 Log[x] b? Log[a1/3— (a+bx)
_ _ . _
2x2 3ax 3+/3 a4/3 18 a%/3 6a%/3

1/3]

Result (type 5, 79 leaves):

1 1/3

)

a
-3a2-5abx-2b%>x?>+2b? (1+—
b x

, , 11
x? Hypergeometric2F1[ =, =
3

4 a
3 3

-2

b x

6 a x2 <a+bx)1/3

Problem 389: Result unnecessarily involves higher level functions.

J(a+bx)4/3

Optimal (type 3, 105leaves, 6 steps):

dx

1/3 , o bx)l3
(a+bx)4/3—\/?a4/3Ar'cTan[a +2 (arbx)

3
3a (a+bx)1/3+z
ﬁal/s
3
2

1
=a*3 Log[x] +

a4/3 Log[a1/3 _ (a N bX)l/S]

Result (type 5, 74 leaves):
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332 (a+bx

2 5
b x 3 a]

" Hyper eometric2F1[2, 2 2
) yperg 32 3° 37 bx

+

4 4

[15a 3bx) (a+bx>1/3—

2 (a+bx)2/3

Problem 390: Result unnecessarily involves higher level functions.

4/3
J<a+bx> i
X2

Optimal (type 3, 107 leaves, 6 steps):

43173 b ArcTan [ @2+2(asbx) 2
4b (a+bx)3 (a+bx)*? 7 a rcTan| N ] )
X \/?
Eal/e’bLOg[X} +231/3bLog[al/37 (a+bx)1/3]
3

Result (type 5, 64 leaves):
1 a

[(Bb 2/3
(a+bx)2/3 X

Hypergeometric2Fi|

(a+bx)—2ab(1+i
b x

wN

2 5
> T o _J__]
3 3 b x

Problem 391: Result unnecessarily involves higher level functions.

4/3

j(a+bx> ix

X3
Optimal (type 3, 124 leaves, 6 steps):
2 al/3:2 (a+bx)V/3
2b (arbx)¥?  (arbx)¥? 2D Ar‘cTan[é—)—ﬁal/3 [ Log[x] b?Llog[al?- (a+bx)"?]
- - +
3x 2x? 34/3 a2/3 9a%/3 3a%/3

Result (type 5, 76 leaves):

1 a \2/3 .
-3a2-10abx-7b2x?-2b? (1 + —|  x*Hypergeometric2F1|

b x

s

3 b x

)

wN

3 5 a
6 x2 (a+bx>2/3 3

Problem 396: Result unnecessarily involves higher level functions.

1
J4d1x
X (a+bx)1/3

Optimal (type 3, 79 leaves, 4 steps):

1/3, n 1/3
\/3 ArcTan a2 Zﬁ(aas/:) ] Log(x] 3Llog[a'/?- (a+bx)
- +

a1/3 2 al/3 2 a1/3

1/3]

Result (type 5, 46 leaves):
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atbx | 1/3 ; 11 4 _a
3( = ) Hyper‘geometr‘1c2F1[3, 0 5 bx]

<a+bx)1/3

Problem 397: Result unnecessarily involves higher level functions.

1
J—dlx
x2 (a+bx)1/3

Optimal (type 3, 100leaves, 5 steps):

1/3, N 1/
(a+bx)2/3 bAr‘cTan[a S\ZE(aaB@X) 3} b Log (x] bLog[al/s— (a+bx>
_ _ i _

ax /3 a%4/3 6 a%/3 2 34/3

1/3]

Result (type 5, 60 leaves):

2 \1/3 . 11 4 a
_a_bx+b(1+bx) x Hypergeometric2f1[%, 2, 4, - 2|

ax (a+bx)1/3

Problem 398: Result unnecessarily involves higher level functions.

1
J—dlx
x3 (a+bx)1/3

Optimal (type 3, 130leaves, 6 steps):

(a +b X) 23 9p (a +b x) 2/3 2b*ArcTan [ 22 a+b/x = ] 2 b2 1/3 _ 1/3
A V3 al/3 b? Log [x] Log[a (a+bx) ]
- + + - +

2 ax? 3a%x 3./3 a7/3 9a’/3 3a7/3

/

Result (type 5, 78 leaves):

2 2 2 2 a 1/3
-3a“+abx+4b°x*-4b (1+—
b x

-2

b x

) . 1 1 4 a
X Hyper‘geometr‘1c2F1[—, - =
3 3 3

6aZx? (a+bx)3
( )

Problem 404: Result unnecessarily involves higher level functions.

J;dx
x2 (—a+bx>1/3

Optimal (type 3, 103 leaves, 5steps):

al/3-2 (—a+bx)l/3] 13
V3 a3 . blog(x] _bLog[a +(-a+bx)

ax /3 g4/3 6 a4/3 2 34/3

(~a+bx)?? b ArcTan| 13

Result (type 5, 62 leaves):
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_a+bx-b (1 ~ bix)lu xHyper‘geometr‘iCZFl[%, %, g, bix]

ax (—a+bx>1/3

Problem 405: Result unnecessarily involves higher level functions.

J;cﬂx
x3 (—a+bx)1/3

Optimal (type 3, 136 leaves, 6 steps):
(-a+bx)*? 2b(-a+bx)*?

2ax? 3a%x
2 al/3-2 (—asbx)V/3
2b2 ArcTan | N ] b2 Log[x] b?Log[a®/?+ (—a+bx)1/3]
+ _
3+/3 a7/3 9 37/3 337/3
Result (type 5, 81 leaves):
) 29 ) a3 . 1 1 4 a
-3a’-abx+4b*x?-4b (1——) x? Hypergeometric2F1[ =, =, —, —]
b x 3 3 3 bx

<6a2x2 (7a+bx)1/3)

Problem 410: Result unnecessarily involves higher level functions.

1
J4d1x
X <a+bx)2/3

Optimal (type 3, 80leaves, 4 steps):

1/3, n 1/3
V3 ArcTan [ %+ 23(:3/:) } Log(x] 3 Log[a1/3 _ (a +b x)
- - +

a2/3 2 a2/3 2 a2/3

1/3]

Result (type 5, 48 leaves):

x| 2/3 ,
3 (%) Hyper‘geometr1c2F1[§, f, 3, -2

2 (a+bx>2/3

Problem 411: Result unnecessarily involves higher level functions.

1
J—dlx
x2 (a+bx)2/3

Optimal (type 3, 98 leaves, 5steps):

1/3, N 1/3
(a+bx)*? 2bArcTan| \253353)( ] blog[x] blog[al?- (a+bx)*?]
- N N -

ax /3 a5/3 3a5/3 a5/3

Result (type 5, 60 leaves):
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—a-bx+b (1+ biX)Z/BxHyper‘geometr‘icZFl[%, %, i, —;—X]

ax (a+bx>2/3

Problem 412: Result unnecessarily involves higher level functions.

1
J— dx
x* (a+bx)??
Optimal (type 3, 130leaves, 6 steps):
(a+bx)*? 5b(a+bx)?

2ax? 6 aZ x

13, . 1/3
5 b? ArcTan [ &2 (abx Zﬁaalb/f | sy Log[x] 5b?Log[al®- (a+bx)'?]
- +

3+/3 a8/3 18 a%/3 6a%/3

Result (type 5, 79 leaves):

22

3 b x

)

2 2,2 2 a3 o, :
-3a*+2abx+5b“x*-5b (1+—) X Hyper‘geometr‘1c2F1[

b
<6a2x2 (a+bx)2/3> "

w N

2 5 a
3

/

Problem 417: Result unnecessarily involves higher level functions.

1
J4d1x
X <a+bx)4/3

Optimal (type 3, 93 leaves, 5steps):

1/3,.9 b x)1/3
V3 Ar‘cTan[_a +ﬁ(aa+1/:) ] Log(x] 3 Log{al/?, _ (a N bx)
+ - +

a(aerx)l/3 a4/3 2 a%/3 2 a%/3

3 1/3}

Result (type 5, 50leaves):

2 \1/3 : 11 4 _a
3.3 (1+ bx) Hyper‘geometr‘1c2F1[3, 50 5 ]

’ b x

a (a+bx)1/3

Problem 418: Result unnecessarily involves higher level functions.

J;dx
x2 (a+bx)4/3

Optimal (type 3, 113 leaves, 6 steps):
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4b 1

a2 (a+bx)1/3 ax (a+bx)1/3

4bAr‘cTan[a \Zgaaf/sx ] 2bLlog[x] 2bLog[a1/3— (a+bX)
4 _

\/?a7/3 3a37/3 a’/3

1/3}

Result (type 5, 61 leaves):

a \1/3 . i1 4  a
—a-4bx+4b (1+bx) xHypergeometr1c2F1[3, 32 5 bx]

a2 x (a+bx)1/3

Problem 419: Result unnecessarily involves higher level functions.

1
J—dlx
x3 (a+bx)4/3

Optimal (type 3, 149leaves, 7 steps):
14 b? 1 7b

+ +
3ad (a+bx>1/3 2ax? (aerx)l/3 6 a2 x (a+bx)1/3

M
14b2Ar‘cTan[a j?aalt;/;( } 7 b2 Log [x] 7 b? Log[a1/3— (a+bx>1/3]
- +

3 \/? 310/3 9 a19/3 3 a10/3

Result (type 5, 79 leaves):
a \1/3 1 4 a
[73 a2+7abx+28b%x%-28b? (1 + —) x? Hypergeometric2F1[ =, =, —, - —|
3 3 b x

b
6a*x? (a+bx)3 "
( )

w |

/

Problem 648: Result more than twice size of optimal antiderivative.

J Y 4

V1-x \x

Optimal (type 3, 8leaves, 3 steps):
-ArcSin[1 - 2x]

Result (type 3, 38 leaves):
2+/-1+x Vx Log[V-1+x +/x |

- (-1+x)x

Problem 707: Result more than twice size of optimal antiderivative.

Jx’“ (a+bx)5/2dlx
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Optimal (type 5, 48 leaves, 2 steps):

bx )M 7/2 i 7 9 bx
2 XM (_?> (a+bx) Hyper‘geometr‘1c2F1[;, -m o 1+ ?]

7b
Result (type 5, 125leaves):
x¥*"+/a+bx

1 b x
-—51+m, 2+m, —f} +

a

a’ (6 +5m+m?) Hypergeometric2F1|

b (1+m)x

. 1 b x
2a (3+m) Hyper‘geometr‘lc2F1[—£, 2+m,3+m, -—| +b (2+m) x
a

. 1 b x b x
Hyper‘geometr‘1c2F1[—;,3+m,4+m,—?])])/ (1+m) (2+m) (3+m) 1+?

Problem 713: Result more than twice size of optimal antiderivative.
X2+m
J X ax
\Va+bx
Optimal (type 5, 51 leaves, 2 steps):

2a2x" (—ba—x)fm Ja+bx Hyper‘geometr‘icZFl[%, ~2-m, 3, 1+ 2x]

a

b3
Result (type 5, 109 leaves):
x"Ja+bx |-a (2+m) Hypergeometric2F1|- %, 1+m, 2+m, - ?] +
b (1+m) xHypergeometric2F1|- %, 2+m, 3+m, - b?x} +

X 1 b x b x
a(2+m) Hyper‘geometr‘lczFl[;, 1+m, 2+m, 7—]])/ b2 (1+m) (2+m) [1+—
a a

Problem 717: Result more than twice size of optimal antiderivative.
X—2+m
j X ax
Vva+bx
Optimal (type 5, 49 leaves, 2 steps):

2b X" (7%")7"' \Ja+bx HypergeometricZFl[i, 2-m, 3, 1+ 0X]

2

a

Result (type 5, 114 leaves):
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xt"ya+bx [a*m (1+m) Hyper‘geometr‘icZFl[—l, ~1+m, m, —bfx] -
2 a
. 1 b x
b(-1+m)x|a(1+m) Hyper‘geometr‘1c2F1[—g, m,1+m, - —| -
a
. 1 b x b x
bmxHyper‘geometr'lczFl[;, 1em, 2+m, - — | ]/ am(-1+m’) [1+—
a

a

Problem 718: Result more than twice size of optimal antiderivative.
X73+m
J X ax
\Va+bx
Optimal (type 5, 51 leaves, 2 steps):
2 b2 x" (— ba—x> " +/a+bx Hypergeometric2Fl [ %, 3-m, %, 1+ 2X]

a

a3

Result (type 5, 156 leaves):

) b x 3 ) . 1 b x
x2m o f1 . — (a m (-1 +m?) Hypergeometric2F1|[- =, -2+m, -1+m, - — | -
a 2 a

b (—2+m) X

2 . 1 b x
a’m (1+m) Hyper‘geometr‘1c2F1[7;, ~1+m,m, —— | +b (-1+m) x
a

1 b x
(7a (1+m) Hypergeometric2F1[- =, m, 1+m, - — | + bmx Hypergeometric2F1|
2 a

1 b x
—5 1+m, 2+m, ——}
2 a

] /(a3<_2+m) (-1+m)m (1+m) m)

Problem 1162: Result more than twice size of optimal antiderivative.

! dx
Jmm

Optimal (type 3, 8leaves, 3 steps):
—-ArcSin[5-2x]

Result (type 3, 36 leaves):
2~/-3+x \/-2+x ArcSinh [/ -3 +x |

\/7<73+X) (72+X>
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Problem 1170: Result unnecessarily involves higher level functions.

J 1 dx
(6—3ex)1/4 (2+ex)3/4

Optimal (type 3, 241 leaves, 11 steps):
V2 ArcTan|[1- Y22 ] /57 prcTan[1 4 Y2 2eex

(2+e x) /4 (2+e x) /4

31/4 e 31/4e

6-3ex -6 (2-ex)V* (2:ex)V4:\/3 \2+ex 6-3ex /6 (2-ex)¥* (2:ex)V4:+/3 /2rex
Log| | Log| ]
A/ 2+ex V2+ex
+

V2 3V4e V2 3V4e
Result (type 5, 43 leaves):

2+/2 (2+ex)?* HypergeometricZFl[i, i, i, i (2+ex)]

31/4 e

Problem 1171: Result unnecessarily involves higher level functions.
. 7/4
J (a-iax) ax
(a+iax)?*
Optimal (type 4, 144 leaves, 6 steps):
14 a2 x 14

-1 (a—jax>
1/4 <a+iax)1/4 15

a+1‘1ax)3/47

5(a-iax) |

2i (a-iax)”* (a+iax)¥* 1422 (1+x2)Y* EllipticE[@ﬂ, 2]

5a 5<a—iax)1/4(a+iax>1/4

Result (type 5, 84 leaves):

1
15 (a+iax)?*
2a(a-iax)’*|-10i+7x-3ix?+742%4 (1+J'Lx)1/4Hyper‘geometr‘icZFl[l, i, Z, l—ﬂ]
44 4 2 2
Problem 1172: Result unnecessarily involves higher level functions.
s 3/4
j(a iax) ax
(a+iax)?*
Optimal (type 4, 106 leaves, 5 steps):
2ax 2i(a-iax)¥* (a+iax)?* 22 (14x2)%* ElliptiCE[A—[_LpCTzn xL, 2]

(afl'lax)l/4 (a+1’1ax)1/4 3a (a—1‘1ax)1/4(aJrJ'lax)l/4
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Result (type 5, 74 leaves):

! 2 (a—jlax)3/4 —1+x+12%% (1+1’1x)1/4 Hyper‘geometr‘icZFl[l,
3(a+iax)'* 4

Problem 1173: Result unnecessarily involves higher level functions.

J 1 dx
(a—iax)l/4 (a+1‘1ax)1/4

Optimal (type 4, 71leaves, 4 steps):

2% 2 (1+x2) V" Elliptic [ Ar<lrbd, 2]
(a—jax)1/4 (a+1’1ax)1/4 (a—jlax)l/4 (a+1’1ax)1/4

Result (type 5, 70leaves):

5 4 93/4 (1 i1 X)l/“ (a -1ia x>3/4 Hyper‘geometr‘ic2F1[i, %, i,

N =

|

[
N

I
[—

3a (a+1‘1ax)1/4

Problem 1174: Result unnecessarily involves higher level functions.

J ! dx
(a—Jiax)S/4 (a+1‘1ax)1/4

Optimal (type 4, 78 leaves, 4 steps):

2 2 (1+x2) " Elliptice [ #r<2rbd, 2]
Cafa-iax)¥®(ariax)¥®  a(a-iax)V*(asiax)V
Result (type 5, 82leaves):
(-sj +6x-2 2% (14ix)Y* (1+x) Hyper‘geometr‘icZFl[i, 45, z, i- 12—)(] /

(3a (a-iax)'* (a+1‘1ax>1/4)

Problem 1175: Result unnecessarily involves higher level functions.

J ! dx
(afJiax)g/4 (a+]1ax)1/4

Optimal (type 4, 82leaves, 4 steps):

) 4i ) 2 (1+x2)M* EllipticE{@m-, 2]
5a (a—iax)w' (a+1‘1ax>1/4 5 a2 (a—jlax)l/4 (a+1’1ax)1/4

Result (type 5, 97 leaves):
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)

[6 (2+ix+x?) -2 2% (1+ix)"* (i+x)?Hypergeometric2F1|

(15a2 (1+x) (a-iax)'* (a+iax)1/4)

Problem 1176: Result unnecessarily involves higher level functions.

J ! dx
(a—iax)13/4 (a+1‘1ax)1/4

Optimal (type 4, 115leaves, 5steps):

4i 2i (a+iax)¥* 2 (1+x2)7* Elliptick [ Anfanid, 2]
- - +
15a% (a-iax)”* (a+iax)¥* 9a?(a-iax)”* 15a% (a-iax)* (a+iax)?*
Result (type 5, 103 leaves):
[221‘1—4x+121‘1x2+6x3—2 224 (143 x)M* (Ji+x)3Hyper‘geometr‘ic2F1[£, z, Z, l_i_x] /
4" 4" 4 2 2
(452 (£+x)? (a-iax)* (ariax)?]
Problem 1177: Result unnecessarily involves higher level functions.
1
J dx
(a-iax)?* (aviax)t*
Optimal (type 4, 148 leaves, 6 steps):
4i 2i (a+iax)?*
39a3 (a—jax)5/4 (a+1‘1ax)1/4 13 a2 (a—jax>13/4
10i (a+iax)¥t 2 (1+x2)M4 EllipticE[—Mj” xL, 2]
.
117 a3 (a—jax)9/4 39 a* (a—jax)1/4 (a+jlax)1/4
Result (type 5, 102 leaves):
—([2 (20+8x2—91'1x3—3x4+23/4 (1+J‘1x)1/4 (J’L+x)4Hyper‘geometr‘ic2F1[l, i, Z, 1 H})
4" 4" 4" 2 2

(117a4 (1+x)® (a-1ax)"* (a+1’1ax)1/4))

Problem 1178: Result unnecessarily involves higher level functions.

(afjiax)l/“d1
1 ax
J(aﬂiax)l/4

Optimal (type 3, 256 leaves, 12 steps):



Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)”™m (c+d x)~n.nb | 19

i(a-iax)¥* (a+viax)®* i ArcTan[1 - <a+j:X)1/a | iArcTan[1: (aq:x)l/n ]
_ _ . _
a vz V2
iLog[1+ (Eiax Y2 (aiaxVi) g0y, Yaiax | 32 (aiaxt]
Ja+iax (a+iax)¥* . Variax (a+iax)¥*
22 2+/2
Result (type 5, 71 leaves):
1 1 1 5 1 ix
———————(a-iax)"* |-i+x+12¥*% (1+1x)"*Hypergeometric2F1][ =, =, =, —71—]
(a+iax)?* 44 4 2 2

Problem 1179: Result unnecessarily involves higher level functions.

J ! dx
(a—iax)3/4 (a+J'Lax)1/4

Optimal (type 3, 233 leaves, 11 steps):
iﬁArcTan[lfw] jﬁAchan[1+M]

(a+iax)y/4 (a+iax)/4
_ + _
a a

3 3 1/4 . 3 i 1/4
iLOg{1+ a-iax 2 (a ]laX?/ ] 1Log[1+ a-iax i 2 (a nax} ]

Va+iax (a+iax) ¥4 a+iax (a+iax) ¥4

+
V2 a \/?a

Result (type 5, 68 leaves):

23234 (1+ix)Y* (a—iax)1/4Hyper'geometr'ic2F1[i—, i, i’ i— 12—"]

a(a+iax)'*

Problem 1184: Result unnecessarily involves higher level functions.

. 3/4
J(a 1ax) ax

(a+iax)3/4

Optimal (type 3, 256 leaves, 12 steps):

. V2 (a—iax)¥4 . V2 (a—iax)¥4
i(a-iax)¥* (ariax)V? 3iArcTan[1- L | 3iArcTan[1+ P ]
- - + +
a V2 V2
, a-iax /2 (a—iax) Y4 . a-iax 2 (a—iax)¥4
31Log [1 i a+iax (a+iax)y/4 ] B 34 Log[l i Va+iax i (a+iax) V4 ]
22 22
Result (type 5, 71 leaves):
1 3 3 7 1 1 X
(a-ia x)3/4 —dax+ 2V (144 x)3/4 Hypergeometric2F1[ =, =, —, = - l—]
<a+j]_ax>3/4 4 4 4 2 2
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Problem 1185: Result unnecessarily involves higher level functions.

J ! dx
(a—jlax)l/4 (a+11ax)3’/4

Optimal (type 3, 233 leaves, 11 steps):
iﬁArcTan[lfw] jﬁAchan[l+M]

(a+iax)¥* (a+iax)l/4

- + +
a a
. = s 1/4 . = s 1/4
1Log{1+ a-iax 2 (a-iax) ] 1Log[1+ a-iax i 2 (a naxz ]
Ja+iax (a+iax) ¥4 Variax (ariax)¥4

V2 a V2 a
Result (type 5, 70 leaves):

2324 (1+ix)>* (a—iax)3/4Hyper'geometr'ic2F1[Z—, i, 47?’ i— 12—"]

3a (a+1‘1ax)3/4

Problem 1189: Result unnecessarily involves higher level functions.

. 5/4
J(a 1ax) x

(a+iax)3/4

Optimal (type 4, 112leaves, 5steps):
10 (a-1ax
1oL
3
2i (a-iax)”* (a+iax)¥* 10 a? (1+x2)3/“E111pticF[@m, 2]
+
3a 3(a-iax)** (ariax)®*

1/4 1/4 _

(a+iax)

Result (type 5, 80leaves):
1

3 (a+1‘1ax)3/4

21‘1a(afjax>1/4

6+5ix+x2-5 2% (1+1x)>*Hypergeometric2F1|

)

Problem 1190: Result unnecessarily involves higher level functions.

(a- Jiax)l/4
Ji dx
(a+jax)3/4
Optimal (type 4, 76 leaves, 4 steps):
21 <a -1 ax)1/4 (a i ax>1/4 2a <1 +)(2)3/4 EllipticF[@fﬂ-J 2}

.
a (a—jax)3/4<a+iax)3/4
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Result (type 5, 72leaves):

1 2 (a-iax)¥*|-i+x+1i2"%(1+1x)>* Hypergeometric2F1] ~,

(a+1’1ax)3/4

Problem 1191: Result unnecessarily involves higher level functions.

J ! dx
(a—iax)z’/4 (a+1‘1ax)3/4

Optimal (type 4, 43 leaves, 3 steps):

2 (1+ x2)3/4 EllipticF[—LL“"TaZ“ *L, 2]

(a—jax)3/4 (a+jax)3/4

Result (type 5, 68 leaves):

2]121/4 <1+j_x)3/4 (a_J-lax>1/4HypergeometPiCZFl[i, %: i: %_ iX]

a (a+1‘1ax)3/4

Problem 1192: Result unnecessarily involves higher level functions.

J ! dx
(a-iax)”* (a+iax)®*
Optimal (type 4, 82leaves, 4 steps):

2i (a+iax)¥* 2 (1+x2)** EllipticF [ Arclalxl, o]
- +

ESaZ(a—Jiax)g‘/4 3a(afjax>3/4(a+jax)3/4

Result (type 5, 79 leaves):

[2 (—J’l #x+2Y% (141 x)>* (i +x) Hypergeometric2Fi|

)

<3a (a-iax)** (a+1‘1ax>3/4)

Problem 1193: Result unnecessarily involves higher level functions.

J 1 dx
(a—jax)”/4 (a+1‘1ax)3/4

Optimal (type 4, 115leaves, 5 steps):
2i(ariax)¥®  2i(aciax)¥4 2 (1+x)7*EllipticF[ i, o]

- +
7 a3 (a—1‘1ax)3/4

7a2(a—11ax)7/4 7 a2 (a—iax)3/4(a+iax>3/4

Result (type 5, 93 leaves):
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)

[2 (2 +ix+x®+2Y* (141 x) 34 (i +x) ? Hypergeometric2Fi |

bR
»jw
H |

(7a2 (i+x) (a-iax)>* (a+iax)3/4)

Problem 1194: Result unnecessarily involves higher level functions.

J(a—iax)”4 4

- dX

(a+iax)”*

Optimal (type 3, 291 leaves, 13 steps):

4]'1(a—1'1ax>7/4 374 (a+1’1ax>1/4

71 <a—1’1ax)
.
3a(a+iax)3/4 3a

7iArcTan|1- M} 7 iArcTan|1+ M}

(a+iax)* 1/4

(a+1 ax)
V2 V2
7ilog[1s Yaiax JZleiaxit) g og[q, aiax  J2laiagll]
Va+iax (a+iax)¥* a+iax (a+iax)¥*
+
2+/2 242
Result (type 5, 76 leaves):
1 . 3/4 . . ~1/4 . 3/4 . 3 3
(a-iax) 114 -3x-742%% (1+1x)**Hypergeometric2F1[ =, =
3(a+iax)?* 4 4

Problem 1195: Result unnecessarily involves higher level functions.

(a—jax)3/4d]
1 4x
J(aﬂiax)”4

Optimal (type 3, 266 leaves, 12 steps):

aifa-iax)* i~/2 ArcTan[1- Y2 (a-iaxii®] ]'].\/?AI"CTan[l-%—M]

(a+iax)¥/* (a+iax)¥/4
+ _ _
3a(a+iax)’? a a
: : 1/4 : : 1/4
I'lLOg[lJr a-iax 2 (a—lax? / ] ]'lLOg[lJr a-iax i 2 (afnaxz/ ]
Va+iax (a+iax)¥* Jariax (a+iax)¥*
+
V2 a V2 a

Result (type 5, 73 leaves):
1

21 (a—jax)3/4

—2+2Y% (141 x) *'* Hypergeometric2F1 |

)

W

73a (a+1‘1ax)3/4
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Problem 1199: Result unnecessarily involves higher level functions.

(a-iax)®* 5
E————C ¢
J (a+iax)”*
Optimal (type 4, 139leaves, 6 steps):

4i (a—iax>9/4

+10 1 (a—jax)1/4 (a+1‘1ax>1/4+
3a (a+1‘1ax>3/4

2i (a-iax)** (ariax)¥* 102’ (1+x2)>* EllipticF [ Aretanixl, o]

a (a—iax)3/4<a+iax)3/4

Result (type 5, 80 leaves):
1

3 (a+1‘1ax)3/4

2ia(a-iax)"*[20+11ix+x2-15 24 (1+ix)>* Hypergeometric2Fi|

)

Problem 1200: Result unnecessarily involves higher level functions.

(a—jlax)S/“d1
A 1 d4x
j(aﬂiax)”4

Optimal (type 4, 113 leaves, 5steps):

41 (a—iax>5/4 10 i (a—1‘1ax>1/4 (a+j1ax)1/4 10 a (1+x2)3/4E11ipticF[@m—, 2]
+

3a(a+iax)?? 3a 3(a-iax)¥* (a+iax)?*
Result (type 5, 76 leaves):
1
3(a+iax)’?
2(a-tax)*|-74i+3x+5124 (1+]'1x)3/4HypergeometricZFl[l, i, E, lij_x]
4 4 4 2 2

Problem 1201: Result unnecessarily involves higher level functions.

J(a—iax)l/4 4

- dX

(a+iax)”*

Optimal (type 4, 79leaves, 4 steps):

4i(a-iax)¥* 2 (1+x?) " EllipticF [ Arernixd, 2]

3a (a+1‘1ax>3/4

3 (a—jax)3/4 <a+1‘1ax)3/4

Result (type 5, 73 leaves):
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- 21 (a-iax)¥*[-2+2Y% (1+1x)*>*Hypergeometric2F1|

)

Problem 1202: Result unnecessarily involves higher level functions.

J ! dx
(a—iax)3/4 (a+11ax)7/4

Optimal (type 4, 82 leaves, 4 steps):
2i (a-iax)V* 2(1+%) Y% EllipticF [ Arl2nll, o]

+
3/4

3a% (a+iax) 3a(afjax)3/4(a+jax)3/4

Result (type 5, 73 leaves):
1

T2t (a-iax)*|1+2Y4 (1+1x)>*Hypergeometric2F1[ -,

3a% (a+iax)

Problem 1203: Result unnecessarily involves higher level functions.

J ! dx
(a—1‘1ax)7/4 (a+11ax)7/4

Optimal (type 4, 81 leaves, 4 steps):

2% ) 2 (1+x?) " EllipticF [ Arefanixl, 3]
3 a2 (afjax)3/4 (a+1‘1ax)3/4 3a2 (afjlax)”4 (a+1’1ax)3/4

Result (type 5, 76 leaves):

2 (x+21/4 <1+ iX)3/4 (]-l +x) Hyper‘geometr‘iCZFl[i, 41, i, %— JIZ—X”

3a? (a—jlax)3/4 (a+1’1ax)3/4

Problem 1204: Result unnecessarily involves higher level functions.

J ! dx
(a—jlax)n/4 (a+1‘1ax)7/4

Optimal (type 4, 114 leaves, 5steps):

2
a +
7 a2 (a—jax)”“ (a+1'1ax)3/4
10 x 10 (1+x?)*/* EllipticF [ A<t o]

.
21 a3 (a—Jiax)S/4 (a+1‘1ax)3/4 21 a3 (a—iax)3/4 (a+1‘1ax>3/4

Result (type 5, 96 leaves):
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E

[2 (3 +5ix+5x2+5 2%4 (141 x)>* (1 +x)?Hypergeometric2F1 |

(Zla3 (1+x) (a-iax)>* (a+1‘1ax)3/4)

Problem 1205: Result unnecessarily involves higher level functions.

J ! dx
(a—iax)15/4 (a+1‘1ax)7/4

Optimal (type 4, 147 leaves, 6 steps):
21 21
11 a2 (a—jax)ll/4 (a+1’1ax)3/4 11 a3 (a—jax>7/4 (a+1’1ax)3/4

10 x 10 (1+x2)** EllipticF [ Arctanie, o]

+
3/4

33 a4 (a—iax)”4 (a+iax) 33 a4 (a—ziax)3/4 (a+1‘1ax>3/4

Result (type 5, 103 leaves):

[2 (61‘1 ~2x+10ix2+5x>+5 24 (1+1x)%* (i +x)> Hypergeometric2Fi|

)

(33a4 (1+x)?(a-1ax)>* (a+1‘1ax)3/4)

Problem 1206: Result unnecessarily involves higher level functions.

(a-iax)”*
Ji ax
(a+iax)>*
Optimal (type 4, 137 leaves, 6 steps):
14 a x 4]‘1(a71'1ax)7/4

- + +
(a—iax>1/4(a+iax)1/4 a(a+1’1ax)1/4

14i (a-iax)¥* (a+iax)?* 14a (1+x2)t* EllipticE[@m, 2]
+

3a (a—jax)1/4(a+iax)1/4

Result (type 5, 74 leaves):
1

3(a+iax)'?

2 (a-iax)?*|-131+x+712"* (1+1x)"*Hypergeometric2F1[~, =, —,

N |

1 X
_2}

Bw
TN

1
4

Problem 1207: Result unnecessarily involves higher level functions.

(a—jax)3/4
J 5/ 4%

(a+iax)

Optimal (type 4, 102 leaves, 5 steps):
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6 x 4i (a-iax)¥* 6 (1+x*)" Elliptice [, 2]
- . .
(a—iax>1/4(a+j1ax)1/4 a(a+1’1ax)1/4 (a—iaX)1/4(a+jax>1/4

Result (type 5, 71 leaves):

R (a-iax)®*[-2+2%%(1+1x)"*Hypergeometric2Fl|
a(ariax)'*

Problem 1208: Result unnecessarily involves higher level functions.

J ! dx
(afjiax)l/4 (a+iax)5/4

Optimal (type 4, 78leaves, 4 steps):

23 2 (1+x2) Y% EllipticE| A—'—L"Tj‘ *L, 2]

+
1/4

a(a—iax)1/4<a+iax) a(a—iax)1/4(a+jax)l/4

Result (type 5, 73 leaves):
1
- 2i (a-iax)*[-3+2%* (1+1x)"*Hypergeometric2Fi|
3a% (a+iax)?*

Problem 1209: Result unnecessarily involves higher level functions.

J ! dx
(afjiax)S/4 (a+iax)5/4

Optimal (type 4, 46 leaves, 3 steps):

2 (1+x?) 7" EllipticE[ Arernixd, 2]

1/4

a2 (a—iax)”“(

a+j1ax)

Result (type 5, 79 leaves):

6x-2 224 (1+ix)V* (i+x) Hyper‘geometr‘icZFl[i, i, ZT’ %— 12—"]

3 a2 (a—jlax)l/4 (a+1‘1ax)1/4

Problem 1210: Result unnecessarily involves higher level functions.

J ! dx
(a—iax)9/4 (a+1‘1ax)5/4

Optimal (type 4, 82leaves, 4 steps):

) 21 ) 6 (1+x?) 7" EllipticE[ *rernixd, 2]
5 a2 (a—jlax)S/4 (a+iax)1/4 5 a3 (a—iax)l/4 (a+1‘1ax)1/4

Result (type 5, 96 leaves):

3

3
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)

[2 +6ix+6x2-2 2¥% (141 x)"* (1 +x)?Hypergeometric2Fl|

(Sa3 (i+x) (a-iax)** (a+iax)1/4)

Problem 1211: Result unnecessarily involves higher level functions.

J ! dx
(a—iax)13/4 (a+1‘1ax)5/4

Optimal (type 4, 115leaves, 5steps):

21

9 a2 (afjlax)g/4 (a+jax)1/4
23 2 (1+x2)M4 EllipticE[A—M’;n *L, 2]
5/4 1/4 * 1/4 1/4

9a3(a—j1ax) (a+iax) 3a% (a-iax) (a+iax)

Result (type 5, 103 leaves):

1 3 7 1 i
[41‘1—4x+121’1x2+6x3—2 224 (1+1x)* (i +x)> Hypergeometric2F1[ =, =, =, ——H] /
4 4 4 2 2
(9a4 (1+x)? (a-1ax)™* (a+1’1ax)1/4)
Problem 1212: Result unnecessarily involves higher level functions.

(a-iax)**

Ji ax

(a+iax)>*
Optimal (type 3, 287 leaves, 13 steps):

4i (a-i1ax)®* 5i(a-iax)”*(ariax)??

N
a(a+iax)'* a
SiArcTan{l—L‘—)—z( "’.”“‘)’1‘,1/4} SiArcTan{1+L‘—)—2( a’“‘)x,m}
a+iax)l/* a+iax)l/*
N
V2 5
51'1Log{1+ a-iax /2 (a—iax?l/’/4] 51'1Log{1+ a-iax A2 (a—jale/“]
a+iax (a+iax)¥* B a+iax (a+iax) ¥4
22 22
Result (type 5, 72leaves):
1 1 1 5 1 i

- (a-iax)"* |-9i+x+512%% (1+ix)"*Hypergeometric2F1[~, =, =, ~ - H]

(a+jax>1/4 4 4 4 2 2

Problem 1213: Result unnecessarily involves higher level functions.

. 1/4
J(a 1ax) ax

(a+jax)5/4
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Optimal (type 3, 264 leaves, 12 steps):

4i (a—iax>1/4 jﬁArcTan[l—M] jﬁAchan[l+M]

(a+iax)¥*

(a+iax)l/4
+ - +
a <a+j1ax)1/4 a a
1 Log[1+ a-iax _ N2 (afliaX)l’/A] i Log[1+ adax , ¥2 mijax)w]
Ja+iax (a+iax) ¥4 Variax (ariax)¥4
V2 a V2 a
Result (type 5, 71 leaves):
1 1 1 5 1
- 2i (a-iax)¥*|[-2+2%% (1+1ix)"*Hypergeometric2F1[~, =, =, =
a(ariax)'* 4 4 4 2

Problem 1217: Result unnecessarily involves higher level functions.

(a-iax)”* 4
EE——— D ¢
j (a+iax)®*
Optimal (type 4, 141 leaves, 6 steps):

41‘1(a—1‘1ax)7/4 42 x
5/4jL

5a(a+iax) 5(a—ixax)l/“(aﬂiax)l/4

281 (a-iax)¥t 42 (1+x2)M* EllipticE[—u"“Tz” *L, 2]

5a(a+j1ax)1/4

5(a-iax)V* (ariax)*
Result (type 5, 84 leaves):

[2 (a-1ax)** (—12 ~16ix+7  2%% (1+1x)**Hypergeometric2F1|

(5a(-i+x) (ariax)'*

) B

Bk
Blw
N
.
N |

Problem 1218: Result unnecessarily involves higher level functions.

. 3/4
J(a ILaX) ax

(a+iax)9/4

Optimal (type 4, 115leaves, 5steps):

4i (a-iax)>* 6i 6 (1+x?) 7" Elliptice[ Aeeranxl, 3]
5a (a+1'1ax>5/4 5a <a—1’1ax)1/4 (a+1'1ax>1/4 53 <a—1’1ax)1/4 (a+1'1ax>1/4

Result (type 5, 83 leaves):

) )

[2 (a- jax)3/4 (—1—3 ix+2% (14 jx)5/4 Hypergeometric2Fi |

(5a% (~i+x) (aviax)]

1
2_2]

/

B

7
4

IS
»w
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Problem 1219: Result unnecessarily involves higher level functions.

J ! dx
(a—jlax)l/4 (a+11ax)9/4

Optimal (type 4, 82leaves, 4 steps):

4 2 (14x2)1* EllipticE[%ﬁL, 2]

.
5a(a-iax)* (a+iax)>* 5a2 (a-iax)¥* (a+iax)™*
Result (type 5, 84 leaves):

[2 (a-1ax)>* (6 +31x-2¥%(1+1x)%*Hypergeometric2F1 |

(15a3 (-i+x) (a+1’1ax)1/4)

)

Problem 1220: Result unnecessarily involves higher level functions.

J ! dx
(a—iax)5/4 (a+1’1ax)9/4

Optimal (type 4, 82leaves, 5steps):

2i ) 6 (1+x2)V* Elliptic [ Ar<lrixd, 2]
5 a2 (a—Jiax)l/4 (a+1‘1ax)5/4 5 a3 (a—zlax)l/4 <a+1'lax)1/4

Result (type 5, 94 leaves):

[2—6 ix+6x2-2 2%% (14 J'Lx)l/4 (1+x?) Hypergeometric2F1|

<5a3 (-i+x) (a-1ax)'* (a+1‘1ax)1/4)

)

Problem 1221: Result unnecessarily involves higher level functions.

J ! dx
(a—iax)9/4 (a+11ax)9/4

Optimal (type 4, 88 leaves, 4 steps):

2x 6 (1+X2>1/4 EllipticE[%, 2]
+
5 a% (a—jax>1/4 (a+]'1ax>1/4 <1+x2) 5 a4 (a,jax>1/4 (a+1‘1ax)1/4

Result (type 5, 98 leaves):

8x+6x> -2 2%%(1+ix)"* (-i+x) (1+x)*Hypergeometric2F1|

(Sa"’ (a-iax)¥* (a+iax)'* (1+x2))

k)
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Problem 1222: Result unnecessarily involves higher level functions.

J 1 dx
(a—Jiax)”/4 (a+1’1ax)9/4

Optimal (type 4, 121 leaves, 5steps):

21
9 a2 (a—jlax)'c’/4 (a+iax)5/4
14 x 14 (1+x?) V" Elliptic[ Al 2]
.
45 a° (afjlax)l/4 (a+]1ax)1/4 (1+x2) 15 a° (afjlax)l/4 (a+jax)1/4

Result (type 5, 120leaves):

[2 (5+28]’1x+28x2+21jx3+21x4—

72¥% (1+ix)"* (-1 +x) (i+x)>Hypergeometric2F1]~, =,

1 3
4 4

(45a5 (—i+x) (jl+x)2 (a—jax)1/4 (a+jax)1/4)

Problem 1223: Result unnecessarily involves higher level functions.

J 1 dx
(a—jlax)”/4 (a+1‘1ax)9/4

Optimal (type 4, 154 leaves, 6 steps):

21 21
- - +
13 a2 (a—1‘1ax)13/4 (a+1’1ax)5/4 13 a3 (a—jax)9/4 (a+1‘1ax)5/4
14 x 42 (1+x?) 7" EllipticE [ Aretanid, 2]
.
65 a® (a—jax)1/4 (a+11ax>1/4 <1+x2) 65 a® (a—jax)1/4 (a+1’1ax)1/4

Result (type 5, 127 leaves):

[2 (101’1—23X+561’1X2+7X3+4211X4+21x5—

7 2% (1+ix)"* (-1 +x) (i+x)*Hypergeometric2Fl |

)

(65a6 (_i+x) <j+x)3 (a_jlax>1/4 <a+jax)1/4)

Problem 1224: Result unnecessarily involves higher level functions.

. 5/4
j(a lax) ax

(a+1‘1ax)9/4

Optimal (type 3, 297 leaves, 13 steps):
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41 (a—1‘1ax>5/4

41‘1<a—1'1ax

a (a+1‘1ax)1/4

)1/4

5a (a+1‘1ax>5/4
jﬁAr‘cTan[l— M] jl\/?Achan[lJr M]

(a+iax)¥* (a+iax)l/4
+ _

a a
s s 1/4 . - s 1/4
iLOg{1+ a-iax 2 (a ]laX/)/ ] 1Log[1+ a-iax i 2 (a-iax) ]
a+iax (a+iax) ¥4 Va+iax (a+iax)/4

+

V2 a V2 a
Result (type 5, 84 leaves):

1
[2 (a-iax)'* (—8—121’1x+ 5 2¥% (1+1x)**Hypergeometric2F1] —,
4

(Sa (-1+x) (a+jax)1/4)

Problem 1235: Result more than twice size of optimal antiderivative.
j(3—6x)m (2+4x)"dx

Optimal (type 5, 20leaves, 2 steps):

m : l _ i 2
6" x Hypergeometric2F1| =, -m, —, 4x?|
2 2

Result (type 5, 42 leaves):
(3-6x)"x (2+4x)" (1-4x*)™" Hyper‘geometr‘icZFl[l, -m, 5, 4x?]
2 2
Problem 1236: Result more than twice size of optimal antiderivative.

j(a+bx)4 (c+dx) dx

Optimal (type 1, 38leaves, 2 steps):
(bc-ad) (a+bx)® d(a+bx)®
+
5 b2 6 b?

Result (type 1, 84 leaves):
ix (15a4 (2c+dx) +20a3bx (3c+2dx) +
30

15a*b*x* (4c+3dx) +6ab>x® (5c+4dx) +b*x* (6c+5dx))

Problem 1246: Result more than twice size of optimal antiderivative.
J(a+bx)4 (c+dx)?dx

Optimal (type 1, 65leaves, 2 steps):
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(bc—ad)2 (a+bx>5 +d (bc-ad) (a+bx)6 +d2 (a+bx>7

5 b3 3 b3 7 b3

Result (type 1, 148 leaves):

1
a*c?x+a’c (2bc+ad) x>+ —a* (6b’c*+8abcd+a’d*) x> +ab (b>*c*+3abcd+a’d®) x*+
3

1 1 1
= p? (b2c2+8abcd+6a2d2) x>+ —b3d (bc+2ad) x® + = b*d*x’
5 3 7

Problem 1258: Result more than twice size of optimal antiderivative.
J(a+bx)5 (c+dx)?dx

Optimal (type 1, 92 leaves, 2 steps):
(bc:—ad)3(a+bx)6 3d(bc—ad)2(a+bx)7 3d? (bc-ad) (a+bx)8 d3(a+bx)9
+

+ +

6 b* 7 b* 8 b* 9b*

Result (type 1, 235leaves):
1
— X
504
(126> (4c®+6c?dx+4cd®x*+d>x*) +126a*bx (18c*+20c®dx+15cd*x* + 4d> X*) + 843> b* x*
(20c3+45c2dx+36cd2x2+10d3x3) +36a%b3x3 (35c3+84c2dx+70cd2x2+20d3x3) +
9ab*x* (56c3+140c2dx+12@cd2x2+35d3x3) + b x° (84c3+216c2dx+189cd2x2+56d3x3))

Problem 1259: Result more than twice size of optimal antiderivative.
J(a+bx)4 (c+dx)?dx

Optimal (type 1, 92 leaves, 2 steps):
(bc—ad)s(a+bx)5 d(bc—ad)z(aerx)6 3d? (bc-ad) (a+bx)7 d3(a+bx)8
+

+ +

5 b* 2 b* 7 b* 8 b*

Result (type 1, 217 leaves):

1
a*cAx+ —adc? (4bc+3ad) x?+a%c (2b2c2+4abcd+a2d2) x3 +
2

1 1
~a (4b3c3+18ab2c2d+12a2bcd2+a3d3) x*+=b (b3c3+12ab2c2d+18a2bcd2+4a3d3) x>+
4 5

1 1 1
—b?d (b>c*+4abcd+2a’d®) x®+ =b’d? (3bc+4ad) x’ + —b*d>x®
2 7 8

Problem 1268: Result more than twice size of optimal antiderivative.

J<c+dx>3d1x

(a+bx>5
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Optimal (type 1, 28 leaves, 1step):
(C +d X> 4

4(bc-ad) (a+bx)*

Result (type 1, 91 leaves):
1

74b4 (a+bx)4
(a3d3+a2bd2 <c+4dx) +ab%d (c2+4cdx+6d2x2) + b3 (c3+4c2dx+6cd2x2+4d3x3))

Problem 1273: Result more than twice size of optimal antiderivative.

J(a+bx)9 (c+dx)”dx

Optimal (type 1, 200 leaves, 2 steps):
(bc-ad)’ (a+bx)* 7d(bc-ad)® (a+bx)™
+

+

10 b® 11 b®
7d? (bc-ad)® (a+bx)™ . 35d° (bc-ad)* (a+bx)™ . 5d* (bc-ad)® (a+bx)™ .
4b8 13 b® 2 b®
7d° (bc-ad)? (a+bx)® 7d°(bc-ad) (a+bx)*® d’ (a+bx)"
5 b8 : 16 b® : 17 b®

Result (type 1, 993 leaves):
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1
a®c’x+—adch (9bc+7ad>x2+a7c5 (12b2c2+21abcd+7a2d2) x3 +
2

7
—a®c* (12b° P +36ab’c*d+27a’bcd’+5a°d) x* +
4

7
—ac? (18b4c4+84ab3c3d+108a2b2c2d2+45a3bcd3+5a4d4) X +
5

7
—a*c? (6b>c>+42ab*c*d+84a’b>c*d*+60a’ b’ c*d®+15a*bcd* +a°d®) x° +
2

a’c (12b°c®+126ab>c>d+378a°b* c*d®>+420a° b’ c* d® + 180 a* b®> > d* + 27a°bc d® + a® d®) X7 +
1
—a’ (36b" ¢’ +588ab®c®d+2646a%b>c’d*+
8
4410 a° b* c* d’® + 2940 a* b*> > d* + 756 a° b c* d° + 63 a° bcd® +a’ d’) x® +
ab (b’ c’+28ab®c®d+196ab° c®d* + 490 a b* c* d® + 490 a* b* c* d* + 196 a° b c*> d° +

1
28a6bcd6+a7d7) x° + — b? (b7c7+63ab6c6d+756a2b5c5d2+2940a3b4c4d3+
10
7
4410 a* b > d* + 2646 a°> b> c*d®> + 588 a°b cd® + 36 a’ d’) x'®+ — b*d
11
(b®c®+27ab>c>d+180a%b* c*d® +420a° b’ c® d® +378a* b’ > d* + 126 > bc d® + 12a° d°) x** +
7
— b* d? (bsc5+15ab4c4d+66a2b3c3d2+84a3b2c2d3+42a4bcd4+6a5d5) xt2 4
4

7
—b>d3 (5b4c4+45ab3c3d+108a2b2c2d2+84a3bcd3+18a4d4) x4
13

1
= p®d* (5b3c3+27ab2c2d+36a2bcd2+12a3d3> x4+
2

1 1 1
—b’d® (7b*c*+2labcd+12a%d?) x*®+ —b®d® (7bc+9ad) x¥*+ —b’d’ xV’
5 16 17

Problem 1274: Result more than twice size of optimal antiderivative.
J(a+bx)8 (c+dx)”dx

Optimal (type 1, 200 leaves, 2 steps):
(bc-ad)’ (a+bx)? 7d(bc-ad)® (a+bx)™

+

9 b 10 b8
21d? (bc—ad)s(aerx)11 3543 (bc—ad)“(aerx)12 35d4(bc—ad)3(a+bx)13
11 b8 ' 12 b8 ' 13 b8 '
3d° (bc-ad)? (a+bx)* 7d°(bc-ad) (a+bx)* d’ (a+bx)™
2 b8 : 15 b8 : 16 b8

Result (type 1, 897 leaves):
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1 7
a8 c’x+—a’ct <8bc+7ad)x2+fa6c5 (4b2c2+8abcd+3a2d2) x3 +
2 3
7
—a°c* (8b>c*+28ab>c*d+24a’bcd*+5ad®) x* +
4

7
—a*c3 (16b4c4+56ab3c3d+84a2b2c2d2+40a3bcd3+5a4d4) x>+
5

7

—a’c® (8b>c>+70ab*c*d+168a° b’ c*d*+140a° b’ c*d’ +40a*bcd* +3a°>d®) x®+

6

a’c (4b°c®+56ab>c>d+210a°b*c*d*+280a° b’ > d’ +140a*b* c*d* +24a°bcd®+a%d®) X’ +

1
~a (8b7c7+196ab5c6d+1176a2b5c5d2+245@a3b4c4d3+196@a4b3c3d4+
8

1
588a5b2c2d5+56a6bcd6+a7d7) x2+=b (b7c7+56ab6c6d+588a2b5c5d2+
9

1960 a®b* c*d3 + 2450 a* b3 c3d* + 1176 a° b2 c?d° + 196 a° b c d® + 8 a’ d7) x° +

10

7
—b’d? (3b°c®+40ab*c?d+140a°b> > d* + 168a° b> c*d*>+70a*bcd® + 8a° d®) x' +
11

7
—b*d3 (5b4c4+40ab3c3d+84a2b2c2d2+56a3bcd3+10a4d4) x12 ¢
12

7
—b’d* (5b°c®+24ab’>c®d+28a’bcd®+8a’d®) x?+
13

1 1 1
—b%d® (3b*c*+8abcd+4a’d®) x*+ —b’d° (7bc+8ad) x*®+ — b¥d’ x*®
2 15 16

Problem 1275: Result more than twice size of optimal antiderivative.
J(a+bx)7 (c+dx)7d1x
Optimal (type 1, 200 leaves, 2 steps):

(bc—ad)7 (a+bx>8 7d (bc—ad)6 <a+bx)9 21 d? (bc—ad)5 (aerx)10
+

8 b8 9 b8 : 10 b8 :
35d> (bc-ad)* (a+bx)™ 35d* (bc-ad)® (a+bx)®
+ +
11 b8 12 b8
21d° (bc—ad)z(a+bx)13 d® (bc-ad) (a+bx)14 d’ (a+bx)15
+ +
13 b8 2 b8 15 b8

Result (type 1, 785leaves):

7
— b%d (b6c6+24ab5c5d+14ea2b4c4d2+280a3b3c3d3+21ea4b2c2d4+56a5bcd5+4a6d6) xt

| 35

4
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7 7
a’c’x+—abch (bc+ad)x2+—a5c5 (3b2c2+7abcd+3a2d2>x3+
2 3

a*c* (5b3c3+21ab2c2d+21a2bcd2+5a3d3) x4+

a’c® (5b*c*+35ab’>c?d+63a’b’c?*d*+35a*bcd®+5a*d*) x°+

a?c? (3b5c5+35ab4c4d+105a2b3c3d2+105a3b2c2d3+35a4bcd4+3a5d5> X% +

c (b6c6+21ab5c5d+105a2b“c4d2+175a3b3c3d3+105a4b2c2d4+21a5bcd5+a6d6 x7 +

(b7c7+49ab5c6d+441a2b5c5d2+1225a3b4c4d3+

0|k Y o |NUVND N

1225a4b3c3d4+441a5b2c2d5+49a6bcd6+a7d7) x8 +
7
—bd (b6c6+21ab5c5d+105a2b4c4d2+175a3b3c3d3+105a4b2c2d4+21a5bcd5+a6d6) x2 +
9
7
—b%>d* (3b°c®+35ab*c*d+105a°b>c>d*+ 1852 b>c*d*+35a*bcd* +3a°d°) X%+
10

7
—b’d® (5b*c*+35ab’cPd+63a’b>c?d?*+35a’bcd®+5a%dt) xM+
11

7
— b*d* (5b3c3+21ab2c2d+21a2bcd2+5a3d3> xt2 ¢
12

7 1 1
—b>d®> (3b*°c®*+7abcd+3a’d?) x®+ —b®d® (bc+ad) x*+ —b’d x*
13 2 15

Problem 1276: Result more than twice size of optimal antiderivative.
J(a+bx)6 (c+dx)”dx

Optimal (type 1, 173 leaves, 2 steps):
(bc—ad)s(c+dx)8 2b(bc—ad)5<c+dx)9 3b2(bc—ad)4(c+dx)10

8 d’ 3d ’ 24’
20b% (bc-ad)’ (c+dx)™ 5b*(bc-ad)® (c+dx)* 6b°(bc-ad) (c+dx)® b°(c+dx)™
+ - +

11d7 4d7 13d’ 14 d7

Result (type 1, 684 leaves):
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1
a®c’x+—a°ct <6bc+7ad> x2+a*c® (5b2c2+14abcd+7a2d2) x3 +

2
1
—a’c* (20b°c®+105ab’>c*d+126a’bcd*+35a% d’) x* +
4
a’c® (3b*c*+28ab’cPd+63a’b’>c?d*+42a*bcd®+7a%d*) x°+
1
~ac? <2b5c5+35ab4c4d+140a2b3c3d2+175a3b2c2d3+70a4bcd4+7a5d5) x® +
2
1
~c (b5c6+42ab5c5d+315a2b4c4d2+760a3b3c3d3+525a4b2c2d4+126a5bcd5+7a6d6>x7+
7
1
—d (7b°c®+126ab°c®d+525a*b* c*d®+ 7002 b’ > d® + 315a* b> > d* +42a° b d® + a®d®) x® +
8
1
—bd? (7b°c®+70ab*c*d+175a’ b’ ?d*+140a° b* > d*+35a*bcd* +2a° d°) x° +
3
1
= p?d? (7b4c4+42ab3c3d+63a2b2c2d2+28a3bcd3+3a4d4) xt@ 4
2
1
—b3d* (35b3c3+126ab2c2d+105a2bcd2+20a3d3) X1
11

1 1 1
“b*d® (7b2c2+14abcd+5a2d2) x2 + — b5 d°f (7bc+6ad) x4 — pbd7 x4
4 13 14

Problem 1277: Result more than twice size of optimal antiderivative.
J(a+bx)5 (c+dx)”dx

Optimal (type 1, 144 leaves, 2 steps):
(bc-ad)® (c+dx)® 5b(bc-ad)® (c+dx)? b2 (bc-ad)® (c+dx)™

8 d ) 9 d° . d° )
10b* (bc-ad)? (c+dx)™ 5b* (bc-ad) (c+dx)? b°(c+dx)®
- +
11d° 12d° 13 d°

Result (type 1, 574 leaves):
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1 1
a°c’x+—a*ch <5bc+7ad> x>+ —adc’ (10b2c2+35abcd+21a2d2> X3 +
2 3
5
—a’c* (2b>c*+14ab>c*d+21a’bcd*+7ad?) x* +
4
ac® (b*c*+14ab’>cPd+42a’b’>c®d*+35a’bcd®+7a*d*) x° +
1
=c? (b5c5+35ab4c4d+210a2b3c3d2+350a3b2c2d3+175a4bcd4+21a5d5) x8 +
6
cd (b>c>+15ab*c*d+50a*b>c>d*+50a° b’ c*d’ +15a*bcd* +a° d°) X’ +

1
= d? (21b5c5+175ab4c4d+350a2b3c3d2+210a3b2c2d3+35a4bcd4+a5d5) x& +
8

5
“bd? <7b4c4+35ab3c3d+42a2b2c2d2+14a3bcd3+a4d4) x° +
9

1
= p%d* (7b3c3+21ab2c2d+14a2bcd2+2a3d3) xte 4
2

1 1 1
—b>d® (21b2c?+35abcd+10a2d?) x*+ —b*d® (7bc+5ad) x2+ — b d’ x¥3
11 12 13

Problem 1278: Result more than twice size of optimal antiderivative.
J(aerx)4 (c+dx)7d1x

Optimal (type 1, 119leaves, 2 steps):
(bc—ad)4(c+dx)8 4b(bc—ad)3<c+dx)9
8 ds ) 9 ds
3b2 (bc-ad)? (c+dx)*® 4b?(bc-ad) (c+dx)™ b*(c+dx)*™

+

5d° 11d° 12d°

+

Result (type 1, 473 leaves):
1 1
a*c’x+—a’c (4bc+7ad) X2+ —a%c’ (6b2c2+28abcd+21a2d2) X3+
2 3
1
—ac* (4p’c?+42ab’>c?d+84a’bcd’+35a%d?) x* +
4

1
=c (b4c4+28ab3c3d+126a2b2c2d2+140a3bcd3+35a4d4) x> +
5

7

—c?d (b*c*+12ab>c>*d+30a’b*c*d*+20a’bcd® +3a*d*) x° +
6

cd® (3b*c*+20ab>c*d+30a*b*c*d*+12a’bcd® +a*d*) x” +

1

=d? (35b4c4+140ab3c3d+126a2b2c2d2+28a3bcd3+a4d4) x8 +
8

1

—bd* (35b>c*>+84ab>c*d+42a’bcd*+4a’d’) x° +

9

1 1 1
—b?d® (21b*c?*+28abcd+6a*d®) x+ —b>d°® (7bc+4ad) x" + —b*d’ x*?
10 11 12
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Problem 1279: Result more than twice size of optimal antiderivative.
J(a+bx)3 (c+dx)7d1x

Optimal (type 1, 92 leaves, 2 steps):
(bc—ad>3<c+dx)8 b(bc—ad)z(Cerx)9 3b2 (bc-ad) <c+dx)1e b3 (c+dx>11
_ N _

+

8d* 3d* 10 d* 11 d*

Result (type 1, 360 leaves):

1
ac’x+—a*c® (3bc+7ad) x*+ac® (b®’c*+7abcd+7a%d?) x* +
2

1

=t (b3c3+21ab2c2d+63a2bcd2+35a3d3) x4+

4
7

c?d(b*c*+9ab’c®d+15a’bcd®+5a°d®) x>+ —c*d® (b’ P +5ab’c*>d+5a’bcd’+a*d®) x* +
2

RN

1
cd? (5b3c3+15ab2c2d+9a2bcd2+a3d3> x’ + —d* (35b3c3+63ab2c2d+21a2bcd2+a3d3) x& +
8

1 1 1
~bd® (7b>c?*+7abcd+a’d®) X+ —b?d® (7bc+3ad) x*°+ — b’ d’ x™
3 10 11

Problem 1280: Result more than twice size of optimal antiderivative.
J(a+bx)2 (c+dx)”dx

Optimal (type 1, 65leaves, 2 steps):
(bc—ad)z(c+dx)8 2b (bc-ad) <c+dx)9 b2<c+dx)10

+

8d3 9d? 10 d?

Result (type 1, 261 leaves):

1 1
a?c’x+—act (2bc+7ad) X2+ =c® (b2c2+14abcd+21a2d2) X3+
2 3

7 7
—c“d<b2c2+6abcd+5a2d2)x“+—c3d2 (3b2c2+1@abcd+5a2d2)x5+
4 5

7
—c?d® (5b*c*+10abcd+3a’d?) x®*+cd* (5b°c®+6abcd+a*d?) x’ +
6

1 1 1
—d® (21b’c®*+14abcd+a’d’) x¥+ —bd® (7bc+2ad) x*+ — b>d" x*°
8 9 10

Problem 1281: Result more than twice size of optimal antiderivative.
J(a+bx) (c+dx)”dx

Optimal (type 1, 38leaves, 2 steps):
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i (bc-ad) (c+dx)8 . b (c+dx>9

8 d? 9d?

Result (type 1, 151 leaves):

a<:7x+lc:6 (bc+7ad) x2+Zc5d (bc+3ad) x3+zc4d2 (3bc+5ad) x*+7c*d® (bc+ad) x®+
2 3 4

Zczd“(SbCJrBad)xGJrcd5 <3bc+ad)x7+1d6 (7bc+ad) x8+1bd7x9
6 8 9

Problem 1284: Result more than twice size of optimal antiderivative.

J<c+dx>7dlx

(a+bx)2

Optimal (type 3, 187 leaves, 2 steps):
Zldz(bc—ad)sx (bc—ad)7 35 d3 (bc—ad)“(a+bx)2 35d4(bc—ad)3<a+bx)3
- +

+ +
b’ b8 (a+bx) 2 b8 3 b8
21d° (bc—ad)z(a+bx)4 7d® (bc-ad) (a+bx)5 d’ (a+bx)6 7d(bc—ad)6Log[a+bx1
+ + +
4 b8 5 b8 6 b8 b8

Result (type 3, 388leaves):

-t (60a7d7—60a5bd6 (7c+6dx) +

60 b® (a+bx)

210a°b*d® (6c*+10cdx-d*x*) +70a*b>d* (-30c*-72c*dx+18cd*x* + d> x?) -
35a°b*d® (-60c*-180c’dx+90c*d*x* + 12 cd®x* + d* x*) +

21a’b°d® (-60c®-200 c*dx+200 c>d*x*+ 50 c*d’ x> + 10 c d* x* + d° x°) -

7ab®d (-60c®-180c>dx+450 c*d®*x*+200cd’>x®+75c*d* x* + 18 ¢ d® x* + 2d° x°) +
b7 (-60 ¢’ +1260 > d* x* + 1050 c* d* x> + 700 > d* x* + 315 c* d° x* + 84 c d® x® + 18 d” X/} +
420d (bc-ad)® (a+bx) Log[a+bx])

Problem 1285: Result more than twice size of optimal antiderivative.

j<c+dx>7dlx

(a+bx)3

Optimal (type 3, 185leaves, 2 steps):
35d° (bc-ad)*x  (bc-ad)’ 7d(bc-ad)® 35d* (bc-ad)’ (a+bx)?
- +

+

b’ 2be (a+bx)>  b¥(a+bx) 2b8
7 d° (bc—ad)z(a+bx)3 7d® (bc-ad) (a+bx)4 d7(a+bx)5 21d2(bc—ad)5Log[a+bx]
+ + +
b8 4 b8 5 b8 b®

Result (type 3, 389leaves):
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1
2008 (a+bx)?
10a° b2 d°® (—189c2—56cdx+50d2x2) +70a% b3 d* (35c3+6c2dx—34cd2x2+2d3x3) -
35a°b*d® (50 c*-20c?dx-126 c?d*x* +20 cd’®x® + d* x*) +
7 a®b® d* (90 c® - 200 c* d x - 556 ¢ d* x* + 200 > d®> x* + 25 c d* x* + 2d> X°) -
7ab®d (10c®-120c>dx-200 c*d? x* + 200 > d® x> + 50 c* d* x* + 10 c d® x> + d® x°) +
b7 (-10c’ - 140 c®dx+700 c* d’ x> + 350 > d* x* + 140 ¢ d° x* + 35 ¢ d® x® + 4d" X’ -
420d* (-bc+ad)® (a+bx)2Log[a+bx])

(—130a7d7+10a6bd6 (77c+16dx) +

Problem 1288: Result more than twice size of optimal antiderivative.

J(c+dx)7dx

(a+bx)6

Optimal (type 3, 181 leaves, 2 steps):
d® (7bc-6ad)x d’x2 (bc-ad)’ 7d(bc-ad)°
N - -

b7 205 5b%(asbx)® 4b%(asbx)
7d? (bc-ad)® 35d® (bc-ad)® 35d* (bc-ad)® 21d° (bc-ad)®Logla+bx]

+

b® (a+bx)? 2b% (a+bx)? b® (a+bx) b8

Result (type 3, 389leaves):
1

20 b8 (a+bx)5
a>b®d® (959 c® - 5250 cdx + 2760 d* x*) +5a*b> d* (-28 c® + 875 c*d x - 1680 c d* x* + 260 d° X*) -
5a’b*d’® (7c*+ 140’ dx- 1540 c*d* x* + 1120 c d* x* + 80 d* x*) -
a’b®d* (14 c®+ 175 c*d x + 1400 ¢ d* x* - 6300 c* d* x> + 700 c d* x* + 500 d> X° ) -
7ab®d <c6+10c5dx+59c4d2x2+200c3d3x3—306c2d4x4—100cd5x5+10d6x5) -
b7 (4c”+35c®dx+140 > d® x* + 350 c* d’ x* + 700 c* d* x* - 140 c d® x° - 10.d” X’ +
420d° (bc-ad)? (a+bx)5Log[a+bx})

(459a7d7+3a6bd6 (-406c+625dx) +

Problem 1289: Result more than twice size of optimal antiderivative.

+dx)’
J<c X> dx
(a+bx)’

Optimal (type 3, 186 leaves, 2 steps):

d’x (bc-ad)” 7d(bc-ad)® 21d?(bc-ad)’
b’ 6b% (a+bx)® 5b®(a+bx)®  4b®(a+bx)*

+

35d° (bc-ad)® 35d* (bc-ad)® 21d° (bc-ad)® 7d°(bc-ad)Logla+bx]
2 b® (a+bx) b®

3b% (a+bx)’ 2b% (a+bx)

Result (type 3, 390 leaves):
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1
60b% (a+bx)°

3a°b*d® (70 c? - 1918 cdx +2575d* x?) +5a* b> d* (14 ¢+ 252 ¢ d x - 2625 c d? X* + 1640 d° x*) +
5a’b*d® (7c¢*+84c>dx+630c?d’ x*-3080 cd’ X’ +810d* x*) +
3a’b°d? (7c®+70c*dx+350cd® x* + 1400 c* d* x> - 3150 c d* x* + 120 d° x°) +
ab®d (14 c®+126 c®dx+525c*d® x* + 1400 c? d® x* + 3150 c* d* x* - 2520 c d° x> - 360 d° x°®) +
b7 (1@ c” + 84 c®dx + 315 c> d* x* + 700 c* d> X° + 1050 > d* x* + 1260 c* d° x* - 60 d” X' +
420d° (-bc+ad) <a+bx)6Log[a+bx])

(669 a’d’ +3a°bd® (-343c+1198d x) +

Problem 1291: Result more than twice size of optimal antiderivative.

J(c+dx)7dx

(a+bx)9

Optimal (type 1, 28 leaves, 1step):

(c+dx)8

78 (bc-ad) <a+bx)8

Result (type 1, 353 leaves):
ot (a’d”+a®bd® (c+8dx) +a°b*d® (c*+8cdx+28d*x*) +a*b>d*
8 b8 (a+bx)8
<c3+8C2dx+28cd2X2+56d3x3> +a’btd? (c4+8c3dx+28c2d2x2+56cd3x3+70d4x4) +
a’b>d* (c>+8c*dx+28c?d?x*+56c*d’>x*>+70cd*x*+56d° x°) +
ab®d (c®+8c’dx+28c*d®x*+56c>d> x> +70c*d*x* + 56 cd® x> +28d°x°) +
b7 (¢’ +8c®dx+28cd*x*+56c*d® x> +70c>d*x* +56 c*d’ x* + 28 cd®x® +8d" X))

Problem 1292: Result more than twice size of optimal antiderivative.
7
J (C +d X) dx
(a + bx)10
Optimal (type 1, 58 leaves, 2 steps):
<c+dx>8 d(c+dx)8

9 (bc-ad) (a+bx)9 72 (bc—ad)2 (a+bx)8

Result (type 1, 367 leaves):
e (a7d”+a°bd® (2c+9dx) +
72b% (a+bx)®
3a°b?d° <c2+6cdx+12d2x2) +a*b3d? (4c3+27c2dx+72cd2x2+84d3x3) +
a’b*d? (5c4+36c3dx+108c2d2x2+168cd3x3+126d4x4) +
3a°b°d? (2 +15c*dx+48cd*x* +84c?d’° + 84 cd x* +42d° x°) +
ab®d (7c®+54c>dx+180c*d*x*+336c>d® x> +378c*d* x* + 252 c d® x* + 84d° x°) +
b7 (8c”+63c®dx+216c®d*x*+420c*d’>x*+504 > d* x* + 378 > d° x° + 168 c d° x® + 36 d” X7
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Problem 1293: Result more than twice size of optimal antiderivative.

(c+dx)7
Jidlx
(a+bx)™
Optimal (type 1, 89leaves, 3 steps):
(c+dx)® d(c+dx)® d? (c+dx)®

+

710(bc—ad) (a+bx)le 45(bc—ad)2(a+bx)9 360(bc—ad)3(a+bx)8

Result (type 1, 371 leaves):
1

- (a’d”+a®bd® (3c+10dXx) +

360 b® (a+bx)10
3a°b?d® (2c*+10cdx+15d*x*) +5a*b>d* (2 +12c2dx+27cd*x* +24d° ) +
5a°b*d® (3c*+20cPdx+54c*d* x> +72cd®x® +42d* x*) +
3 a% b° d? <7c5+50c4dx+150c3d2x2+240c2d3x3+210cd4x4+84d5x5> +
ab®d (28c®+210c’dx+675c* d”*x*+ 1200 c> d® X° + 1260 c* d* x* + 756 c d° x> + 210 d° x°) +
b7 (36 ¢’ + 280 c®dx+ 945 c>d* x* + 1800 c* d* X* +

2100 c® d* x* + 1512 c* d®> x* + 630 c d® x® + 120.d” X7

Problem 1294: Result more than twice size of optimal antiderivative.
J (c+dx)7 ax
(a+bx)12

Optimal (type 1, 120leaves, 4 steps):
(c+dx)® 3d (c+dx)®

711 (bc—ad) (a+bx)11 110 (bc—ad)2 (a+bx)1°7

d? (c+dx)® d® (c+dx)®
+

165 (bc—ad)3 (a+bx)9 1320 (bc—ad)4 (a+bx)8

Result (type 1, 369 leaves):
1

(a7d7+a6bd6 (4c+11dx) +

1320b% (a+bx)™
a®b*d®> (10 c*+44cdx+55d*x*) +5a*b>d* (4’ +22cPdx+44cd®x?+33d> %) +
5a’b*d’® (7c*+44cdx+110c?d® x* + 132 cd® x* + 66 d* x*) +
a’b®d* (56 c®+ 385 c*dx+ 1100 ¢ d* x* + 1650 c* d* x3+1320cd4x4+462d5x5) +
ab®d (84c®+616c>dx+1925c*d® x* + 3300 c> d® x> + 3300 c* d* x* + 1848 c d° x° + 462 d° x°) +
b7 (120 ¢’ + 924 c®d x + 3080 > d* x* + 5775 c* d’® X° +

6600 c> d* x* + 4620 c> d° x> + 1848 ¢ d° x® + 330.d” X )

| 43
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Problem 1295: Result more than twice size of optimal antiderivative.

(c+dx)7
Jidlx
(a+bx)®
Optimal (type 1, 151 leaves, 5steps):
(c+dx)® d(c+dx)®

+

712 (bc-ad) (a+bx)12 33 (bc—ad)2 (a+bx)11 .

d? (c+dx)® d® (c+dx)® d* (c+dx)®
. _
110 (bc-ad)® (a+bx)*® 495 (bc-ad)* (a+bx)® 3960 (bc-ad)® (a+bx)®

Result (type 1, 371 leaves):
1

- (a7d7+a6bd6(5c+12dx)+

3960 b® (a+bx)™
3a°b?d® (5c¢*+20cdx+22d*x*) +5a*b>d* (7c®+36c?dx+66cd*x*+44d> %) +
5a’b*d’® (14c*+84c>dx+198c*d*x*+220 cd® x> +99d* x*) +
3a?b®d* (42 +280 c*dx+ 770 ¢ d* x* + 1100 c® d’ x> + 825 c d* x* + 264 d° X°) +
ab®d (210 c®+ 1512 c>d x + 4620 c* d* x* + 7700 > d* x> + 7425 c* d* x* + 3960 c d° x° + 924 d° x°) +
b7 (330 ¢’ + 2520 c®d x + 8316 > d* x* + 15400 c* d* x> +

17325 c>d* x* + 11880 c* d° x° + 4620 c d® x® + 792.d” X7

Problem 1299: Result more than twice size of optimal antiderivative.
J(aerx)l2 (c+dx)*ax

Optimal (type 1, 275leaves, 2 steps):
(bc-ad)® (a+bx)* 5d(bc-ad)’ (a+bx)™
+

+

13 b1? 7 b1t
3d? (bc-ad)® (a+bx)™ . 15d*> (bc-ad)’ (a+bx)™® . 210d* (bc-ad)® (a+bx)Y X
b11 2b11 17b11
14d° (bc-ad)® (a+bx)™ . 210d° (bc-ad)* (a+bx)* . 6d’ (bc-ad)’ (a+bx)? .
plt 19 b11 plt
15d® (bc-ad)? (a+bx)* 5d° (bc-ad) (a+bx)* d¥ (a+bx)*
7 b1t : 11 b : 23 bt

Result (type 1, 1817 leaves):
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a?c®x+a'’c® (6bc+5ad) x*+a'®c® (22b®c*+40abcd+15a%d*) x> +

5a%c’ (11b°c?+33ab’c®?d+27a’bcd®+6a*d®) x* +

a®c® (99b* c* +440ab’ > d+594a*b*c*d*+288a*bcd®+42a*d*) x° +

3a’c® (44b°c®+275ab% c*d+550a° b’ c*d* +440a°b* c*d’ +140a* bcd* + 14 2% d°) x® +

3
—abc? (308 b® c® + 2640 a b c’>d+ 7425 a2 b* c* d? + 8800 a3 b3 c3 d3 + 4620 a* b% c? d* +
7

10082 bcd®>+70a°d®) x” +3a°c® (33b" ¢’ +385ab®c®d+1485a%b> > d* +
2475 a3 b* c*d® + 1925 a* b3 c3 d* + 693 &° b2c2d5+105a6bcd6+5a7d7) x& +
5a* c? (11 b c®+176ab’ c’d+924a%b%c®d?+2112a%b> c>d3+2310a*b* c* d* +
1232a5b3c3d5+308a6b2c2d6+32a7bcd7+a8d8) x2 +
a*c (22b°c®+495ab®c®d+3564a*b’ ¢’ d* + 11088 a° b® c®d’ + 16632 a* b> > d* +
12474 a°b* c*d®> + 4620 a°b> c3d® + 792 a’ b> c®d’ +54a% b c d® + a° d9) x10 .
1
—a” (66 b c®+2200a b’ c®d + 22275 a*b® c®d* + 95040 a° b’ ¢’ d* + 194040 a* b® ® d* +
11
199584 a° b° ¢® d® + 103950 a® b* c* d® + 26400 a” b> c>d” + 2970 a® b2 c?2d® + 120 a° b c d® + at® dm)
x*iab (b10 c®+55ab°c®d+825a%b%c®d>+4950ab’ ¢’ d®+13860a*b®c®d*+19404a°b>c®d® +
1
13860 a°b* c*d® + 4950 a’ b> c3d” +825a%b? c?d® +55a°bcd’® +al® dm) x4+ — b2
13
(b10 c'®+120ab’c®d+2970a2b® c®d?+26400a3b’ ¢’ d® + 103950 a* b® c® d* + 199584 a° b> c> d°® +
194040 a°® b* c* d® + 95040 a’ b> c*> d” + 22275 a® b> c* d® + 2260 a° b c d° + 66 a'® d'?) x** +
5
=b’d (b°c®+54ab®c®d+792a*b’ ¢’ d* + 4620 2% b® c® d* + 12474 a* b° > d* +
7
16632 a> b* c*d>+ 11088 a°b> > d® + 3564 a’ b> c*d’ +495a® b c d®+ 22 d°) x** +
3 b* d? (b8c8+32ab7c7d+308a2b6c6d2+1232a3b5c5d3+2310a4b4c4d4+
2112a° b3 c3d>+924a° b2 c?2d® +176 a’ bcd” + 11 a8 d8) x4
3
=b°d?® (5b7 ¢’ +105ab® c®d+693a%b>c®d*+1925a° b* c* d® + 2475 a% b* > d* +
2
3
1485a5b2c2d5+385a6bcd6+33a7d7) x% + — pb d* (7Gb6c6+1008ab5c5d+
17
4620 a’b* c*d? + 8800 a3 b3 c3d® + 7425 a* b%> c2d* + 2640 a° b c d° + 308 a° d"’) x7 ¢
b? d° <14b5c5+140ab4c4d+44@a2b3c3d2+550a3b2c2d3+275a4bcd4+44a5d5) x84
5
— b8 d° (42b4c4+288ab3c3d+594a2b2c2d2+440a3bcd3+99a4d4) x4
19
b° d’ <6b3c3+27ab2c2d+33a2bcd2+11a3d3) x2° .

1
—b'd® (15b°c*+40abcd+22a%d?) x*' +
7

1 1
b d® (5bc+6ad)x2+ —b2d®x?
11 23

Problem 1300: Result more than twice size of optimal antiderivative.

J(aerx)11 (c+dx)*adx

Optimal (type 1, 279 leaves, 2 steps):
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(bc—ad)le (aerx)12 10d (bc—ad)9 (a+bx)13
+

+

12 b1! 13 b1!
45 d2 (bc—ad)g(aerx)14 8d3 (bc—ad)7(a+bx)15 105d4(bcfad)6(a+bx)16
14 b1 ' b1t ' gbl! '
252d° (bc—ad)s(a+bx>17 35 d° (bc—ad)“(aerx)18 120 d’ (bc—ad)g(a+bx)19
17 b1 ' 3 pt " 19 b1?
9d® (bc-ad)? (a+bx)* 10d° (bc-ad) (a+bx)* d® (a+bx)*
4 ptt ' 21 b1t ' 22 b1t

Result (type 1, 1702 leaves):
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1 5
eley —atlc? (11bc+10ad) x>+ =a’ct (11b2c2+22abcd+9a2d2) X3+
2 3

5
=a®c’ (33b°c®+110ab*c*d+99a’bcd*+24a°d?) x* +
4

1
3a’c® (22b*c*+118ab’> c>d+165a° b’ c*d*+88a’bcd® +14a*d*) x° + —a®c’
2

6
(154b5 c®>+1100ab*c*d+2475a2b3 c3d?+2200a° b2 c?d>+770a*bcd* + 84 a° d5) x®+ —a®c?

(77 b c®+770ab®c®d+2475a%b*c*d? +3300a%b> c®d®+1925a%* b%>c?d* +462a°bcd® +35a° d6)

x7+14—5a4c3 (11b” ¢’ +154ab®c®d+693a*b° c>d* +
1320a3b4c4d3+1155a4b3c3d4+462a5b2c2d5+77a6bcd6+4a7d7) x& +
§a3 ¢ (11b%c®+220ab’ c’d+ 1386 a* b® c® d* + 3696 a> b> c> d® + 4620 a* b* c* d* +

27722 b*> > d®>+770a°b* c*d® + 88a’ bcd’ +3a% d®) X° +

1
~a’c (11 b°c®+330ab%c®d+2970a%b’ ¢’ d?+11088 a>b® c®d®+19404 a* b®> > d* +
2

1
16632 a° b* c*d® + 6930 a® b> c3 d® + 1320 a7 b2c2d7+99a8bcd8+2a9d9) x4+ — a3
11

7

| a7

(11 b'® c'® +550ab’c’®d+7425a2 b8 c®d? +39600a3b’ ¢’ d®+97020a* b® c®d* + 116424 a°b° > d° +

69300 a° b* c* d°® + 19800 a’ b> > d” + 2475 a® b> c*d® + 118 a° b c d° + ' d™?) x™ +

1
—b (bm c®+110ab’c®d+2475a2 b8 c®d? +19800 a3 b’ ¢’ d® + 69300 a* b® c® d* + 116424 a° b®> > d° +

12
97020 a°b* c* d° + 39600 a’ b > d” + 7425 a® b> > d® + 550 a° b c d® + 11a'% d*?) x** +
%bzd (2b°c®+99ab®c®d+1320a°b’ ¢’ d® + 6930 a2 b® c®d’ + 16632 a* b> > d* +
19404 a> b* c* d> + 11088 a°b> > d® + 2970 a’ b> c*d’ + 330 a® b c d® + 11a° d°) x** +
Etﬁdz (3b®c®+88ab’c’d+770a*b° c®d*+2772a’ b’ c> d® + 4620 a* b* c* d* +
3696 a°> b* c>d® + 1386 a° b® c>d® + 2202’ bcd’ + 11 2% d®) x™ +
2b*d® (4b7 7 +77ab®c®d+462a*b>c>d®+ 11553 b* c*d® + 13202 b> > d* +
693 a>b®>c®d®>+154a°bcd®+11a’ d’) x15’+§b5d4 (35b°c®+462ab°c>d +
1925 a* b* c* d* + 3300 a° b> ¢* d* + 2475 a* b> c?d* + 770 a° b c d° + 77 a° d®) x*® +

3
—b®d® (84b°c>+770ab* c*d + 2200 a’ b c d> + 2475 a> b> ¢ d® + 1180 a* b c d* + 154 a° d°) x*7 +

17
5

=—b’d® (14b*c*+88ab’c®d+165a*b>c*d*+11@a*bcd®+22a* d*) x*® +
6

5

—b%d’ (24b>c*+99ab’*c*d+110a’bcd® +33a%d®) x¥¥ +

19

1

=b%d® (9b>c*+22abcd+11a%d*) x*?+

4

1 10 49 21 1 11 410 ,,22

—b'd® (186bc+1lad) x** + — b d*x

21 22
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Problem 1301: Result more than twice size of optimal antiderivative.

J(aerx)l‘a (c+dx)*ax

Optimal (type 1, 279 leaves, 2 steps):
(bc—ad)1e (aerx)11 5d (bc—ad)9 (a+bx>12
+

+

11 b1 6 bt
45d2 (bc-ad)® (a+bx)™ 60d> (bc-ad)’ (a+bx)* 14d* (bc-ad)®(a+bx)™
13b11 ’ 7b11 i b11 *
63d° (bc-ad)® (a+bx)'® 210d° (bc-ad)* (a+bx)¥ 20d’ (bc-ad)® (a+bx)™
+ + +
4 bt 17 b1 3ptt
45d® (bc-ad)? (a+bx)™ d°(bc-ad) (a+bx)* d® (a+bx)*
+ +
19 bt 2 bt 21 b1

Result (type 1, 1539 leaves):
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5
al®c®x+5a%c® (bc+ad)x2+—a8c8 (9b2c2+20abcd+9a2d2)x3+
3
15 7 -7 3 -3 2 -2 2 2 3 43 4
—a’cd (4p’cP+15ab’c*d+15a’bcd’ +4a’d) x* +
2
3a%ch (14b4c4+80ab3c3d+135a2b2c2d2+80a3bcd3+14a4d4) X° +
2a°c® (21b°c®+175ab*c*d+450a° b’ > d* +450a° b* ¢ d® + 175a* bcd* + 21a° d®) x® +
30
—a*ct (7b6c6+84ab5c5d+315a2b4c4d2+480a3b3c3d3+315a4b2c2d4+84a5bcd5+7a6d6)
7

x7+§a3c3 (2b7c’+35ab®c®d+189a*b° c®d” +
420a3b4c4d3+420a4b3c3d4+189a5b2c2d5+35a6bcd5+2a7d7) x® +

zazc2 (3b8c8+80ab7c7d+630a2b5c6d2+2016a3b5c5d3+2940a4b4c4d4+
2016a5b3c3d5+630a6b2c2d6+80a7bcd7+3a8d8) x° +

ac(b’c®+45ab®c®d+540a°b’ ¢’ d*+2520a% b® c®d®+5292a%b> > d* +
5292 a° b* c*d® +2520a° b’ > d® + 5402’ b c*d’ +45a% b c d® + a® d®) x*° +

i (b*®c'®+100ab’ c®d+2025a*b® c®d* + 14400 a° b’ ¢’ d* + 44100 a* b® c® d* + 63504 2> b° > d° +
44100 a° b* c* d°® + 14400 a’ b> > d” + 2025 a® b> c* d® + 100 a° b c d° + a'® d*?) xM +

Zbd (b%c®+45ab®c®d+540a° b’ ¢’ d® + 25202 b® c® d* + 5292 a* b> > d* +
5292 2% b* c*d® +2520a°b> > d® + 5402’ b c*d” +45a% b c d® + a® d°) x** +

Ebzdz (3b%c®+80ab’c’d+630a*b°c®d®+2016 a®>b> c®d’ + 2940 a* b* c* d* +
2016 a°> b*> c>d® + 630a°b*c*d® + 80a’ bcd’ +3a% d¥) x*? +

?b3d3 (2b7c”+35ab°c®d+189a*b° c®d® +420a° b* c* d’> + 420 a* b’ > d* +
189a°b*c*d®+35a°bcd®+2a’ d’) x*+2b*d*

(7b°c®+84ab®c®d+315a°b* c*d® +480a’b>c>d’ +315a*b*c*d* +84a’ bcd® + 7a%d®) x*° +

3
~pd° (21b5c5+175ab4c4d+450a2b3c3d2+450a3b2c2d3+175a4bcd4+21a5d5) X6 +
4

15
= bbd° (14b4c4+80ab3c3d+135a2b2c2d2+80a3bcd3+14a4d4) x7 ¢
17

5
—b’d” (4b*c*+15ab>c*d+15a°bcd*+4a’d’) x*® +
3

5 1 1
—b%d® (9b2c?+20abcd+9a2d?) x** + —b°d® (bc+ad) x?®+ — bl di0x
19 2 21

Problem 1302: Result more than twice size of optimal antiderivative.

J(a+bx)9 (c+dx)*ax

Optimal (type 1, 250 leaves, 2 steps):
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(bc—ad)9 <c+dx)11 3b (bc—ad)8 (c+dx)12 36 b? (bc—ad)7 (c+dx)13

- +

+

11 d° 4 dte 13 d°
6b3(bc—ad)6(c+dx)14 42b“(bc—ad)5(c+dx>15 63 b5 (bc—ad)“(c+dx)16
d1e N 5d10 " 8d10 N
84b6(bc—ad)3(c+dx)17 2b7(bc—ad)2(c+dx>18 9b® (bc-ad) (c+dx)19 b° (c+dx)28
17 de : dte ) 19 d° : 20 d°

Result (type 1, 1397 leaves):

1
a®cPx+ —adc? (9bc+10ad) x> +3a’ c® (4b2c2+10abcd+5a2d2>x3+
2

3
=—ac’ (28b3c3+120ab2c2d+135a2bcd2+40a3d3) x4+
4

6
—a’ch (21b4c4+149ab3c3d+270a2b2c2d2+180a3bcd3+35a4d4) X° +
5

3atc® <7b5c5+70ab4c4d+216a2b3c3d2+240a3b2c2d3+165a4bcd4+14a5d5> x® +
6a°c? (2b6c6+30ab5c5d+135a2b4c4d2+24ea3b3c3d3+180a4b2c2d4+54asbcd5+5a6d6) x7 +

3
=—atcd (6b7c7+14eab6c6d+945a2b5c5d2+2520a3b4c4d3+
4

2940 a* b3 c3d* + 1512 a° b?> c?>d®> + 315a° b c d® + 20 @’ d7) x& +
ac? (b8 c®+40ab’ c’d+420a%b°c®d?+1680a3b°c’d?®+2940 a* b* c* d* +
2352 a° b3 c3d° + 840 a° b2c2d6+120a7bcd7+5a8d8) x2 +
1
—c (b9 c®+90ab®c®d+1620a%2b’ ¢’ d? +10080 a3 b® c®d3 + 26460 a*b> c>d* +
10
31752a°b*c*d® +17640a°b3 c3d®+4320a’ b?>c?d’ +405a8 bcd® +102a° d9) xte

11—1d (16b°c®+405ab® c®d+4320a%b’ ¢’ d> + 17640 a° b c®d* + 31752 a% b> > d* +
26460 a° b* c* d> + 10080 a® b’ c*> d® + 16202’ b®> c>d” + 90 a® b c d® + a” d°) x** +
Zbdz (5b%c®+120ab’ c’ d+840a”b®c®d* +2352a° b® c* d® + 2940 a* b* c* d* +
1680 a° b> > d® + 420a°b> c*d® +48a’ bcd’ +a® d®) x*? +
%b2d3 (20b” ¢’ +315ab® c®d+1512a°b> c> d® + 2940 a° b* c* d® +
2520 3% b*> c*d* + 9452a° b* c*d®> + 140a°b cd®+ 6a’ d’) x* + 3b* d*
(5b°c®+54ab>c>d+180a’b*c*d*+240a° b’ c*d’ +135a*b* c*d* +30a>bcd®+2a°d®) x** +

6

—b*d° (14b5c5+105ab4c4d+240a2b3c3d2+210a3b2c2d3+70a4bcd4+7a5d5)x15+
5

3

—b°d® (35b*c*+180ab’>c’d+270a°b* c*d* + 140’ bcd’® + 21 a* d*) x*° +

8

3

— bsd’ (40b3c3+135ab2c2d+120a2bcd2+28a3d3)x17+

17

1 7 A8 2 2 2 42 18 1 8 49 19 1 9 110 20
—b’d® (5b>c*+10abcd+4a’d’) x®+ —b¥d® (1@bc+9ad) x**+ —b’d¥x
2 19 20
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Problem 1303: Result more than twice size of optimal antiderivative.
J(a+bx)8 (c+dx)19dlx
Optimal (type 1, 225leaves, 2 steps):

(bc—ad)8 (c+dx)11 2b (bc—ad)7 (c+dx)12 28 b? (bc—ad)6 (c+dx)13

+

114d° 3d° 13 d°
4b* (bc-ad)® (c+dx)™ 14b* (bc-ad)* (c+dx)*® 7b% (bc-ad)’® (c+dx)*
d° : 3d° ) 2d° '
28b° (bc-ad)? (c+dx)" 4b’ (bc-ad) (c+dx)*® b (c+dx)™
17 d° ) 9 d° Y

Result (type 1, 1241 leaves):

1
a®c®x+a’c’ (4bc+5ad) x>+ —a®c8 <28b2c2+80abcd+45a2d2) x3 +
3

2a°c’ (7b*c*+35ab*c*d+45a*bcd*+15a°d?) x* +
2a%*c® (7b4c4+56ab3c3d+126a2b2c2d2+96a3bcd3+21a4d4) x> +
14

—a’c® (2b°c®+25ab*c*d+90a’ b’ A d*+120a° b’ c*d’ +6@a*bcd*+9a%d®) x°+
3

2a%ct (2b6c6+40ab5c5d+225a2b4c4d2+480a3b3c3d3+420a4b2c2d4+144a5bcd5+15a6d5)
x’ +ac? (b7c7+35ab6c6d+315a2b5c5d2+1650a3b4c4d3+
1470 a* b* c> d* + 882a° b* c*d® + 218a°b cd® + 15a’ d7) x® +

c? (b8 c®+80ab’c’d+1260a%b®c®d?+6720a°b° c’>d?+14700a*b* c*d* +

O |~

14112 a°b*>c*>d®> + 5880 a° b* ¢ d® + 960 a’ b c d” + 45 a® d®) x° +
cd(b8c8+36ab7c7d+336a2b5c6d2+1176a3b5c5d3+1764a4b4c4d4+

1176a5b3c3d5+336a6b2c2d5+36a7bcd7+a8d8)x1°+
1
— d? (45 b®c®+960ab’ c’d+5880a%b®c®d?+14112a%b° c®d®+14700 a* b* c* d* +
11

6720a° b3 c3d® +1260a°b%>c?d®+80a’bcd’ +al dS) Xt
2
—bd® (15b7 ¢’ + 210 ab® c®d + 882 a% b> c> d*> + 1470 a° b* c* d* + 1050 a* b> > d* +
3

5K2 ~2 45 6 6 7 A7 12 14 2 44
315a°b*c*d®+35a°bcd®+a’d’) x>+ —b*d
13

(15b5c6+144ab5c5d+420a2b4c4d2+480a3b3c3d3+225a4b2c2d4+40a5bcd5+2a6d6)x13+
2b3d° (9b5c5+60ab4c4d+120a2b3c3d2+90a3b2c2d3+25a4bcd4+2a5d5)x14+

2
—b*d® (21b*c*+96ab’ *d+126a°b>c*d*+56a*bcd® +7a*d*) x** +
3

1
—b°d’ (150> c*+45ab>c*d+35a’bcd’+7a’d?) x* +
2

1 1 1
—bSd® (45b2c?+80abcd+28a2d?) x7+ —b7d? (Sbc+dad) x¥ s — b d®x?
17 9 19
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Problem 1304: Result more than twice size of optimal antiderivative.
J(a+bx)7 (c+dx)19dlx

Optimal (type 1, 200 leaves, 2 steps):
(bc—ad)7 <c+dx)11 7b (bc—ad)6 (c+dx)12

11d8 12 d8®
21b% (bc-ad)® (c+dx)” 5b3(bc-ad)* (c+dx)*™ 7b*(bc-ad)® (c+dx)®
13 ¢ ' 2 g8 ) 3 ¢ '
21 b5 (bc—ad)z(c+dx)16 7b° (bc-ad) (c+dx)17 b7(c+dx)18
16 8 ) 17 d8 YT

Result (type 1, 1105 leaves):

1 1
a’cx+ —abc? (7bc+10ad) x>+ —a>ct (21b2c2+70abcd+45a2d2) x3 +
2 3

5

—atcd (7b3c3+42ab2c2d+63a2bcd2+24a3d3)x4+

4

7a’ct <b4c4+1@ab3c3d+27a2b2c2d2+24a3bcd3+6a4d4) X° +

gazc5 (3b°c®+50ab*c*d+225a”b’ c*d”+ 360> b> c*d®> + 210a*bcd* +36a° d°) x° +
ac* (b°c®+30ab°c®d+225a%b* c*d?+600a% b’ > d’®+630a%b?c?d*+252a°bcd®+30a%d®) X +
éc?’ (b7 ¢’ + 70 ab® c®d + 945 a® b> > d® + 4200 a* b* c* d* +

7350 a* b® c® d* + 5292 a° b* c* d> + 1470 a° b c d® + 12037 d’) Xx® +

5
=c%d <2b7c7+63ab6c6d+504a2b5c5d2+1470a3b4c4d3+1764a4b3c3d4+
9

1
882a5b2c2d5+168a6bcd5+9a7d7)x9+—cd2 (9b7c7+168ab6c6d+882a2b5c5d2+
2
1764 2> b* c* d*> + 1470 % b’ > d* + 504 a° b > d® + 63 a°b cd® + 22’ d”) x +
1
—d3 (120 b7 ¢’ +1470ab® c®d +5292a2b°c>d? + 7350 a3 b* c*d3 +
11
7
4200a4b3c3d4+945a5b2c2d5+70a6bcd6+a7d7)x11+—bd4
12
(3eb6c6+252ab5c5d+63ea2b4c4d2+seea3b3c3d3+225a4b2c2d4+3ea5bcd5+a6d6) x12 4
7
— b%d® (36b5c5+210ab4c4d+360a2b3c3d2+225a3b2c2d3+50a4bcd4+3a5d5)x13+
13
5
= b3 d° (6b4c4+24ab3c3d+27a2b2c2d2+10a3bcd3+a4d4) x4 .
2
1
—b*d’ (240’ +63ab’c®d+42a’bcd®+7a>d?) x* +
3
1 5 48 2 2 2 42 16 1 6 49 17 1 7 410 18
—b>d® (45b*c*+70abcd+21a%d?) x*+ —b®d® (1@bc+7ad) x7 + — b’ d¥x
16 17 18
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Problem 1305: Result more than twice size of optimal antiderivative.
J(a+bx)6 (c+dx)19dlx

Optimal (type 1, 170leaves, 2 steps):
(bc—ad)6 (c+dx)11 b (bc—ad)5 (c+dx)12 15 b2 (bc—ad)4 (c+dx>13
N _

11d’ 2d’7 13d’
10 b3 (bc—ad)3(c+dx)14 b4(bc7ad)2(c+dx)15 3b° (bc-ad) (c+dx)16 b6(c+dx>17
+ - +
7 d7 d’ 8 d’ 17d’

Result (type 1, 939 leaves):
a®c®x+a°c® (3bc+5ad) x*+5a%c® (b’c*+4abcd+3a’d?) X+
§a3c7 (2b°c?+15ab®>c®d+27a*bcd®+12a° d?) x* +
a’c® (3b*c*+40ab>c*d+135a° b’ c?d* + 1442’ bcd’® + 42a* d*) x° +
ac® (b>c>+25ab*c*d+150a*b> c?d?+300a° b’ c>d® +210a* bcd* + 42a° d°) x6+%c4

(b c®+6@ab°c®d+675a%b* c* d? + 2400 a° b’ ¢ d® + 3150 a* b® ¢ d* + 1512a° b c d® + 210 2% d°) X7 +
Zci‘d (b®c®+27ab’c®d+180a*b* c*d®+420a*b> > d® + 3782 b> c>d* + 126 a°bc d® + 12a°d®) x® +
5c2d* (b®c®+16ab>c>d+70a*b* c*d®+112a*b> > d® +70a%b? ?d* +16a°bcd® +ad®) x° +
cd® (12b°c®+126ab>c>d+378a°b* c*d* +420a° b’ > d® + 180 a* b* > d* + 272’ b c d® + a® d®) x*% +

1
— d* (210 b° c® + 1512 ab° c® d + 3150 a* b* c* d* + 2400 a*> b* ¢ d® + 675 a* b> c* d* + 60 a> b c d* + a° d°)
11

1
x? i+ =bd° (42b5c5+210ab4c4d+360a2b3c3d2+150a3b2c2d3+25a4bcd4+a5d5) xt2 4
2

5
—b*>d® (42b%c*+144ab> P d+135a°b*c*d*+40a’bcd® +3a*d*) X +
13

5
—b>d’ (12b°c?+27ab’c?d+15a*bcd®+2ad®) x +
7

1 1
b*d® (3b2c?+4abcd+a’d?) x®+ =b5d® (5bc+3ad) x™+ — b d¥xV
8 17

Problem 1306: Result more than twice size of optimal antiderivative.

j(a+bx)5 (c+dx)*ax

Optimal (type 1, 146 leaves, 2 steps):
(bc-ad)® (c+dx)™ 5b(bc-ad)* (c+dx)* 10b% (bc-ad)® (c+dx)®
_ N _

+

11 d° 12 d® 13 d°®
5b3(bc:—ad)2(c+dx)14 b* (bc-ad) (c+dx)15 b5 (c+dx)16
- +
7 d°é 3d° 16 d°®

Result (type 1, 811 leaves):



54 | Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)”m (c+d x)~n.nb

5 5

a°cx+ —atc? (bc+2ad) x>+ —a3ct (2b2c2+10abcd+9a2d2) x3 +
2 3

5

=—atc’ (2b3c3+20ab2c2d+45a2bcd2+24a3d3) x* +

4

act (b4c4+20ab3c3d+90a2b2c2d2+120a3bcd3+42a4d4) X° +

1
=c (b5c5+50ab4c4d+450a2b3c3d2+120@a3b2c2d3+1050a4bcd4+252a5d5) x® +
6

5
=c*d <2b5c5+45ab4c4d+240a2b3c3d2+420a3b2c2d3+252a4bcd4+42a5d5) X7+
7

15
—cd* (3b°c®+40ab*c*d+140a’b> > d*+168a*b*c*d*+70a*bcd* +8a° d°) x® +
8

5
—c?d’® (8b>c>+70ab*c*d+168a’b’ 3 d®+140a° b’ c*d’ +40a*bcd* +3a°d®) x° +
3

1
~cd* (42b5c5+252ab4c4d+420a2b3c3d2+240a3b2c2d3+45a4bcd4+2a5d5) x@
2

1
—d® (252b° c® + 1050 a b* c* d + 1200 a° b> > d* + 450 a° b* > d* + 5@ a* b c d* + a° d°) x'' +
11

5
—bd° (42b4c4+120ab3c3d+90a2b2c2d2+20a3bcd3+a4d4) x22 4
12

5
—b2d’ (24b3c3+45ab2c2d+20a2bcd2+2a3d3) xB ¢
13

5 1 1
—b’d® (9b?c?+10abcd+2a’d?) x*+ —b*d’ (2bc+ad) x*®+ —b>d?x*®
14 3 16

Problem 1307: Result more than twice size of optimal antiderivative.

J(a+bx)4 (c+dx)1@dlx

Optimal (type 1, 119leaves, 2 steps):
(bc—ad)4 (c+dx)™ b (bc—ad)3 (c+dx)*?

11d° i 3d° '
6b? (bc-ad)? (c+dx)® 2b* (bc-ad) (c+dx)™ b*(c+dx)™
- +
13 d° 7d° 15 d°

Result (type 1, 660 leaves):
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1
a*c®x+atc’ (2bc+5ad) x>+ —a%ct <6b2c2+40abcd+45a2d2) X3 +
ac’ (b3c3+15ab2c2d+45a2bcd2+36a3d3) x4 +

1
—c® (b*c*+40ab’c>d+270a%b>c*d*+480a*bcd’+210a% d*) x° +
5

1
~c°d <5b4c4+90ab3c3d+360a2b2c2d2+420a3bcd3+126a4d4) x® +
3

3

= c*d? (15b4c4+160ab3c3d+420a2b2c2d2+336a3bcd3+70a4d4) X7 +
7

3c3d® (5b*c*+35ab>c>d+63a’b>c*d*+35a’bcd®+5a*d*) x® +

1
= c2dt (70b4c4+336ab3c3d+420a2b2c2d2+160a3bcd3+15a4d4) X% +
3

1
—cd® (126b*c*+420ab’>c>d+360a°b> c?d’*+90a*bcd®+5a*d*) x?+
5

1
—d® (216b* c* +480ab>c>d+270a°b* c*d* +40a*bcd®+a*d*) XM +
11

1
“bd’ (30b3c3+45ab2c2d+15a2bcd2+a3d3) x12 ¢
3

1 1 1
—b?d® (45b*c*+40abcd+6a*d*) x**+ —b*d® (5bc+2ad) x**+ —b*dPx?
13 7 15

Problem 1308: Result more than twice size of optimal antiderivative.
J(a+bx)3 (c+dx)™ ax

Optimal (type 1, 92 leaves, 2 steps):

(bc—ad)3<c+dx)11 b(bc—ad)2<c+dx)12 3b2(bc—ad) (c+dx)13 b3(c+dx)14

+ +

11 d* 4.d4 13d4 14 d4

Result (type 1, 511 leaves):

| 55
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1
adcx+ —a%c? (3bc+16ad) x% +act (b2c2+10abcd+15a2d2>x3+
2

c’ (b3c3+3eab2c2d+135a2bcd2+120a3d3) x4+
d(2b*c®+27ab*c*d+72a’bcd*+42a° d’) x° +
c® d? (5b3c3+4eab2c2d+70a2bcd2+28a3d3)x6+

c*d? (20b3c3+105ab2c2d+126a2bcd2+35a3d3) X+

c3d* (35b°c®+126ab*c*d+165a’bcd®+20a° d®) x® +
d®> (28b°c®+70ab*c*d+48a*bcd®+5a°d®) x° +

cd® (420> +72ab*>c?d+27a*bcd?+2a’d?) x1 +

B NP O WwN[ON W Y DR

Q.

7 (120b3c3+135ab2c2d+30a2bcd2+a3d3> Xy
11

1 1 1
~bd® (15b2c?+10abcd+a’d?) x2+ —b2d® (10bc+3ad) x* + — b3 di®x¥
4 13 14

Problem 1309: Result more than twice size of optimal antiderivative.

J(a+bx)2 (c+dx)*ax

Optimal (type 1, 65leaves, 2 steps):
(bc—ad)2 (c+dx)11 b(bc-ad) (c+dx>12 b2 (c+dx)13

- +

11d3 6 d> 13d3

Result (type 1, 358 leaves):

a?c¥®x+ac’ (bc+5ad) X2 +

1 5

=8 (b2c2+20abcd+45a2d2) x>+ =c’d (b2c2+9abcd+12a2d2) x4+

3 2

3 c® d? (3b2c2+16abcd+14a2d2>x5+2c5d3 (10b2c2+35abcd+21a2d2) x® +

3
6c*d* (5b?c?+12abcd+5a?d?) x’+ —c®d® (21b*c?+35abcd+10a%d?) X8 +
2

5
=c?d® (14b”c?+16abcd+3a’d?) x’+cd’ (12b*c*+9abcd+a’d?) x+
3

1 1 1
— g8 (45b2c2+20abcd+a2d2) x*+ = bd° (5bc+ad) x12  — p2 de x13
11 6 13

Problem 1310: Result more than twice size of optimal antiderivative.

J(a+bx) (c+dx)™ax

Optimal (type 1, 38 leaves, 2 steps):
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bc-ad) (c+dx b (c+dx
11 12
11 d? 12 d?

Result (type 1, 220 leaves):

ac10x+1c9 (bc+10ad) x2+5c8d (2bc+9ad) x3+Ec7d2 (3bc+8ad) x*+
2 3 4

6ctd? <4bc+7ad> x° +7c’d* (5bc+6ad> x® +6ctd’ (6bc+5ad) x7+Ec3d6 (7bc+4ad) x& +
4

5 1 1 1
=c2d’ (8bc+3ad>x9+—cd8 (9bc+2ad) x . —d° (10bc+ad) x + — b d1® x12
3 2 11 12

Problem 1312: Result more than twice size of optimal antiderivative.

(c+dx)1e
J—dlx
a+bx
Optimal (type 3, 241 leaves, 2 steps):
d(bc—ad)gx (bcfad>8(c+dx>2 (bc—ad>7(c+dx)3 (bc—ad)G(c+dx)4
+ +

bte 2b° 3 b8 : 4 b’ :
(bc-ad)® (c+dx)® . (bc-ad)* <C+dx)6+ (bc—ad)3 (c:+dx)7 .
5 b® 6 b> 7 b*
(bc-ad)? (c+dx)® (bc-ad) (c+dx)® (c+dx)* (bc-ad)™Logla+bx]
8 b3 : 9 b? ' 10b i bt

Result (type 3, 591 leaves):

—ledx (72520a9d9+1266a8bd8 (2ec+dx) -
2520 b

840a’ b’ d’ (135c*+15cdx+d*x*) +210a°b> d® (1440 > + 270 > dx + 40 c d* X* + 3d° °) -
252a° b* d® (2100 c* + 600 > d x + 150 c* d® x* + 25 ¢ d* x> + 2.d* x*) +
210 a* b® d* (3024 ¢+ 1260 c*d x + 480 > d* x> + 135 c* d® x® + 24 c d* x* + 2d° x°) -
120 a3 b® d° (4410c5+2646 c®dx+1470c*d* x> +630c3d®> x> +189 c?d* x* +35c d® x° + 3d° x6) +
45a°b’ d* (6720 ¢’ + 5880 c®d x + 4704 c> d* x* + 2940 c* d* x> + 1344 > d* x* +
420c*d>x>+80cd®x®+7d x7) -10ab®d (11340 c®+ 15120 ¢’ dx + 17640 c® d* x* +
15876 c® d® x* + 18584 c* d* x* + 5040 ¢ d° x> + 1620 ¢ d® x® + 315 c d” x” + 28 d® x®) +
b® (25200 c® + 56700 c® d x + 100800 c’ d* x* + 132300 c® d> x> + 127008 c> d* x* + 88200 c* d° x° +
(bc—ad)leLog[a+bx}

43200 c>d° x® + 14175 c?>d’ x” + 2800 c d® x® + 252 d° x9) ) + "
b

Problem 1313: Result more than twice size of optimal antiderivative.

(c+dx)*
J(a+bx)2

Optimal (type 3, 258 leaves, 2 steps):

dx
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45d2(bc—ad)8x (bc—ad)10 60d3(bc—ad)7(a+bx>2 70d“(bc—ad>6(a+bx)3

- + + +
bte b (a+bx) bt bt
63 d° (bc—ad)s(a+bx)4 42d6(bc—ad)4(a+bx)5 20d7(bc—ad)3’(a+bx)6
b11 - bll - b11 *
45 d8 (bc—ad)z(a+bx)7 5d° (bc-ad) (a+bx)8 dl‘a(a+bx)9 led(bc—ad)gLog[a+bx]
7b11 N 4b11 " 9b11 " bll

Result (type 3, 708 leaves):
1
252 b (a+bx)
1260a°b*d® (-9c*-16cdx+d*x*) -420a’b>d’ (-72c>-189c?dx+27cd® x* + d*>x?) +
210a°b* d® (-252c* - 864 c>dx+216 c?d*x* + 18 c d® x® + d* x*) -
126 a°b>d> (504 c® - 2100 c*dx + 840 > d* x* + 120 ¢ d® X® + 15 c d* x* + d° x°) +
42a*b®d* (-1260c®-6048 > dx +3780c*d’x* +840 > d> x> + 180 > d* x* + 27 c d® X° + 2d° x°) -
12a*b’ d* (-2520 ¢’ - 13230 c®d x + 13230 > d® x* + 4410 c* d® x* + 1470 > d* x* +
378 d° x* +63cd®*x® +5d" x7) +9a*b®d* (1260 c® - 6720 ¢’ d x + 11760 c® d* x* +
5880 c® d3 x> +2940 c*d* x* + 1176 c3d°> x> + 336 c2d® x® + 6@ c d” X’ + 5 d® x8) -
ab’d (-2520c®- 11340 c®dx +45360 c’ d® x* + 35280 c® d* x> + 26460 c* d* x* +
15876 c* d> x> + 7056 ¢ d°® x°® + 2160 c* d’ x” + 405 c d® x® + 35d° x°) +
b'® (-252c'®+ 11340 c®d* x* + 15120 ¢’ d® X* + 17640 c® d* x* + 15876 > d° x° +
10584 c* d® x® + 5040 ¢ d’ x” + 1620 c* d® x® + 315 c d° x° + 28 d** x*?) -
2520d (-bc+ad)® (a+bx) Log[a+bx])

(—252a1°d19+252a9bd9 (10c+9dx) +

Problem 1314: Result more than twice size of optimal antiderivative.

J(c+dx)1e n

(a+bx)3

Optimal (type 3, 262 leaves, 2 steps):
120d*> (bc-ad)’x  (bc-ad)® 10d(bc-ad)’

b1® 2 blt (a+bx)2 b (a+bx)
105d4(bc—ad)6(a+bx>2 84 d° (bc—ad)s(a+bx)3
b11 * b11 *
105d6(bc—ad)4(a+bx)4 24 d7 (bc—ad)f‘(aerx)5 15d8(bc—ad)2(a+bx)6
2b11 " b11 * 2b11 "
10d° (bc-ad) (a+bx)’ d¥® (a+bx)® 45d? (bc-ad)®Log[a+bx]
7b11 " 8b11 - bll

Result (type 3, 708 leaves):
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1
56 b (a+bx)?
28a®b?d® (675c?+380cdx-116d*x*) -280a’ b>d’ (156 ® + 117 c*dx - 91 cd*x*+3d> %) +
210a°b* d°® (308 c* + 256 c>d x - 414 c* d* x* + 32 c d®> x* + d* x*) -
84 a>b> d® (756 ¢ + 560 c* d x - 2000 ¢ d> x* + 280 c* d’ x® + 20 c d* x* + d* x°) + 42 a* b® d*
(980 c®+336 > dx-4760 c*d* x* + 1120 > d® x> + 148 > d* x* + 16 ¢ d° x® + d° x®) - 24 2% b7 d®
(700 ¢’ - 490 c®dx - 6174 c®> d* x* + 2450 ¢* d* x* + 490 > d* x* + 98 2 d° x° + 14 c d® x® + d” X’ +
3a’b®d* (1260 c® - 4480 ¢’ d x - 21560 c® d* x> + 15680 c> d* X° +
4900 c* d* x* + 1568 c*> d® x® + 392 c* d® x® + 64 c d’ x” + 5d® x®) -
2ab’d (140c®-2520 c®dx - 6720 ¢’ d* x* + 11760 c® d> X° + 5880 > d* x* +
2940 ¢* d® x® + 1176 > d® x® + 336 ¢ d’ x” + 6@ c d® x* + 5d° X°) +
b (-28 ¢ -560c”dx+6720c’ d® x> + 5880 c® d* x* + 4704 > d> x> + 2940 c* d° x° +
1344 c*d” x7 + 4202 d® x® + 80 c d® x° + 7d™® x™°) + 2520 d? (bc-ad)® (a+bx)®Log[a+bx]

(532a19dm—56a9bd9 (85¢+26dx) +

Problem 1320: Result more than twice size of optimal antiderivative.
d 10
J<C+ x) i
(a+bx)9
Optimal (type 3, 258 leaves, 2 steps):
d® (18bc-9ad)x d°x2 (bc-ad)® 1ed(bc-ad)’
be 2b%  8b (a+bx)® 7b' (a+bx)’
15d? (bc-ad)® 24d* (bc-ad)’ 105d* (bc-ad)® 84d° (bc-ad)’
2b (a+bx)° b (a+bx)° 2b™ (a+bx)* b't (a+bx)?

105d° (bc-ad)* 120d” (bc-ad)® 45d® (bc-ad)®Logla+bx]
- +

b1l (a+bx)2 b (a+bXx) pil

Result (type 3, 712leaves):
1
56 bt (a+bx)®
(36@1 at®d®+2a’bd’ (-4609 c+13144dx) +a®b*d® (6849 c* - 68704 c d x + 81928 d* x*) +
8a’b’d’ (-105c®+6534c®dx-27538cd’x*+17542d> x*) +
14a°b%d® (-15c* - 480 c®dx + 12348 c®d* x* - 28112 c d’ x* + 18010 d* x*) -
28a°b°d® (3c®+60c*dx+840c®d® x* - 11508 c* d® x> + 15050 c d* x* - 2744 d° x°) -
14 a*b®d* (3c®+48c>dx+420c*d*x*+3360 > d® x> - 26250 c* d* x* + 19040 c d® x> - 1064 d° x°) -
8a’b’ d® (3¢’ +42c®dx+294cd®x*+ 1470 c* d* x* + 7350 > d* x* - 32340 c* d® x° +
10780 c d® x® + 728 d” x7) - a>b®d? (15c®+192 ¢’ d x + 1176 c® d* x* + 4704 > d> X° +
14700 c* d* x* + 47040 > d° x° - 105840 ¢ d° x° + 4480 c d’ x” + 3248 d® x®) -
2ab’d (5¢”+60c®dx+336c” d”x*+1176 c® d® x> + 2940 ¢ d* x* + 58806 c* d° x° +
11760 c* d° x® - 16080 c* d” x” - 2240 c d® x® + 140 d° x°) -
b'® (7 + 80 c”dx+420c®d* x* + 1344 <7 d® X* + 2940 c® d* x* + 4704 > d® x* + 5880 c* d° Xx° +
6720 ¢ d’ x” - 560 c d° x° - 28 d*° x*®) + 2520 d® (bc-ad)? (a+bx)8Log[a+be)



60 | Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)”m (c+d x)~n.nb

Problem 1321: Result more than twice size of optimal antiderivative.
J (c+dx) i
(a+bx)*
Optimal (type 3, 257 leaves, 2 steps):
d°x (bc-ad)*® 5d(bc-ad)® 45d?(bc-ad)®

be 9 bl (a+bx)9 4p1t (a+bx)8 7 b1l <a+bx)7

20d*> (bc-ad)’ 42d* (bc-ad)® 63d°(bc-ad)’® 70d° (bc-ad)*

bit a+bx)6 b1l <a+bx)5 b1l (a+bx)4 b1l <a+bx)3

(
60d’ (bc-ad)® 45d® (bc-ad)? 10d° (bc-ad) Logla+bx]
(

.
bt a+bx)2 bt a+bx> p11

Result (type 3, 708 leaves):
1

252 b1! (a+bx)9
(4861 a'?d®+a’bd® (7129 c+41229dx) +9a®b*d® (140 c* - 6849 cd x + 17064 d* X*) +
12a’b*d’ (35¢>+945c*d x - 19602 c d® x* + 27342d> %) +
42a%b*d® (5c*+90c>dx+1080 c*> d® x* - 12348 c d® x> + 10458 d* x*) +
126 a°b>d® (c® +15c*dx + 120 > d* x* + 840 c* d® X° - 5754 c d* x* + 2982.d° °) +
42a*b®d* (2c®+27c’dx+180 c* d*x? + 840 c> d® x> + 3780 c* d* x* - 15750 c d° X° + 4704 d° x°) +
12a*b’ d* (5¢” +63c®dx+378c>d*x*+ 1470 c* d® X° + 4410 > d* x* + 13230 * d° X° -
32340 cd®x® +4536d” x7) +9a’b®d® (5c®+60c’ dx+336c®d®x*+1176 c>d’ x> +
2940 c* d* x* + 5880 ¢ d° x® + 11760 ¢* d® x® - 15120 c d” x” + 252.d® x®) +
ab’d (35c”+405c®dx+2160 c’ d* x* + 7056 c® d* x> + 15876 c> d* x* + 26460 c* d> x> +
35280 c® d® x® + 45360 c* d’” x” - 22680 c d® x® - 2268 d° x°) + b*®
(28 c*®+315c® d x + 1620 c® d* x* + 5040 ¢’ d> x> + 18584 ® d* x* + 15876 > d° x> + 17640 c* d® x°® +
15120 > d” x” + 11340 c* d® x® - 252d** x*?) + 2520 d° (-bc +ad) (a+bx)9Log[a+bx]

Problem 1322: Result more than twice size of optimal antiderivative.

J(c+dx)10 ix

(a+bx)11

Optimal (type 3, 271 leaves, 2 steps):
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(bc-ad)*®  1ed(bc-ad)® 45d? (bc-ad)®

_10b11 a+bx)19 9 b1t (a+bx)9 8 b1l (a+bx)8

(
120d> (bc-ad)’” 35d* (bc-ad)® 252d° (bc-ad)® 105d° (bc-ad)*
7b* (a+bx)’ bl (a+bx)° 5bl (a+bx)® 2b (a+bx)*
40d” (bc-ad)’® 45d® (bc-ad)? 10d° (bc-ad) dLlogla+bx]

- - +

bl (a+bx)> 2b* (a+bx)? b (a+bx) bt

Result (type 3, 591 leaves):
1

- (bc-ad)
2520 b (a+bx)™
(7381a°d” + a® b d® (4861 c+71290dx) +a’ b*>d’ (3601 c* + 46090 c d x + 308205 d* X*) +
a®b®d® (2761 c® + 33490 c® d x + 194805 c d* x* + 784080 d> X*) +
a®>b*d> (2131 c* + 25090 c> d x + 138105 c> d* x* + 481680 c d> x> + 1296 540 d* x*) + a* b> d*
(1627 c® + 18790 c* d x + 180305 c* d* x* + 330480 c* d° X* + 767 340 c d* x* + 1450008 d° X°) +
a®b®d® (1207 c®+ 13750 c®d x + 71955 c* d® x* + 229680 ¢ d* x> + 502740 c* d* x* +
814968 c d° x° + 1102500 d° x®) + a® b’ d* (847 ¢’ + 9550 c®d x + 49275 c> d? X* +
154080 c* d* x° + 326 340 > d* x* + 497448 c* d° x° + 573300 c d® x® + 554400 d” X’ +
ab®d (532c®+5950 c’ dx+30375c®d* x* + 93600 > d> x> + 194040 c* d* x* +
285768 ¢ d° x> + 308700 c* d® x° + 252000 c d” x” + 170100 d® x®) +
b® (252 c® + 2800 c®d x + 14175 ¢’ d* x* + 43200 c® d* x> + 88200 > d* x* + 127008 c* d° x> +
d'® Log[a + b x]

132300 ¢ d® x° + 100800 c* d’ x” + 56700 c d® x® + 25200d° x°) ) + "
b

Problem 1323: Result more than twice size of optimal antiderivative.

J(c+dx)10 i

(a+bx)12

Optimal (type 1, 28 leaves, 1step):

<c+dx)11

11 (bc—ad) (a+bx)11

Result (type 1, 665 leaves):
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- (
11 b1t (a+bx)11
a® b2 d8 (c2+11cdx+55d2x2> +a’ b3d’ (c3+11c2dx+55cd2x2+165d3x3) +
a®b*d® (c*+11c*dx+55c*d*x*+165cd®x* + 330d* x*) +
a®b>d® (c>+11c*dx+55c>d*x*+165c*d’> x> + 330 c d* x* + 462 d° X°) +
a*béd* (c6+11c5dx+55c4d2x2+165c3d3x3+339c2d4x4+462cd5x5+462d6x6) +a’b’ d3
(c”+11c®dx+55c>d*x* +165c*d® x> + 330 > d* x* + 462 c* d° x° + 462 ¢ d® x® + 330 d” x7) +
a®b®d* (c®+11c’dx+55c®d*x*+165c>d® x>+ 330 c* d* x* + 462 c> d® x> + 462 c* d® x°® +
330 cd’ x”+165d¥x®) +ab’d (c®+11c®dx+55c”d? x> +165c®d’ x> +
330c5d4x4+462c4d5x5+462c3d6x6+330c2d7x7+165cd3x8+55d9x9) +
b (c*®+11c®dx+55c®d?x* + 165 ¢’ d* x* + 330 c® d* x* + 462 ¢ d° x° +
462 c* d° x® + 330 > d’ x” + 165 c* d® x® + 55 c d° x° + 11d*° x*?) )

ated® ; a°pd° (c+11dx) +

Problem 1324: Result more than twice size of optimal antiderivative.
J (c+dx) i
(a+ bx)13
Optimal (type 1, 58 leaves, 2 steps):
(c+dx)™ d(c+dx)™

- +

12 (bc-ad) (a+bx)12 132 (bcfad)2 (a+bx)11

Result (type 1, 684 leaves):
1

- (a*®d™®+2a°bd’ (c+6dx) +

132b™ (a+bx)*

3a°b?d® (c?+8cdx+22d*x*) +4a’b>d’ (2 +9c?dx+33cd®>x*+55d°x%) +

a®b*d® (5c*+48c>dx+198c*d*x*+440 c d® x* + 495 d* x*) +

6a°b>d® (c>+10c*dx+44c>d?x? + 110 c® d® x® + 165 c d* x* + 132.d° X°) +

a*b®d* (7c®+72c>dx+330c*d® x* + 880 c*>d® x> + 1485 ¢ d* x* + 1584 c d° x° + 924 d® x°®) + 42> b’

d® (2¢”+21c®dx+99c®d? x* + 275 c* d® X + 495 > d* x* + 594 c® d° x> + 462 ¢ d° x® + 198 d” x7) +

3a%b%d® (3c®+32c"dx+154c%d? x* + 440 ¢ d® x° + 825 c* d* x* + 1056 > d® x° +
924c2d6x5+528cd7x7+165d8x8) +2ab’d (5c9+54c8dx+264c7d2x2+770c6d3x3+
1485 c® d* x* + 1980 c* d> x> + 1848 c> d°® x°® + 1188 c*> d” x” + 495 c d® x® + 110 d° X°) +

b (11 + 120 c®d x + 594 c®d* x* + 1760 ¢’ d* x> + 3465 c® d* x* + 4752 c> d® x° +
4620 c* d°® x® + 3168 c3 d” x” + 1485 c2 d® x® + 440 c d° x° + 66 d*° xm))

Problem 1325: Result more than twice size of optimal antiderivative.
J (C +d X) dx
(a + bx)14
Optimal (type 1, 89leaves, 3 steps):
(c+dx)™ d(c+dx)™ d? (c+dx)*™

- +

13(bc—ad) (a+bx)13 78(bc—ad)2(a+bx)12 858<bc—ad)3(a+bx)11
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Result (type 1, 690 leaves):
- ! (a®d®+a’bd® (3c+13dx) +
858 b1l (a+bx)13
3a%b?d® (2c*+13cdx+26d*x?) +2a’b>d” (5¢®+39c?dx+117 cd®x* +143d> ) +
a®b*d® (15c*+ 130 c*>dx + 468 c> d* x* + 858 c d* x* + 715 d* x*) +
3a’b>d® <7c5+65c4dx+260c3d2x2+572c2d3x3+715cd4x4+429d5x5) +
a*b®d* (28c®+273c’dx+1170 c* d* x* + 2860 > d* x> + 4290 c* d* x* + 3861 c d° X° + 1716 d° x°) +
2a°b’d® (18 ¢’ +182c®dx + 819 c®d® x* + 2145 c* d®> x* + 3575 > d* x* +
3861 c*d® x® + 2574 c d® x® + 858d” x7) +3a*b®d® (15c®+ 156 ¢’ dx + 728 c®d® x* +
2002 ¢ d’ x® + 3575 c* d* x* + 4290 > d® X° + 3432 c* d° x® + 1716 c d” x” + 429 d® x®) +
ab’d (55c”+585c®dx+2808 c’ d* x* + 8008 c® d* x* + 15015 ¢ d* x* + 19305 c* d® x> +
17160 c* d® x® + 10296 c* d’ x” + 3861 c d® x® + 715d° X°) +
b'® (66 c'®+ 715 c”d x + 3510 c® d® x* + 10296 ¢’ d* x> + 20020 c® d* x* + 27027 > d* X° +
25740 ¢* d® x® + 17160 ¢ d” x” + 7722 ¢* d® x® + 2145 c d° x° + 286 d*® x*?) |

Problem 1326: Result more than twice size of optimal antiderivative.

(c+dx)™
Ji dx
(a+bx)15
Optimal (type 1, 120leaves, 4 steps):
<c+dx)11 3d(c+dx)11
+

14 (bc-ad) (a+bx)® 182 (bc-ad)? (abx)¥
d? (c+dx)*™ d® (c+dx)™

+

364 (bc-ad)3 (a+bx)12 4004 (bc—ad)4 (a+bx)11

Result (type 1, 692 leaves):
1

- (a’®d®+2a’bd® (2c+7dx) +
4004 b1! (a+bx)14
a® b2 d® (10c2+56cdx+91d2x2) +4a’b>d’ (5c3+35c2dx+91cd2x2+91d3x3) +
7a%b*d® (5c*+40c®dx+130 c?d* x> + 208 c d® x> + 143 d* x*) +
142°b>d® (4c®+35c*dx+130 > d*x* + 260 c> d® x> + 286 c d* x* + 143 d° X°) +
7a%b®d* (12c®+ 112 c®dx+455c* d® x* + 1040 ¢ d® x® + 1430 c® d* x* + 1144 c d® x> + 429 d® x®) +
433b7 d3 <30 7 +294c®dx+1274 c® d? x? + 3185 c* d3 x3 + 5005 3 d* x* + 5005 c2 d° x> +
3003 c d® x° + 858 d” x) +a”b®d* (165 c® + 1680 ¢’ d x + 7644 c® d* x* + 20384 > d* x° +
35035 c* d* x* + 40040 c* d° x° + 30030 c* d® x® + 13728 c d’ x’ + 3003 d® x®) +
2ab’d (110c® + 1155 c® d x + 5460 ¢’ d* x* + 15288 c® d® X* + 28028 c* d* x* +
35035 c* d> x> + 30030 c> d°® x° + 17160 c* d’ X + 6006 ¢ d® x® + 1001 d° x°) +
b*® (286 c'® + 3080 c® d x + 15015 c® d* x* + 43680 ¢’ d’ x* + 84084 c® d* x* + 112112 > d° X° +
105105 c* d® x°® + 68640 c> d’ x” + 30030 c* d® x® + 8008 c d° x° + 1001 d*° x'°) )
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Problem 1327: Result more than twice size of optimal antiderivative.
J (c+dx) i
(a+bx)™
Optimal (type 1, 151 leaves, 5steps):
(c+dx)™ 2d (c+dx)™

- +

15 (bc-ad) (a+bx)15 105 (bc—ad)2 (a+bx)147

2d? (c+dx)™ d® (c+dx)™ d* (c+dx)™
+

455 (bc-ad)® (a+bx)™ 1365 (bc-ad)* (a+bx)* 15015 (bc-ad)® (a+bx)™

Result (type 1, 690 leaves):
1

- (at®d®+5a’°bd® (c+3dx) +
15015b'! (a+bx)*
15a®b*d® (c*>+5cdx+7d*x?*) +5a’b>d” (7c®+45c*dx+105cd® x* +91d>x?) +
35a°b*d® (2c*+15c>dx+45c?d® x* + 65 cd® x> +39.d* x*) +
21a°b°d° (6c5+50c4dx+175c3d2x2+325c2d3x3+325cd4x4+143d5x5) +
35a*b®d* (6c®+54c>dx+210 c* d*x* + 455 c® d® x> + 585 ¢ d* x* + 429 c d° x° + 143 d° x°) +
5a’b’d® (66 c’ + 630 c®dx+2646 c®d*x*+6370 c* d* x> + 9555 c* d* x* + 9009 c* d> X° +
5005 c d® x® + 1287.d” x’) + 15a*b®d* (33 c® +330 ¢’ dx + 1470 c® d* x* +
3822 c® d’ x® + 6370 ¢* d* x* + 7007 ¢ d° x® + 5005 c* d® x® + 2145 c d” x” + 429 d® x¥) +
5ab’d (143 ¢’ +1485c®dx + 6930 ¢’ d> x* + 19110 c®d® x* + 34398 > d* x* +
42042 c* d° x° + 35035 > d® x® + 19305 c* d” x” + 6435 c d® x® + 1001 d° X°) +
b'® (1001 c*® + 10725 ¢ d x + 51975 c® d* x* + 150150 ¢’ d* x> + 286650 c® d* x* + 378378 c> d° X° +
350350 c* d°® x° + 225225 ¢ d” x” + 96525 c* d® x® + 25025 c d° x° + 3003 d*°® x?) )

Problem 1328: Result more than twice size of optimal antiderivative.
10
J (c+dx) ix
(a + bX)17
Optimal (type 1, 182leaves, 6 steps):
(c+dx)™ d(c+dx)™ d? (c+dx)™

- + - +

16 (bc-ad) (a+bx)16 48(bc—ad)2(a+bx)15 168<bc—ad)3(a+bx)14

d3 (c+dx)11 d4 (c+dx)11 d® (c+dx)11
+

728 (bc-ad)4 (a+bx)13 _4368 (bc-ad)5 (a+bx)12 48048 (bc-ad)6 (a+bx)”

Result (type 1, 694 leaves):
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1

- (a'®d®+2a’bd’® (3c+8dx) +
48048 b (a+bx)™
3 a%b?d8 <7c2+32cdx+40d2x2) +8a’b>d’ (7c3+42c2dx+90cd2x2+70d3x3) +
14a°b*d® (9c* + 64 c*>dx+180c*d*x*+240 cd’ X + 130 d* x*) +
84a°b>d® (3c®+24c*dx+80c’d’x*+140 c* d® x> + 130 c d* x* + 52.d° x°) + 14 a* b® d*
(33¢®+288c°dx+1080 c* d* x* + 2240 > d® X* + 2730 c* d* x* + 1872 c d° x* + 572.d° x°) +
8a’b’ d® (99c” +924 c®dx+3780 c®d* x> + 8820 c* d’ x? + 127408 ¢ d* x* + 11466 c* d* x° +
6006 c d® x® + 1430d” x”) + 3a*b®d* (429 c® + 4224 c’ dx + 18480 c® d* x* + 47040 c> d* x> +
76440 c* d* x* + 81536 > d° x° + 56056 c* d® x® + 22880 c d” x” + 4290 d® x®) +
2ab’d (1001 c® + 10296 c®d x + 47520 ¢’ d* x* + 129360 c® d* x> + 229320 c® d* x* +
275184 c* d° x> + 224224 > d® x® + 120120 c* d’ x’ + 38610 c d® x® + 5720 d° x°) +
b'® (3003 c® + 32032 c® d x + 154440 c® d® x* + 443520 ¢’ d’ x° + 840840 c® d* x* + 1100736 c° d° X° +
1009008 c* d° x° + 640640 c* d” x” + 270270 c* d® x* + 68640 c d° x° + 8008 d'° x'?)

Problem 1329: Result more than twice size of optimal antiderivative.
10
J (C +d X) dx
(a + bx)18
Optimal (type 1, 213 leaves, 7 steps):
<c+dx)11 _’:d(c+dx)11

- +

17 (bc-ad) (a+bx)17 136 (bc—ad)2 (a+bx>167

d? (c+dx)11 d? (c+dx)11 ?,d“(c+dx)11
. _
136<bc—ad)3(a+bx)15 476(bc—ad)4(a+bx)14 6188<bc—ad)5(a+bx)13
d° (c+dx)11 deé (c+dx)11

12376 (bc-ad)® <a+bx)12 . 136136 (bc—ad)7 (a+bx)11

Result (type 1, 690 leaves):
1

<a19d“’+a9bd9 (7c+17dx) +
136136 b'! (a+bx)"
a®b>d® (28 ¢c*+119cdx+136d*x*) +4a’b>d’ (21> +119c?dx+238cd’x* +170d> X*) +
14a°b*d® (15¢* +102 3 dx +272 ¢ d? x> + 340 c d° x* + 170.d* x*) +
14a°b> d® (33 >+ 255 c*d x + 816 > d? x* + 13606 c* d* x> + 1190 c d* x* + 442.d° x°) + 14 a* b®
d* (66 c®+ 561 c>dx+ 2040 c* d* x> + 4080 c* d* x> + 4760 c* d* x* + 3094 c d® x> + 884 d® x°) +

4a*b’ d* (429 ¢’ + 3927 c®dx + 15708 c® d* x> + 35700 c* d> X° +

49980 > d* x* + 43316 c* d® x> + 21658 ¢ d® x® + 4862 d” X’ ) +
a’b®d* (3003 c®+ 29172 ¢’ d x + 125664 c® d* x* + 314160 c> d* x> + 499800 c* d* x* +

519792 c® d® x° + 346528 > d°® x°® + 136 136 c d” x” + 24310 d® x®) +
ab’d (5005 c”+ 51051 c®d x + 233376 ¢’ d* x* + 628320 c® d® x> + 1899560 c> d* x* +

1299480 c* d° x° + 1039584 c* d° x° + 544544 c*d’ x” + 170170 c d® x® + 24310 d° X°) +
b'® (8008 c® + 85085 c® d x + 408408 c® d® x* + 1166880 ¢’ d* X°> + 2199120 c® d* x* + 2858856 c*

d® x® + 2598960 c* d° x® + 1633632 c> d” x” + 680680 c* d® x® + 170170 c d° x° + 19448 d'° x*?) )
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Problem 1330: Result more than twice size of optimal antiderivative.
+dx)
J<c X> dx
(a+bx)™
Optimal (type 1, 244 leaves, 8 steps):
(c+dx)™ 7d (c+dx)™
18 (bc-ad) (a+bx)™ 306 (bc-ad)® (a+bx)"
7d? (c+dx)™ 7d® (c+dx)™ d* (c+dx)™
816 (bc-ad)® (a+bx)* 2448 (bc-ad)* (a+bx)" 1224 (bc-ad)® (a+bx)*™

+

d® (c+dx)™ d® (c+dx)™ d’ (c+dx)™
+

5304 (bc-ad)® (a+bx)* 3182 (bc-ad)’ (a+bx)* 350064 (bc-ad)® (a+bx)™

Result (type 1, 694 leaves):
- ! <a19d1°+2a9bd9(4c+9dx)+
350064 bt (a+bx)**®
9a®b’d® (4c?+16cdx+17d*x*) +24a’b>d’ (5¢>+27c*dx+51cd*x*+34d> ) +
6a®b*d® (55c*+360c’dx+918c®d®x*+1088 cd’ x* + 510.d* x*) +
36a°b°d® (22¢®+165c*dx +510 > d* x> + 816 ¢ d’> x* + 680 c d* x* + 238 d° x°) + 6 a* b® d*
(286 c®+ 2376 c> d x + 8415 ¢* d* x* + 16320 ¢ d* x° + 18360 c* d* x* + 11424 c d° X + 3094 d° x°) +
24 3% b’ d® (143 ¢’ + 1287 c®d x + 5049 c> d® x* + 11226 c* d® x* + 15300 > d* x* + 12852 ¢ d* X° +
6188 c d° x°® + 1326 d” x”) + 9 a*b®d® (715 c® + 6864 ¢’ d x + 29172 c® d* x* + 71808 c* d® x> +
112200 c* d* x* + 114240 > d° x° + 74256 c* d® x® + 28288 c d” X’ + 4862 d® x®) +
2ab’d (5720 ¢+ 57915 c®d x + 262548 ¢’ d* x* + 700128 c® d* x> + 1211760 c® d* x* +
1413720 c*d° x° + 1113840 c> d°® x°® + 572832 c*d’ x” + 175032 c d® x® + 24310 d° x°) + b*®
(19448 c'® + 205920 c® d x + 984555 c® d® x* + 2800512 ¢’ d* x> + 5250960 c® d* x* + 6 785856 ° d°
x°> + 6126120 c* d® x® + 3818880 c> d” x” + 1575288 c* d® x* + 388960 c d° x° + 43758 d*° x?) )

Problem 1331: Result more than twice size of optimal antiderivative.

J(c+dx)10
(a+bx)29
Optimal (type 1, 273 leaves, 2 steps):

(bc-ad)™ 5d(bc-ad)® 45d? (bc-ad)®

dx

_19b11(a+bx)19 9bM (a+bx)™® 17b1 (a+bx)V
15d*> (bc-ad)’ 14d* (bc-ad)® 18d° (bc-ad)® 210d° (bc-ad)*

2b™ (a+bx)*™ b (a+bx)™ b (a+bx)™  13b1 (a+bx)*

10d’ (bc-ad)® 45d® (bc-ad)® d° (bc-ad) de

b (a+bx)™  11bM (a+bx)™ b (a+bx)* gpn (a+bx)?
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Result (type 1, 692 leaves):
- ! (at®d®+a’bd® (9c+19dx) +
831402b™ (a+bx)*
9a®b’d® (5c?+19cdx+19d*x*) +3a’b>d’ (55¢ +285c*dx+513cd®x*+323d>x%) +
3a%b*d® (165 c* + 1045 ¢ d x + 2565 c* d* x* + 2907 ¢ d* x® + 1292 d* x*) +
9a°b®d® (143 c® + 1045 c* d x + 3135 > d® x? + 4845 c* d® x> + 3876 ¢ d* x* + 1292.d° X°) +
3a*b®d* (1001 c® + 8151 c®d x + 28215 c*d® x* + 53295 c*> d® x? + 58148 > d* x* +
34884 c d® x° + 9044 d® x®) +3a’ b’ d* (2145¢” +19019 c®d x + 73359 c* d* X* +
159885 c* d’® x> + 213180 > d* x* + 174420 c* d° x° + 81396 c d® x° + 16796 d” X’ ) +
9a’b®d® (1430 c® + 13585 c’ d x + 57057 c® d* x* + 138567 c> d’> x°> + 213180 c* d* x* +
213180 > d° x° + 135660 c* d® x° + 50388 c d” x” + 8398 d® x®) +
ab®d (24310 c® + 244530 c® d x + 1100385 ¢’ d* x* + 2909907 c® d® x> + 4988412 > d* x* +
5755860 c* d° x° + 4476780 c* d® x°® + 2267460 c* d” x” + 680238 c d® x® + 92378 d° x°) +
b*® (43758 ¢+ 461890 c”d x + 2200770 c® d* x* + 6235515 ¢’ d* X° +

11639628 c® d* x* + 14965236 c® d°> x° + 13430340 c* d°® x® +
8314020 c>d’ x” + 3401190 c? d® x® + 831402 c d° x° + 92378 d*° xla) )

Problem 1332: Result more than twice size of optimal antiderivative.

J(c+dx)10 i

(a+bx)21

Optimal (type 1, 279 leaves, 2 steps):
(bc-ad)™ 10d (bc-ad)® 5d?(bc-ad)®

720b11 (a+bx)*® 19b' (a+bx)™ 2b' (a+bx)™

120> (bc-ad)’ 105d* (bc-ad)® 84d° (bc-ad)® 15d°(bc-ad)*

17b* (a+bx)" 8b (a+bx)* 5bi (a+bx)* bit (a+bx)*™
(
(

120d’ (bc-ad)® 15d® (bc-ad)® 10d° (bc-ad) de

13b! (a+b )13 4 bt (a+bx)12 711b11 (aerx)llileb11 (a+bx>10

Result (type 1, 692 leaves):

| 67



68 | Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)”m (c+d x)~n.nb

1

(a®d®+10a°bd® (c+2dx) +
1847560 bt a+bx)*

5 a® b? d8 11c2+40cdx+38d2x2)+20a7b3d7 (11c3+55c2dx+95cd2x2+57d3x3)+

X5> +

2a°b°d® (1001 c® + 7150 c* d x + 20900 c> d? x? + 31350 c2 d® x> + 24225 c d* x* + 7752 d°
5a%b%d* (1001 c® + 8008 c®> d x + 27170 c* d? x* + 50160 c3 d® x3 + 53295 c? d* x* +
31008 c d° x° + 7752d° x®) + 20 b’ d* (572 ¢’ + 5005 c®d x + 19019 > d* X +
40755 c* d® x® + 53295 > d* x* + 42636 > d° x° + 19380 c d® x° + 3876 d” X’ +
5a’b®d* (4862 c®+ 45760 ¢’ d x + 199190 c® d* x* + 456456 c> d* x> + 692835 c* d* x* +
682176 > d> x> + 426360 > d® x°® + 155040 c d” X + 25194 d° x®) +
10ab’d (4862 c’ + 48620 c®dx +217360 ¢’ d* x> + 570570 c® d* x> + 969969 ¢ d* x* +
1108536 c* d° x° + 852720 ¢ d°® x° + 426360 > d” X’ + 125970 c d® x® + 16 796 d° X°) +
b'® (92378 ¢ + 972400 c® d x + 4618900 c® d* x* + 13041600 ¢’ d* x* +

24249225 c®d* x* + 31039008 ¢ d°> x° + 27713400 c* d°® x® +
17054400 c3 d’ x” + 6928350 c2 d® x® + 1679600 c d° x° + 184756 d*° xm) )

(
<
5 a® b* d° (143 c4+880c3dx+2090c2d2x2+2280cd3x3+969d4x4) +
(
<

Problem 1333: Result more than twice size of optimal antiderivative.

J(c+dx)10 i

<a+bx>22

Optimal (type 1, 279 leaves, 2 steps):

(bc-ad)* d(bc-ad)® 45d? (bc-ad)®
_Zlbll(a+bx) _2b11(a+bx)20_19b11(a+bx)19_
20d° (bc-ad)’” 210d* (bc-ad)® 63d°(bc-ad)’ 14d°(bc-ad)*
3bM (a+bx)™  17b1 (a+bx)Y apn (a+bx)™ b (a+bx)*
60d’ (bc-ad)® 45d° (bc-ad)® 5d°(bc-ad) de
<

7bM (a+bx)™ 13bM (a+bx)¥ 6bM (a+bx)? 11bM (a+bx)!

Result (type 1, 692 leaves):
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1

- (a®d®+a’bd® (11c+21dx) +
3879876 b (a+bx)*
3a%b*d® (22c?+77cdx+70d*x*) +2a’ b>d’ (143 c® + 693 c*d x + 1155 c d* x* + 665 d° x*) +
7a°b*d® (143 c* + 858 c>d x + 1980 c* d* x* + 2090 ¢ d* x> + 855 d* x*) +
21a°b>d® (143 ¢ + 1001 c* d x + 2860 > d* x* + 4180 c* d* x* + 3135 c d* x* + 969 d° x°) +
7 a%b®d* (1144 c® + 9009 c® d x + 30030 c* d* x* + 54340 > d® x> + 56430 > d* x* +
31977 ¢ d®x® + 7752d° x®) + 2@’ b’ d* (9724 ¢’ + 84084 c®d x + 315315 > d* x* +
665665 c* d> x> + 855855 c> d* x* + 671517 c* d° x° + 298452 c d® x® + 58140 d” X7 +
3a%b®d* (14586 c® + 136136 ¢’ d x + 560560 c® d* x* + 1331330 c> d® x> + 1996995 c* d* x* +
1939938 c®d° x° + 1193808 c* d°® x° + 426360 c d” x” + 67830 d® x®) +
ab’d (92378 c®+ 918918 c® d x + 4084080 ¢’ d* X* + 10650640 c® d* x> + 17972955 c> d* x* +
20369349 c* d> x> + 15519504 > d° x° + 7674480 c> d’ x” + 2238390 c d® x® + 293930 d° X°) +
b'® (184756 c'®+ 1939938 c® d x + 9189180 c® d* x* + 258658408 ¢’ d* x° +
479273880 c® d* x* + 61108047 c® d°> x°> + 54318264 c* d® x® +
33256080 c> d’ x” + 13430340 c* d® x® + 3233230 c d° x° + 352716 d*° x'?)

Problem 1362: Result more than twice size of optimal antiderivative.

j(a+bx)9 ix

<C+dx>8

Optimal (type 3, 232 leaves, 2 steps):

b® (8bc-9ad)x b°x? (bc-ad)® 3b(bc-ad)® 36b2(bc-ad)’ 21b*(bc-ad)®
_ _ N _

+ +

d’ 2d®  7d® (c+dx)’ 2d9 (c+dx)® 5d¥® (c+dx)° d® (c+dx)*

+

42b* (bc-ad)® 63b° (bc-ad)* 84b° (bc-ad)® 36b7 (bc-ad)®Log[c+dx]

- + +

die (c+dx)3 dla(c+dx)2 d*® (c+dx) die

Result (type 3, 584 leaves):
1

70 dte (c+dx)7
(+7c?dx+21cd®x*+35d°x°) +84a°b*d® (c*+7 P dx+21c?d*x*+35cd®x?+35d* x*) +
210a*b°d* (c®+7c*dx+21cd*x* +35c2d® X +35cd* x* +21d° x°) +
840 a3 b® d3 (c6+7c5dx+21c4dzxz+35c3d3x3+35c2d4x4+21cd5x5+7d6x6) -
6a’b’ cd® (1089 c® + 7203 > d x + 20139 c* d* x* + 30625 ¢ d’ x* + 26950 c* d* x* +
13230 cd’ x* +2940d° x®) + 6ab®d (1443 c®+ 9261 ¢’ dx + 24843 c®d* x* +
35525 c> d’ x? + 28175 c* d* x* + 11025 > d° x* + 735 ¢ d® x® - 735 c d’ x” - 105 d® x®) -
b® (3349 c® + 20923 c®d x + 53949 ¢’ d® x* + 72275 c® d® x® + 50225 ¢ d* x* + 12495 c* d® x> - 4655
c®d°x®-3185c2d’ x” - 315 cd® x® + 35d° x°) - 2520b’ (bc-ad)? (c+dx)7Log[c+dx])

(10a9d9+15a8bd8 (c+7dx> +24 3’ b%d’ (c2+7cdx+21d2x2) +42 a% b3 d®

Problem 1363: Result more than twice size of optimal antiderivative.

J(a+bx)8 i

<c+dx)8
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Optimal (type 3, 209 leaves, 2 steps):

b®x (bc-ad)® 4b(bc-ad)’ 28b%(bc-ad)® 14b* (bc-ad)’
—_— - + - +

@ 7d° (c+dx)7 3d9<c+dx)6 5d9(c+dx)5 d® (c+dx>4

70b* (bc-ad)® 28b° (bc-ad)’® 28b° (bc-ad)® 8b’ (bc-ad) Loglc+dx]
. - -
3d° (c+dx)? d® (c+dx)? d® (c+dx) d°

Result (type 3, 474 leaves):
1

105 d° (c+dx)’

(15a8d8+20a7bd7 (c+7dx) +28aDb%d® (c2+7cdx+21d2x2) +42a° b3 d°

<c3+7c2dx+21cd2x2+35d3x3> +70 a% b* d* (c4+7c3dx+21c2d2x2+35cd3x3+35d4x4) +
140a°b° d® (c®+7c*dx+21cd*x*+35c?d® x* +35cd* x* + 21 d° x°) +
4203 b°d* (c®+7c’dx+21c*d®x*+35> d> x> +35c?d* x* + 21 ¢ d® x° + 7d° X°) -
2ab’cd (1089 c®+7203 c>dx +20139 c* d* x* +
30625 c® d’ x? + 26950 c* d* x* + 13230 c d® x> + 2940 d° x°) +
b® (1443 c®+ 9261 ¢’ d x + 24843 c® d* x* + 35525 ¢ d® x® + 28175 ¢* d* x* + 11025 > d® x° +

735c?d®x®-735cd’ x” - 105d® x®) + 848 b’ (bc-ad) (c+dx)7Log[c+dx])

Problem 1365: Result more than twice size of optimal antiderivative.

(a+bx)6
Jidlx
(c+dx)8
Optimal (type 1, 28 leaves, 1 step):
(a+bx)7
7 (bc-ad) (c+dx)7

Result (type 1, 271 leaves):

o (a®d®+a°bd® (c+7dx) +a*b*d* (> +7cdx+21d*x?) +a’ b’ d

7d” (c+dx)’

(+7c2dx+21cd®>x?+35d°x%) +a’b*d? (c*+7c?dx+21c?d?x* +35cd® X +35d* x*) +
ab’d (c>+7c*dx+21c2d?x* +35c*d> x> +35cd* x* + 21d° X°) +
b (c®+7c®dx+21c*d*x*+357d®x? +35c?d* x* + 21 cd® x° + 7d®x°) )

Problem 1366: Result more than twice size of optimal antiderivative.

<a+bx>5
Jidlx
<C+dx)8
Optimal (type 1, 58 leaves, 2 steps):
(aerx)6 b(a+bx)6
+
7 (bc-ad) (c+dx)’ 42 (bc-ad)?(c+dx)®

Result (type 1, 205 leaves):
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1
42 d° (c+dx)7
43°p%d? (c2+7cdx+21d2x2) +3a%b3d? (c3+7c2dx+21cd2x2+35d3x3) +
2ab*d (c*+7cdx+21c*d*x* +35cd®x® +35d* x*) +
b° (c5+7c4dx+21c3d2x2+35c2d3x3+35cd4x4+21d5x5>)

(6a°d®+5a*bd* (c+7dx) +

Problem 1453: Result more than twice size of optimal antiderivative.

1
J dx
(—2+X) 2+X

Optimal (type 3, 14 leaves, 2 steps):
V2+X ]

2

~ArcTanh|

Result (type 3, 31leaves):
1Log[2—x/2+x ] - 1Log[2+\/2+x ]
2 2

Problem 1458: Result unnecessarily involves higher level functions.

1
J(a+bx> (crdx)*? o

Optimal (type 3, 139leaves, 4 steps):

14 2bY/3 (cdx)??

V3 ArcTan| wj;dm ] Log[a + b x] 3Log[(bc-ad)*?-bl? (c+dx)?]
+

b?? (bc-ad)'? 223 (bc-ad)*? 2b%*3 (bc-ad)*?

Result (type 5, 47 leaves):

2/3 . 2 5 b(ced
3 (c+dx) Hyper‘geometr‘1c2F1[;, 1, 2, —b(z_—a:)—}

2bc-2ad

Problem 1459: Result unnecessarily involves higher level functions.

J(a+bx) (1c+dx)2/3 o

Optimal (type 3, 140leaves, 4 steps):

1,20 (crdx)??

\/?Ar‘cTan[ b};dm } Log[a + b x] 3Log[<bc—ad)1/3—b1/3 (c+dx)1/3]
- +

b3 (bc-ad)?? 2b'? (bc-ad)?? 2b%? (bc-ad)??

Result (type 5, 46 leaves):



72 | Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)”m (c+d x)~n.nb

3 (c4,dX)1/3HypergeometriczFl[iu 1, g, %ﬁfgil}

bc-ad

Problem 1539: Result more than twice size of optimal antiderivative.

1
dx
J\/—bx V2+bx
Optimal (type 3, 10leaves, 3 steps):

ArcSin[1 + b x]
b
Result (type 3, 51 leaves):

2vVx V2+bx Ar‘cSinh[%&]

Vb -bx (2+bXx)

Problem 1540: Result more than twice size of optimal antiderivative.

1
J dx
v-1-bx /2+bx

Optimal (type 3, 11leaves, 3 steps):
ArcSin[3 +2bx]
b

Result (type 3, 49 leaves):
23/1+bx V/2+bx ArcSinh[v/1+bx |

b/~ (1+bx) (2+bx]

Problem 1550: Result more than twice size of optimal antiderivative.

J ! dx
V-4+bx V4+bx
Optimal (type 3, 11leaves, 1step):
b x
Ar‘cCosh[T]
b

Result (type 3, 24 leaves):

2ArcSinh[%}

b
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Problem 1555: Result more than twice size of optimal antiderivative.

J _ 1
V4 - X \/;
Optimal (type 3, 10leaves, 3 steps):

—ArcSin [1 - i}
2

Result (type 3, 38 leaves):
2v-4+x Vx Log[V-4+x +/x |
V- (-4+X) X

Problem 1558: Result unnecessarily involves imaginary or complex numbers.

1
J dx
va-bx \/c+dx

Optimal (type 3, 43 leaves, 3 steps):

2Ar‘cTan[%@]
\V C+d X

Vb

Result (type 3, 64 leaves):

ilog[2va-bx +/c+dx ‘MW]

Vb

Problem 1559: Result unnecessarily involves higher level functions.

J(a+bx)3/2 (c+dx>1/3d1x

Optimal (type 4, 457 leaves, 5steps):
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108<bc—ad)2\/a+bx <c+dx)1/3 12 (bc-ad) (a+bx)3/2 (c+dx)1/3

+ +

935 b d? 187 bd

6 (a+bx)5/2 (c+dx)1/3

17b

- |108 3¥4\2-/3 (bc-ad)’((bc-ad)?-bY? (crdx)'?

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

(13 (o me) w2 (e ax)t ]

143 (bc-ad)'?-b1? (cedx)??

(17\5) (bc-ad)¥?-b'3 (c+dx)

EllipticF[ArcSin|

|, ~7+4+/3] /

(bc-ad)? ((bc-ad)'?-b¥ (c+dx)™?)

(13 (oe-ma) w02 (c-an)t ]

935 b*3d3+/a+bx

Result (type 5, 142leaves):
1

935bd3+a+bx

6 (c+dx)?|-d(a+bx) (27a*d?+2abd (23c+50dx) +b? (-18c?+10cdx +55d>x?)) -

, |d(a+bx) 1 1
27 (bc-ad) ———— Hypergeometric2F1| -, S’

-bc+ad 3

Problem 1560: Result unnecessarily involves higher level functions.

J\/a+bx (c+dx)1/3d1x

Optimal (type 4, 419 leaves, 4 steps):
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12 (bc-ad) Va+bx (c+dx)1/3 6 (a+bx)3/2 (c+dx)1/3

+ +

55bd 11b

12 33442-+/3 (bc—ad)z((bc—ad)1/3—b1/3(c+dx)1/3)

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx>2/3

((1—\/?) (bc—ad)l/a_bus (c+dx)1/3)2

(1+\/?) (bc—ad)l/g’—bl/3 (c+dx)1/3

(1—\/?) (bc—ad>1/3,b1/3 <C+dx)1/3

EllipticF [Ar‘cSin [

|, -7+4+3] /

(bc—ad)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

((17\/?) (bcfad)1/3,b1/3 (c+dx)1/3)2

55b%3d*+/a+bx |-

Result (type 5, 110leaves):

1 1/3
—6(c+dx) d(a+bx) (2bc+3ad+5bdx)—
55bd2+va+bx
d b b d
3 (bc—ad)2 M Hyper‘geometr‘icZFl[l, l, 4—, M}
-bc+ad 3 2 3 bc-ad

Problem 1561: Result unnecessarily involves higher level functions.

1/3

(c+dx) N
Jm ¢

Optimal (type 4, 381 leaves, 3 steps):
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6vVa+bx <c+dx)1/3

5b

- |4 33/4W(bc—ad) ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc—ad)2/3'+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

[543 Ioea0)' 002 e

(1443 (bc-ad)??-b¥3 (crdx)??

(1—\/?) (bc-ad)*? b2 (c+dx)'?

EllipticF|[ArcSin|

|, ~7+4+/3] /

(bc—ad)l/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

([13] (oemne) 00 (e

5b*3dva+bx |-

Result (type 5, 93 leaves):

1
5bd+va+bx
13 d(a+bx) 1 1 4 b(c+dx)
6 (c+dx) d(a+bx)+(bc-ad) | ————"- Hypergeometric2F1|—, —, —,
-bc+ad 3 2 3 bc-ad

Problem 1562: Result unnecessarily involves higher level functions.

(crdx)*?
J(a+bx>3/2 >
Optimal (type 4, 366 leaves, 3 steps):

2 (crdx)¥?

- ~4~2-4/3 ((bc—ad)lﬁfbl/-”(c+dx)1/3)
b+a+bx

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

[13] (o a9 003 (e a7

(1+\E) (bc—ad)1/3—b1/3 (c+dx)1/3

(1—\/?) (bC—ad)l/S_b1/3 (c+dx)1/3

EllipticF [ArcSin|

|, -7+4+/3] /

(bc—ad)l/3 ((bc—ad)l/g’—bl/3 (c+dx)1/3)

((1*\5) (bc—ad>1/3—b1/3 (c+dx)1/3)2

3V4p3 3 b |-

Result (type 5, 74 leaves):
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2 (c+dx)?? [—1+ /4—)—dba+b"d Hyper‘geometr‘icZFl[i, i, ;i, —(—)—bbc*d;‘ ]
-b C+a C-a

b+va+bx

Problem 1563: Result unnecessarily involves higher level functions.

(c+dx)??

J;—————fdx
<a+bx>5/2

Optimal (type 4, 417 leaves, 4 steps):
2(c+dx)1/3 4d(c+dx)1/3

- - + |4 2—\/?d((bc—ad>1/3—b1/3 (c+dx)1/3)
3b(a+bx)”? 9b(bc-ad)Va+bx

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((1—\/?) (bc—ad)1/3_b1/3 (c+dx)1/3)2

(1+\E) (bc—ad)l/g’fbl/3 (c+dx>1/3

(1—\/?) (bc—ad)1/3_b1/3 (C+dx)1/3

EllipticF [ArcSin|

|, -7+4+/3] /

(bc—ad)l/3 ((bc—ad)l/B—bl/-” (c+dx)1/3)

9 314p%3 (bc-ad Ja+bx
((17\/?) (bc—ad)1/3,b1/3 (C+dx>1/3)2

Result (type 5, 104 leaves):

2 (crdx)*

d <a+bx)

3bc—ad+2bdx+d(a+bx)
-bc+ad

Hypergeometric2F1|

)

(9b (-bc+ad) (a+bx)>?)

Problem 1564: Result unnecessarily involves higher level functions.

dx) /3
J(c+ x) ix

(a+bx>7/2

Optimal (type 4, 457 leaves, 5 steps):



78 | Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)”m (c+d x)~n.nb

2(c+dx)1/3 4d<c+dx)1/3

_5b <a+bx)5/2 45b (bc-ad) (a+bx)3/2

28 d? dx)?
(c+dx) - |28+/2-+/3 d*((bc-ad)? b2 (crdx)*?
135b(bc—ad)2\/a+bx

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((1—\/?) (bc—ad)1/3_b1/3 (c+dx)1/3)2

1+\E) (bc-ad)?-pt/3 (c+dx)1/3} 77+4\E]/

(1—\/?) (bc—ad>1/3_b1/3 <C+dx)1/3

EllipticF [ArcSin|

(bc—ad)l/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

((1—\5) (bcfad>1/3,b1/3 (c+dx)1/3)2

135 - 31/4p*/3 <bc—ad)2\/a+bx

Result (type 5, 140leaves):

2 (crdx)'

d b
—7a2d2+2abd(24c+17dx)+b2(—27c2—6cdx+14d2x2>+7d2(a+bx)2 M
-bc+ad
b d
Hyper‘geometr‘icZFl[l, 1, i, M] /(135b (bc-ad)? (a+bx)5/2)
3 2 3 bc-ad

Problem 1565: Result unnecessarily involves higher level functions.

(a+bx>3/2 4
1 dx
J(c+dx>1/3

Optimal (type 4, 839 leaves, 6 steps):
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54 (bc-ad)Va+bx (c+dx)2/3 6 (a+bx)3/2 (c+dx)2/3

+ —

91 d? 13d
162 (bc-ad)?Va+bx
91022 d? ((1-V3 ) (bc-ad)?-b'/3 (c+dx)*?|

+

81 3V4.\[24++/3 (bc—ad)7/3((bc—ad)l/B—bl/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((1—\/?) (bc—ad)1/3_b1/3 (c+dx)1/3)2

1+\E) (bc—ad)1/3—b1/3 (c+dx)1/3

(1—\/?) (bc-ad)¥?-bl3 (c+dx)¥?

EllipticE [ArcSin|

|, -7+4+/3] /

(bc-ad)*? ((bc—ad)1/3—b1/3 (c+dx)1/3)
91b?3d*/a+bx |- B
((17\/?) (bc—ad)1/3,b1/3 (C+dx)1/3)2

54+/2 33/4 (bc—ad)”3 ((bc—ad)1/3—b1/3 (c+dx>1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)*?+b3 (c+dx)??

((17\/?) (bcfad)1/3,b1/3 (c+dx)1/3)2

1+4/3) (bc-ad)¥? -2 (codx)??

(1—\/?) (bC—ad)l/S_b1/3 (c+dx)1/3

EllipticF[ArcSin|

|, -7+4+/3] /

(bcfad)l/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

91b2/3d3m
((17\/?) (bc-ad)?-pt/3 (c+dx)1/3)2

Result (type 5, 108 leaves):

;3( 2/3
c+dx) 4d(a+bx) (-9bc+16ad+7bdx) +
182d3+Va+bx
, d<a+bx) 1 2 5 b(c+dx)
27 (bc-ad) ————" Hypergeometric2F1| =, =, =, ———

-bc+ad 2 3 3 bc-ad
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Problem 1566: Result unnecessarily involves higher level functions.

J\/a+bx dx
<c+dx>1/3
Optimal (type 4, 804 leaves, 5steps):
6Va+bx (c+dx)?? 18 (bc-ad) \a+bx
N _
7d 7622d ((1-+/3 ) (bc-ad)?-b'3 (crdx)'?]

9 3¥44/24/3 (bc-ad)"? [(bc-ad)*? b (crdx)??)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)*?+b¥3 (c+dx)*?

([53] (o me) w2 (e an)t )

(1+\/?) (bc—ad)1/3—b1/3 (c+dx)1/3

(17\5) (bc-ad)¥?-b2 (c+dx)?

EllipticE [Ar‘cSin [

|, -7+4+3] /

(bc-ad) ((bc-ad)'?-b¥ (c+dx)*?)
7b%3d>\a+bx |- +
((1—\/?) (bc-ad)'?-pt/3 (c+dx)1/3)2

6+/2 33/4 (bc—ad)4/3 ((bc—ad)1/3—b1/3 <c+dx)1/3)

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx>2/3

((1—\/?> (bc—ad)l/s_bus (c+dx)1/3)2

1+\/?) (bc—ad)l/g’—bl/3 (c+dx)1/3

(1—\5) (bc—ad>1/3,b1/3 <C+dx>1/3

EllipticF [Ar‘cSin [

|, -7+4+3] /

(bc—ad)l/3 ((bc—ad)l/g'—bl/3 (c+dx)1/3)

((1—\/?) (bc—ad>1/3_b1/3 (c+dx)1/3)2

7b%3d?*+/a+bx

Result (type 5, 77 leaves):
h d> ]

3 Hypergeometric2F1
3va+bx <c+dx)2/3 4 +

d (a+bx
-bc+ad

12 5 bfcdx
s s B ]
)

14d
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Problem 1567: Result unnecessarily involves higher level functions.

1

Jm (cdx)??

dx

Optimal (type 4, 762 leaves, 4 steps):
6Vva+bx

- +

b2/3 ((1—\/?) (bc-ad)'?-pt/3 <c+dx)1/3)

3.3¥44 243 (bc-ad)? ((bc-ad)'?-b¥? (c+dx)?)

(bc—ad)2/3+b1/3 (bc—ad)1/3 (c+dx)1/3+b2/3 (c+dx)2/3

[133] (oe-n9) 000 (e a7

(1443 (bc-ad)??-b13 (crdx)??

(1—\/?) (bc-ad)Y?-b23 (c+dx)*?

EllipticE[ArcSin|

|, ~7+4+/3] /

(bc-ad)? ((bc-ad)?-b¥ (c+dx)*?)
b>?*d+va+bx |- -
((1-V3) (bc-ad)*? b2 (crdx)*?)

2+/2 3% (bc-ad)*? ((bc—ad>1/3—b1/3 <c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

(13 (o me) w02 (e ax)t ]

1+\/?) (bc—ad)l/g’—bl/3 (c+dx)1/3

EllipticF[Ar‘cSin[
(1—\5) (bc—ad)l/g’—bl/3 (c+dx>1/3

|, -7+4+3] /

(bc-ad)? ((bc-ad)*?-b¥ (c+dx)™?)

23] (pemsa o0 erax) )

b?3d+/a+bx -

Result (type 5, 73 leaves):

3 |48 (¢, dx)?? Hypergeometric2F1[ L, 2, 3, Bledx]
-bc+ad 2 3 bc-ad

2dvVa+bx
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Problem 1568: Result unnecessarily involves higher level functions.

J = dx
(a+bx>3/2 (c+dx)1/3

Optimal (type 4, 796 leaves, 5 steps):
2 (c+dx)?? 2d+a+bx
(bc-ad)vVa+bx b??(bc-ad) ((1—\/?) (bc—ad)1/3—b1/3 (c+dx)1/3)

+

3143243 ((bc-ad)? b3 (crdx)*?

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((17\5) (bc—ad)1/3,b1/3 (c+dx)1/3)2

(1+\E) (bc—ad)1/3—b1/3 (c+dx>1/3

(1—\/?) (bC—ad)1/3_b1/3 (c+dx)1/3

EllipticE [ArcSin|

|, -7+4+/3] /

(bc—ad)l/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)
b*? (bc-ad)*?~/a+bx |- -

((1*\5) (bc—ad>1/3—b1/3 (c+dx)1/3)2

272 ((bc-ad)?-b¥? (c+dx)?)

(bc—ad)2/3+b1/3 (bc—ad)1/3 (c+dx)1/3+b2/3 (c+dx)2/3

[133] (oe-n9) -0t (e a7

(1443 (bc-ad)??-b¥3 (crdx)??

(1—\/?) (bc-ad)¥?-b23 (c+dx)*

EllipticF[ArcSin|

|, ~7+4+/3] /

(bc-ad)? ((bc-ad)?-b¥> (c+dx)*?)

31423 (bc-ad)??Va+bx
((1-+3] (bc-ad)*? b1 (crdx)*?)*

Result (type 5, 83 leaves):

~4+ [ 9LEX pypergeometric2Fl[ L, 2, 2, bledx ]
-bc+ad 2° 37 3 bc-ad

2 (bcfad) Vva+bx

(C+dx)2/3
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Problem 1569: Result unnecessarily involves higher level functions.

J = dx
(a+bx>5/2 (c+dx)1/3

Optimal (type 4, 842 leaves, 6 steps):

2(c+dx)2/3 10d(c+dx)2/3
- + +
3(bc-ad) (a+bx)3/2 9<bc—ad)2\/a+bx
10d2+va+bx

962 (bc-ad)? ((1-+3) (bc-ad)*?-b¥ (c+dx)*?)

512443 d((bc-ad)?-bY? (crdx)'?

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

[133] (oemn0) -0t (ea

[(1+\/?) (bC—ad)1/3_b1/3 (c+dx)1/3

EllipticE[Ar‘cSin
(1-V3) (be-ad)??-b13 (crdx)??

|, -7+4+3] /

(bc-ad)? ((bc-ad)'?-b¥ (c+dx)™?)
3 3¥%p?? (bc-ad)®?Va+bx |- +
((1—\/?) (bc—ad)l/S—bl/3 (c+dx)1/3)2

1042 d((bc-ad)? b2 (crdx)'?]

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx>2/3

((1—\/?) (bc—ad)l/s_bus (c+dx)1/3)2

(1+\/?) (bc—ad)l/g’—bl/3 (c+dx)1/3

(1—\5) (bc—ad>1/3,b1/3 <C+dx)1/3

EllipticF [Ar‘cSin [

|, -7+4+3] /

(bc—ad)l/3 ((bc—ad)l/."—bl/3 (c+dx)1/3)

9  3l/4p2/3 (bc—ad)S/3 arbx |- -
((1—\/?) (bc—ad)1/3—b1/3 (c+dx)1/3)

Result (type 5, 105leaves):
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d(a+bx
(c+dx)*? |4 (-3bc+8ad+5bdx) -5d (a+bx) Q
-bc+ad

Hypergeometric2Fi|

)

N |

%, 3, %] /(18 (bc—ad)z(a+bx)3/2)

Problem 1570: Result unnecessarily involves higher level functions.

b 3/2
Jw ix

(c+dx>2/3

Optimal (type 4, 416 leaves, 4 steps):
54 (bc-ad)Va+bx (c+dx)¥? 6 (a+bx)>? (c+dx)*?

+

55 d2 11d

54 3344/2-+/3 (bc—ad)z((bc—ad)1/3—b1/3(c+dx)1/3)

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx>2/3

((1—\/?) (bc—ad)l/s_bus (c+dx)1/3)2

(1+\/?) (bc-ad)*?-b¥3 (c+dx)?
EllipticF[ArcSin[

, 7 +44/3
(1—\/?) (bcfad)lﬂfbl/3 (c+dx)1/3} ] /

oo | e (b s e
55b*°d*va+bx |-

((1—\/?) (bc—ad)1/3_b1/3 (c+dx)1/3)2

Result (type 5, 108 leaves):

;3< 1/3
c+dx) 2d(a+bx) (—9bc+14ad+5bdx)+
55d3+va+bx
, | d(a+bx) 1 1 4 b(c+dx)
27 (bc-ad) ————" Hypergeometric2F1|~, ~, —,
-bc+ad 3 2 3 bc-ad

Problem 1571: Result unnecessarily involves higher level functions.
J Va+bx
(

c+dx>2/3

dx
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Optimal (type 4, 381 leaves, 3 steps):

6+a+bx <c+dx)1/3
5d

+ 16 3344/2-+/3 (bc-ad) ((bc—ad)l/B—bl/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((1—\/?) (bc—ad)1/3_b1/3 (c+dx)1/3)2

1+\E) (bc,ad>1/3,b1/3 <C+dx>1/3

(1—\/?) (bc—ad)1/3_b1/3 (c+dx)1/3

EllipticF [ArcSin|

|, -7+4+/3] /

(bc—ad)l/3 ((bc—ad)l/g’—bl/3 (c+dx)1/3)

((1—\5) (bc-ad)?-pt/3 (c+dx)1/3)2

5b3d?>+a+bx

Result (type 5, 77 leaves):

5d

Problem 1572: Result unnecessarily involves higher level functions.

1

Jm (c+dx)??

dx

Optimal (type 4, 345leaves, 2 steps):

2 3344/ 2-4/3 ((bc—ad)1/3—b1/3(c+dx>1/3)

(bc-ad)??+b¥3 (bc-ad)? (c+dx)¥?+b?3 (c+dx)??

((1—\/?) (bc—ad)1/3_b1/3 (c+dx>1/3)2

1+\/?) (bc—ad)1/3—b1/3 (C+dx)1/3

(1—\/?> (bc-ad)? b2 (c+dx)??

EllipticF [ArcSin|

|, -7+4+/3] /

(bc—ad)l/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

((1—\5) (bc-ad)*?-pt/3 (c+dx)1/3)2

b3>d+/a+bx

Result (type 5, 71 leaves):
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3 [ dtatbx) (c+dx)1/3 Hypergeometric2F1[%, 1, %, bledx]
-bc+ad 3 2 3 bc-ad

dva+bx

Problem 1573: Result unnecessarily involves higher level functions.

dx

1
J(a+bx>3/2 (c+dx)2/3

Optimal (type 4, 383 leaves, 3 steps):

2 d 1/3
. (c+dx) +]24/2-43 ((bc-ad)? b2 (crdx)??)

(bc-ad) Va+bx

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

(13 oea0) 002 e

(1443 (bc-ad)??-b¥3 (crdx)??

(1—\/?) (bc—ad)1/3_b1/3 (c+dx>1/3

EllipticF[ArcSin|

|, ~7+4+3] /

(bc—ad)l/3 ((bc—ad)1/3—b1/3 (c+dx>1/3>

[173] (oemn0) -0t (e 0

344p!? (bc-ad) Va+bx |-

Result (type 5, 81 leaves):

(c+dx)1/3 (2+ d(asbx) Hypergeometric2F1[ %, %, %, b (erdx) ]
-bc+ad 3 2 3 bc-ad

(bc-ad) Va+bx

Problem 1574: Result unnecessarily involves higher level functions.

dx

1
J(a+bx>5/2 (c+dx)2/3

Optimal (type 4, 421 leaves, 4 steps):
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2 d 1/3 14d d 1/3
_ (c+dx) X (c+dx) _l1a fo/?d((bcfad)lﬁfbl/?’ (c+dx)1/3)

3 (bc-ad) (a+bx)3/2 9 (bcfad)zx/aerx

(bc—ad)2/3'+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

(173 (be-ae? -6 (crax) )

(1443 (bc-ad)??-b¥3 (crdx)??

(1—\/?) (bc-ad)*? b2 (c+dx)'?

EllipticF|[ArcSin|

|, ~7+4+/3] /

(bc—ad)l/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

([13] (oemn o) 000 (ea )

9 3Y4pY3 (bc-ad)*/a+bx |-

Result (type 5, 102 leaves):

d(a+b

(c+dx)*?|-6bc+20ad+14bdx+7d (a+bx) d(arbx)
-bc+ad

b (c+dx)

. 1 1 4
Hyper‘geometrlczFl[*, R
3 2 3 bc-ad

] /(9(bc—ad)2(a+bx)3/2)
Problem 1575: Result unnecessarily involves higher level functions.
J(a+bx)2/3 (c+dx)*?dx
Optimal (type 3, 219leaves, 3 steps):

(bc-ad) (a+bx)2/3 (c+dx>1/3
6bd

+
1 1/3 1/3
(a+bx)* (c+dx)™? ) (bc-ad)?ArcTan| 2+ 4—)—gb1/33(*5’1;‘x)1/3}
2b 3+/3 b4/3d5/3

(bc—ad)zLog[71+M}

bl/3 (c+d x) /3

(bc—ad)zLog[c+dx]
18 b4/3 d5/3 " 6 b4/3 d5/3

Result (type 5, 109 leaves):

1
(c+dx)*?|d (a+bx) (2ad+b (c+3dx)) -
6bd? (a+bx)'?
, (d(a+bx) )\ ' 1 1 4 b(c+dx)
2(bc-ad)® | —+ Hypergeometric2F1[~, =, —, ———
-bc+ad 3 3 3 bc-ad
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Problem 1576: Result unnecessarily involves higher level functions.
J (C +d X> / dx
(a+bx)*?
Optimal (type 3, 172leaves, 2 steps):

1/3 1/3
(bc—ad)Ar‘cTan[—1 p 24 (@b }
3 A3 b3 (crdx) Y3

b A3 b4/3 4273

13 (arbx) /2
(bc-ad) Log[c+dx] (bc-ad) Log[-1+ 21/3 (:jz)l/s]

6 b4/3 d2/3 N 2 b4/3 d2/3

(a+bx)?? (crdx)*?

Result (type 5, 90 leaves):
1

bd (a+bx)*?

1/3

d b
M Hypergeometric2Fi |

-bc+ad

)

(c+dx)? (d (a+bx) + (bc-ad) [

w |

i b (c+dx)
3 bc-ad

Problem 1577: Result unnecessarily involves higher level functions.

d 1/3
J<C+ X> .

(a+bx>4/3

Optimal (type 3, 149leaves, 2 steps):

1/3 1/3
V3 d¥3 ArcTan| 1+ 2 (@arbxiTt ]
V3 /3 b3 (crdx) /3

3 (crdx)??

b (a+bx>1/3 b4/3

3413 Log[-1+ 92 arbx)”
dr/3 LOg[C-%—dX} g[ * p1/3 (c+dx)1/3]

2b4/3 N 2b4/3

Result (type 5, 74 leaves):

1/3

1 _ 11
Hypergeometric2F1[ =, —
3 3

d(a+bx)
b(a+bx)*?

3(c+dx)1/3[—1+[ . b
_bc+a

Problem 1582: Result unnecessarily involves higher level functions.

J(a+bx)4/3 (c+dx>1/3dlx

Optimal (type 4, 655 leaves, 6 steps):
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3 (bc—ad)2 (a+bx)1/3 (c+dx>1/3 3 (bc—ad) <a+bx)4/3 (c+dx)1/3
- + +

20 b d? 40bd

3(a+bx)’? (c+dx)1/3+ 33/4m<bc—ad)3((a+bx) (c+dx)>2/3

8b

\/(bc+ad+2bdx>2 ((bcfad)2/3+22/3b1/3d1/3((a+bx) (c+dx>)1/3)
\/(((bc—ad)4/3—22/3b1/3d1/3 (bc-ad)?? ((a+bx) ([cedx))?+
2 2Y3p23 23 ((avbx) (c+dx))*?)/
((1+V3) (bc-ad)>?+ 223613 ¢ ((a+bx| (c+dx))1/3)2) EllipticF |

(1—\/?) (bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3

ArcSin|

L—Mv?]]/

(1+ﬁ) (bc-ad)??+223bY3d3 ((a+bx) (c+dx))*?
(1@ 223p*3d”? (a+bx)?? (c+dx)*? (bc+ad+2bdx)

\/(((bc—ad)y3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

((1+\/?) (bc-ad)??+223p¥3d¥3 ((a+bx) (c+dx))1/3)2) x/(ad+b (c+2dx))2)

Result (type 5, 140leaves):

3 (c+dx)1/3 {d (a+bx) (2a®d*+abd (5¢c+9dx) +b*> (-2c*+cdx+5d*x*)) -2 (bcfad)3

J/ (40 bd? (a+bx)2/3)]

23 b (c+dx)

bc-ad

]

d (a+bx>
[bc+ad

) 1 2 4
Hypergeometric2F1[ =, =, —,
3 3 3

Problem 1583: Result unnecessarily involves higher level functions.

‘[@+bxfﬁ(c+dxfﬂdx

Optimal (type 4, 617 leaves, 5steps):
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3 (bc—ad) (a+bx>1/3 (c+dx)1/3 3 <a+bx)4/3 (c+dx)1/3
N _

lobd 5b

[33/4 2++/3 (bc—ad)2<(a+bx> (c+dx>)2/3

J(ocrad+2bdx)® ((bc-ad)*?+222p12d"3 ((a+bx) (c+dx))™?]
J{[(be-ad)*?-222013 a1 (be-ad)*? ((a+bx) [cedx) )=
2 2Y3p23 3 ((avbx) (c+dx))??) /
((1+V3) (bc-ad)??+222p12 " ((a+bx| (c+dx))1/3)2) EllipticF|
(1-V3) (bc-ad)??+223p12 12 ((a+bx) (c+dx))??

ArcSin|
(1+V3) (be-ad)??+223p12d1 ((a+bx) (crdx))??

],-7-4@]/

(5 223p%2d*? (a+bx)?? (c+dx)*? (bc+ad+2bdx)

J[[e-aa)? ((pe-ag)??- 22622 a ((arbx) (crax))™]] /

((1+3) (bc-ad)??+222b2d¥ ((a+bX) (c+dx))1/3)2) Vl{adib (cr2dx))? |

Result (type 5, 108 leaves):
e tieeod

-bc+ad

d(a+bx) (ad+b(c+2dx))(bcad)2[

]/ (1abd2 (a+bx)2/3)

Hypergeometric2Fi |

1 2
-, =
3 3

Problem 1584: Result unnecessarily involves higher level functions.

dx) 13
J(c+ x> ix

(a+bx)2/3

Optimal (type 4, 576 leaves, 4 steps):
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3(a+bx>1;3b<c+dx>1/3+[33/4 2+\E (bc,ad> ((a+bX> (C+dX>)2/3

J(ocrad+2bdx)® ((bc-ad)??+222p12d"3 ((a+bx) (c+dx))™?]
\/(((bc—ad)4/3—22/3b1/3d1/3 (bc-ad)?? ((a+bx) (c+dx))*+

2 2Y3p23 23 ((avbx) (c+dx))??) /
(1473 (bc-ad)??+222p12d1 ((a+bx) (c+dx))1/3)2) EllipticF|

],-7-4@]/

(1-V3) (bc-ad)??+223p12 a1 ((a+bx) (c+dx))??

(1473 (be-ad)??+223p12 1 ((a+bx) (c+dx))??

ArcSin|

(2226422 (a+bx)? (c+dx)*? (bcrad2bdX)
\/(((bcfad)ZB ((bc-ad)??+222b2d¥? ((a+bx) (c+dx))?|) /

((1++3) (bc-ad)??+22263d¥ ((a+bX) (c+dx))1/3)2) Vl{adib (cr2ax))? |

Result (type 5, 93 leaves):

1
2bd (a+bx)*?
d b 2/3 b d
3 (c+dx)'? [d (a+bx) + (bc-ad) [M) Hyper‘geometpicZFl[l, 3, 4 bfc+ X>]
-bc+ad 3 3 3 bc-ad

Problem 1585: Result unnecessarily involves higher level functions.

dx)13
J(c+ x) ix

(a+bx>5/3

Optimal (type 4, 568 leaves, 4 steps):
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3 (crdx)?

- 4334424+ 4/3 d2/3(<a+bx) <c+dx)>2/3
2/3
2b (a+bx)

J(bcrad+2bdx)? ((bc-ad)2/3+22/3b1/3d1/3((a+bx) (c+dx))1/3)
J{[(be-ad)*?-222013 a1 (be-ad)?? ((a+bx) [cedx) )=
2 2Y3p23 23 ((avbx) (c+dx))??) /
((1+V3) (bc-ad)??+222b12 "> ((a+bx] (c+dx))1/3)2) EllipticF |
(1-V3) (bc-ad)??+223p13d¥3 ((a+bx) (c+dx))

(1473 (be-ad)??+223p12 1 ((a+bx) (c+dx))??

ArcSin|

],-7-4@]/

(22/3b‘”3 (a+bx)2/3 (c+dx>2/3 (bc+ad+2bdx)

J[[e-aa)?® ((be-ag)??- 222622 ((arbx) (crax))*]] /

((1++3) (bc-ad)??+22263d¥ ((a+bX) (c+dx))1/3)2) Vl{adib (cr2ax))? |

Result (type 5, 76 leaves):

2/3
1

d (a+bx)
2b (a+bx)2/3

1
Hypergeometric2F1[ =,
-bc+ad

3

s

bc-ad

)

oo 4| ‘ pleson

w N

Problem 1586: Result unnecessarily involves higher level functions.

(c+dx>1/3 4
AL dx
J(aerx)g/3

Optimal (type 4, 617 leaves, 5 steps):
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3(c+dx)1/3 3d<c+dx)1/3

_5b <a+bx)5/3 10b (bc-ad) (a+bx)2/3

[33/4 2+4/3 d5/3((a+bx> (c+dx))2/3\/(bc+ad+2bdx)2

((bc-ad)??+223p12d¥? ((a+bx) (c+dx))*?)
J{[(be-ad)*?-222613 a1 (be-ad)?? ((a+bx) (cedx) )™
2 2Y3p23 3 ((avbx) (c+dx))??) /
((1+V3) (bc-ad)??+222b12 ¥ ((a+bx] (c+dx))1/3)2) EllipticF|
(1-V3) (bc-ad)??+223p13 V3 ((a+bx) (c+dx))™

Ar‘cSin[
(1443 (be-ad)??+223p12 1 ((a+bx) (crdx))??

L—Mv?]]/

(5 222p*3 (bc-ad) (a+bx)*? (c+dx)*? (bc+ad+2bdx)

J[[e-aa)?® ((be-ag)??- 222622 a ((arbx) (crax))™]] /

((1++3) (bc-ad)??+22262d¥ ((a+bX) (c+dx))1/3)2) Vl{adib (cr2dx))? |

Result (type 5, 103 leaves):
[3 (c+dx)*?
d bx) |23 b d
(2bc—ad+bdx+d (a+bx) (M Hyper‘geometr‘icZFl[l, E, 4—, M}]]/
3 3 3

-bc+ad

(19b (-bc+ad) (a+bx)5/3)

Problem 1587: Result unnecessarily involves higher level functions.

J (a+bx)*? 5

- dX

(C +dx>1/3

Optimal (type 3, 216 leaves, 3 steps):

2 (bc-ad) (a+bx)1/3 (c+dx)2/3
342

+

2 (bcfad)zAr‘cTan[L+M}

(a+bx>4/3 <C -%—dX)Z/3 - V3 dY3 (arbx)Y/3 B

2d 3 \/? p2/3 47/3

(bc—ad)zLog[—lJrM}

d'/3 (a+bx) /3

(bc—ad)2 Log[a+bx]
9 b2/3 d7/3 N 3 b2/3 d7/3

Result (type 5, 107 leaves):
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ﬁ(mdx)zn [d (a+bx) (74bc+7ad+3bdx) +
6d3 (a+bx

2/3

d b
M Hypergeometric2Fi |

-bc+ad

) )

3 bc-ad

)

2 2 5 b(c+dx>
2 (bc-ad) [ ] Sl

wN

Problem 1588: Result unnecessarily involves higher level functions.
J (a +b X> / dx
(crdx)*?
Optimal (type 3, 171 leaves, 2 steps):

1 1/3 1/3
(a+bx)Y? (c+dx)?? (bc-ad) ArcTan| 2+ 4(—“11/31;‘1;‘)(;1/3}
+

’ /3 b2/3 43
(bc-ad) Log[-1+ M]

d1/3 (a+b x) 1/3

(bc-ad) Logla+bx]
6 b2/3 d4/3 N 2 b2/3 d4/3

Result (type 5, 76 leaves):

b (c+dx) w

Hypergeometric2F1 { Y
ca

2 5
03030

(a+bx)1/3 (c+dx)2/3 2+

( “bcrad

2d

Problem 1589: Result unnecessarily involves higher level functions.

J = dx
(a+bx>2/3 (c+dx)1/3

Optimal (type 3, 126 leaves, 1step):

3Log[-1+ B (cedx 2]

1/3 1/3
/3 ArcTan|-L- 4 2b—(edxi—
N3 dv/3 (a+bx)1/3

V3 dY3 (arbx) V3 } Log[a + b x]
b2/3 d1/3 - 2 b2/3 d1/3 2 b2/3 d1/3

Result (type 5, 73 leaves):

+ 2/3 . +
3 (d—(ﬂ)—) (c + dx)?? Hypergeometric2F1[ 2, 2, 3, blcdx |
-bc+ad 3 3 3 bc-ad

2d (a+bx)2/3

Problem 1594: Result unnecessarily involves higher level functions.

b 8/3
J& ix

(c+dx)1/3

Optimal (type 4, 1365 leaves, 8 steps):
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3 (bc—ad)2 (a+bx>2/3 (c+dx)2/3

7d?
12 (bc-ad) (a+bx)5/3 (c+dx)2/3 3 (a+bx)8/3 (c+dx)2/3
. _
35 d? 10d

(3222 (bc-ad)’ ((avbx) (crdx] )" [(bcrad-2bdx)? \[(ad+b (c-2dx]]* |/
(7622d (a+bx)? (c+dx)*? (bcrad+2bdx)
((1+\/?) (bc—ad)2/3+22/3b1/3d1/3 ((a+bx) <c+dx)>1/3)) +

3.3V44/2-/3 (bc-ad)™? ((a+bx) (c+dx))?/(bc+ad+2bdx)?

((bc-ad)*? 422263 d™ ((a+bx) (c+dx))'?) \/(((bcfad)4/3722/3b1/3d1/3
(bc—ad)Z/3 ((a+bx] (c+dx))1/3+2 213 p*3d*? ((a+bx) (c+dx))2/3)/
((1+V3]) (bc-ad)??+222p13 a1 ((a+bx) (c+dx))1/3)2) E1lipticE|
(1—\/?) (bc-ad)??+223bY3d3 ((a+bx) (c+dx))*?

(1493 ) (bc-ad)??+222p12dY3 ((asbx) (c+dx))™?

Ar‘cSin[

), -7-av3]|/

(7 21/3 p2/3 411/3 (a+bx)1/3 (c+dX)1/3 <bc+ad+2bdx)

J((peaa)? [(pead)? 2msa (oo (erax))?)] /

(1473 (bc-ad)??+222p12 a1 ((a+bx) (c+dx))1/3)2> J(ad+b (c+2dx))2)-

2 21/6  33/4 (bc—ad)11/3<(a+bx) (c+dx>)1/3\/(bc+ad+2bdx)2

((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3)
\/(((bc—ad)4/3722/3b1/3d1/3 (bcfad)2/3<(a+bx) (c+dx))1/3+
2 21/3b2/3d2/3(<a+bx> (c+dx))2/3)/

(1473 (bc-ad)??+222p12d1 ((a+bx) (c+dx))1/3)2) EllipticF|

Ar‘cSin[

(1—\/?) (bc-ad)??+223bY3d3 ((a+bx) (c+dx))*?
(1+\/?) (bC
(

(7b2/3d11/3 a+bx)?? (c+dx)? (bc+rad+2bdx)

L—Mv?]]/

7ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx>)1/3

\/(((bc—ad)Z/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

((1+3) (bc-ad)??+22262d ((a+bX) (c+dx))1/3)2) Vl{adeb (cr2ax))? |

Result (type 5, 138leaves):
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1
70d* (a+bx)*?

3(c+dxfﬂ[d(a+bx)(25¥d2+2abd(—14c+11dx)+w(108—8cdx+7d2ﬂ)>—

,(d (a +b x) 1/3 ' 1 2 5 b (c +d x)
10 (bc-ad)’ | ———"| Hypergeometric2F1|—, —, =, ————
3 3 bc-ad

3

-bc+ad

Problem 1595: Result unnecessarily involves higher level functions.

<a+bx>5/3 4
- dX
J(c+dx>1/3

Optimal (type 4, 1330 leaves, 7 steps):
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15 (bc—ad) (a+bx>2/3 (c+dx)2/3 3 <a+bx)5/3 (c+dx)2/3
- + +

28 d? 7d
25 (bc-ad)? ((a+bx) (c+dx])*>+[(bcrad 2bdx)’ ¢(ad+b(c+2dﬂ)2%/

(14 212622 d*? (a+bx)'? (c+dx)? (bc+ad+2bdx)
((1+73) (be-ad)?? 22262 d ((a+bx) (c+dx))™?]) -

15 3V4+/2 /3 (bc—ad)8/3((a+bx) (c+dx))1/3\/(bc+ad+2bdx)2

((bc-ad)??+223p12d¥? ((a+bx) (c+dx)) ) \/(((bc—ad)4/3—22/3b1/3d1/3
(bc-ad)?? ((a+bx) (c+dx))*?+2 2Y3b?3d?? ((a+bX) (c+dx))2/3)/
((1++3]) (bc-ad)??+222 612 d2 ((a+bx) (c+dx))1/3)2> EllipticE|
(1-V37) (bc-ad)??+222p12d2 ((asbx) (c+dx))™?

(1473 (bc-ad)??+223p12 a1 ((a+bx) (c+dx))??

ArcSin|

), -7-43]/

(28 222022d%2 (asbx)*? (c+dx)"? (bcrads2bdx)

\/(((bc—ad)Z/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

(1473 (be-ad)??+ 222072 a3 ((avbx] (crdx])*?)") [ (ad+b (cr2dx))? |-

[5 34 (bc-ad)¥? ((a+bx) (c+dx))¥* /(bcrad+2bdx)?

((bc-ad)??+223p12d1 ((a+bx) (crdx))*?)
\/(((bcfad)4/3722/3b1/3d1/3 (bc-ad)?? ((a+bx) (c+dx))*+
2212022 d¥? ((a+bx) (c+dx))*?] /
((1+V3]) (bc-ad)??+222p13 a1 ((a+bx) (c+dx))1/3)2) EllipticF |
(1-V3) (bc-ad)??+223p12 a1 ((a+bx) (c+dx))??

(14937 (bc-ad)??+222p12dY2 ((asbx) (c+dx))™?

Ar‘cSin[

|, -7-av3]|/

(7 95/6 p2/3 48/3 (a+bx)1/3 <c+dX)1/3 (bc+ad+2bdx)

\/(((bc—ad)Z/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

(1473 (bc-ad)™? 222012 d2 ((arbx) (c+dx))*?)*| \[(ad b (ce2dx)]? |

Result (type 5, 107 leaves):
1

3 <c+dx)2/3 [d (a+bx) (-5bc+9ad+4bdx) +
28d* (a+bx)*?

d(a+bx) |2

-bc+ad

) )

1
Hypergeometric2F1| -,
3 bc-ad

2 5 b(c+dx)
3 3

5(bc—ad)2[
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Problem 1596: Result unnecessarily involves higher level functions.
J (a+bx) / ix
(c+dx)*?
Optimal (type 4, 1293 leaves, 6 steps):

3(asbx)?? (crdx)??

4d

[3(bc-ad) ((a+bx) (c+dx))*y/(bcradr2bdx)? |/ (ad+b (c2dx])? |/

(2222623 d*? (a+bx)"? (c+dx)"? (bcrad+2bdx)
((1+\/?) (bc—ad)2/3+22/3b1/3d1/3(<a+bx) <C+dx)>1/3>)+

3.3Y44/2-4/3 (bc-ad)¥? ((a+bx) (c+dx))¥*+/(bc+ad+2bdx)?

[(be-ad)??+222b12d"? ((a+bx) (c+dx))*?) \/(((bcfad)4/3722/3b1/3d1/3
(bc—ad)2/3 ((a+bx]) (c+dx))1/3+2 213 p*3d* ((a+bx) (c+dx))2/3)/
((14V3) (bc-ad)??+222p¥2d"? ((a+bx) (c+dx))1/3)2) E1lipticE|
(1—\/?) (bc-ad)??+223bY3d3 ((a+bx) (c+dx))*?

(1+\/?) (bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3

Ar‘cSin[

1:74@1]/

(4 21352353 (a+bx)Y? (c+dx)¥? (bcrad+2bdx)

J((oead? ((oe-aa)™ 220 ((arbx] (crax))*?)] /

((1+V3]) (bc-ad)??+222p12 a1 ((a+bx) (c+dx))1/3)2) J(ad+b (c+2dx))2)—

[33/4 (bcfad)S/3 ((a+bx) (c+dx>)1/3\/(bc+ad+2bdx>2

((bc-ad)??+223p12d¥ ((a+bx) (c+dx))*?)
J{[(be-ad)*?-222013 a1 (be-ad)?? ((a+bx) [cedx) )
2 2Y3p23 3 ((avbx) (c+dx))??) /
((1+V3) (bc-ad)??+222b12 ¥ ((a+bx] (c+dx))1/3)2) EllipticF|
(1-V3) (bc-ad)??+223p12 a2 ((a+bx) (c+dx))??

(1473 (be-ad)??+223p12 1 ((a+bx) (crdx))??

Ar‘cSin[

L—Mv?]]/

(2266222 (a+bx) " (c+dx) " (bcrad+2bdX)

J[[le-aa)?® ((pe-ag)??- 222622 a 7 ((arbx) (crax))™]] /

((1+3) (bc-ad)??+22262d ((a+bX) (c+dx))1/3)2) V(adib (cr2dx))? |
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Result (type 5, 76 leaves):

. 1 2 5 b(c+dx)
Hypergeometric2Fl| =, =, =
3<a+bX)2/3 (C+dX>2/3 1+ {’?’2’ hrf:ad“
(d(a+bx))2/3

-bcrad

4d

Problem 1597: Result unnecessarily involves higher level functions.

J ! dx
(a+bx)1/3 (c+dx)1/3

Optimal (type 4, 1257 leaves, 5 steps):
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(3((a+bx) (c+dx))¥?/(bcrad+2bdx)? \/(ad+b(c+zdx))2]/

(222622 d*? (a+bx)*? (c+dx)"? (bcrad+2bdx]
((1+\/?) (bc-ad)??+223pY3dY? ((a+bx) <c+dx)>1/3)) -

3.3Y44/2-4/3 (bc-ad)?? ((a+bx) (c+dx))¥*+/(bc+ad+2bdx)?

((bc-ad)*? 4222613 d™ ((asbx) (c+dx))'?) \/(((bcfad)4/3722/3b1/3d1/3
(bc—ad)Z/3 ((a+bx] (c+dx))1/3+2 213 p*3d*” ((a+bx) (c+dx))2/3)/
((1+V3]) (bc-ad)??+222p13 a1 ((a+bx) (c+dx))1/3)2) E1lipticE|
(1—\/?) (bc-ad)??+223bY3d3 ((a+bx) (c+dx))*?

(1493 (bc-ad)??+222p12dY2 ((asbx) (crdx))™?

Ar‘cSin[

|, -7-av3]|/

(2 213522 423 (a+bx)Y? (c+dx)¥? (bc+ad+2bdx)

\/(((bc—ad)2/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

(1473 (bc-ad)??+222p12 a1 ((a+bx) (c+dx))1/3)2> J(ad+b (c+2dx))2)+

[21/6 33/4 (bc—ad)Z/3 ((a+bx) (c+dx))1/3\/(bc+ad+2bdx>2

((bc-ad)??+223p12d¥? ((a+bx) (c+dx))*?)
\/(((bcfad)‘m—22/3b1/3d1/3 (bc-ad)®? ((a+bx) (crdx))¥?+
2 2Y3p23 23 ((avbx) (c+dx))??) /
((14V3) (bc-ad)??+222p¥2d"? ((a+bx) (c+dx))1/3)2) EllipticF |
(1-V3) (bc-ad)??+223p12 a1 ((a+bx) (crdx))??

(1+\/?) (bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (C+dx>)1/3

Ar‘cSin[

me]/

(672022 (a+bx) ™ (c+dx)*> (bcrad+2bdx)

J[[e-aa)?® (be-ag)??- 222622 ((arbx) (crdx))™]] /

((1+V3]) (bc-ad)??+222p12 a1 ((a+bx) (c+dx))1/3)2) J(ad+b (c+2dx>)2)

Result (type 5, 73 leaves):

1/3 . +
3 (d—(w)—) (c +dx)?? Hypergeometric2F1[ %, 2, 3, blesdx|
-bc+ad 3 3 3 bc-ad

2d (a+bx)1/3
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Problem 1598: Result unnecessarily involves higher level functions.

1

J(a+bx>4/3 (c+dx)*?

dx

Optimal (type 4, 1297 leaves, 6 steps):
3 (C+dx>2/3
(bc-ad) (a+bx)*?

(362 ((a+bx] (crax))**\[{ocradi2bdx)? \[[adrb(cr2dx])? |/

(22262 (bc-ad) (a+bx)? (c+dx)"? (bc+ad+2bdx)
((1+73) (be-ad)??+222p2 @ ((a+bx) (c+dx))™?]) -

+

3.3Y44/2-+/3 d'? ((a+bx) (c+dx))**/(bc+ad+2bdx)?

((bc-ad)??+223p12dM? ((a+bx) (c+dx))*?) \/(((bc—ad)4/3—22/3b1/3d1/3
(bc-ad)?? ((a+bx) (c+dx))*?+2 2Y3b?3d?? ((a+bX) (c+dx))2/3)/
((1++3]) (bc-ad)??+222 612 d2 ((a+bx) (c+dx))1/3)2) EllipticE |
(1-V/3) (bc-ad)??+222p12d2 ((asbx) (c+dx))™?

(1+V3) (bc-ad)??+223p12 a1 ((a+bx) (c+dx))??

ArcSin|

|, -7-av3]|/

2222622 (be-ad)*? (a+bx)" (cvdx)*> (bcrad+2bdx)

\/(((bc—ad)ys ((bc_ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

u1+v§j(bc_adyﬁ+zv3wﬂdw3(@+bx)(c+d@)”ﬂ2)¢<ad+b(c+zd@)2)+

{21/6 33443 ((a+bx) (c+dx))Y?/(bcrad+2bdx)?

((bc-ad)??+222p12d1 ((a+bx) (crdx))*?)
\/(((bcfad)4/3722/3b1/3d1/3 (bc-ad)?? ((a+bx) (c+dx))*+
2 2Y3p22 23 ((asbx) (c+dx))*?)/
((1+V3]) (bc-ad)??+222p12 a1 ((a+bx) (c+dx))1/3)2) EllipticF |
1-+/3 ) (bc-ad)*? 42233 d¥2 ((a+bx) (c+dx))'?

(1473 (bc-ad)??+223p12 a3 ((a+bx) (c+dx))??

Ar‘cSin[

|, -7-4v3]|/

(b2/3 (bc-ad)¥? (a+bx)¥? (c+dx)¥? (bc+ad+2bdx)

\/(((bc—ad)Z/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

(1473 (be-ad)??+ 222072 > ((avbx] (c+dx])*?)") [ (ad+b (c-2dx))7 |
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Result (type 5, 83 leaves):
d(a+bx)
-bc+ad
(2<bc—ad)(a+bx)”ﬂ

1/3 b(c+dx)

bc-ad

) 1 2 5
-2+ Hypergeometric2F1[ =, =, =,
3 3 3

]

[3 (c+dx)??

|/

Problem 1599: Result unnecessarily involves higher level functions.

dx

1
Jka+bxyﬁ(c+dxfﬂ

Optimal (type 4, 1335leaves, 7 steps):
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3(c+dx)2/3 3d(c+dx)2/3

4 (bc-ad) (a+bx)4/3 2 (bc—ad)2 (a+bx)1/3

(302 ((avbx] (cdx))*?[(bcrad 2bdx]® \[(adeb [c2dx]]? )/

(2 21/3 p2/3 (bc—ad)z(a+bx)1/3 (c+dx)*? (bc+ad+2bdx)
((1+\/?) (bc-ad)??+2¥3bY3d"3 ((a+bx) (c+dx)>1/3)) +

3.3V44/2-+/3 d*3 ((a+bx) (c+dx))¥*/(bcrad+2bdx)?

((bc-ad)??+222b12d™ ((a+bx) (crdx))*?) J(((bc—ad)4/3—22/3 bl/3 d/3
(bc-ad)?? ((a+bx) (c+dx))*?+2 2¥3b22d?? ((a+bx) (c+dx))2/3)/
(1473 (be-ad)??+ 222673 > ((a-bx) (c+dx])*?)"| EllipticE|
(1-V3) (bc-ad)??+223p12 13 ((a+bx) (c+dx))??

(1+\/?) 2/3+22/3b1/3d1/3((a+bx) (C+dx>)1/3

Arc51n

],-7-4m]/

(4 213p23 (bc-ad)*? (a+bx)¥? (c+dx)*? (bcrad+2bdx)

J(( ad)?? ((bc-ad)??+222p3 4> ((asbx) (crdx))?])/

((1ﬁ) (bc-ad)??+222p12d"? ((a+bx) (c+dx))1/3)2) Vl{adeb (cr2dx))? -

[33/4&/3 ((a+bx) (c+dx))*?/(bc+ad+2bdx)?

((be-ad)??+222b12d™? ((a+bx) (crdx))*?)
J{[(be-ad)*?-222013 a3 (be-ad)*? ((a+bx) (crdx))?s
2 2Y3p23 23 ((avbx) (c+dx))*?) /
((1+73) (bc-ad)>?+ 223613 ((a+bx] (c+dx))1/3)2) EllipticF |
(1-V/3) (bc-ad)??+222p12dY2 ((asbx) (crdx))™?

(1+\/?) (bc-ad)??+223bY3d3 ((a+bx) (c+dx))*?

ArcSin|

1;—7—4@]/

(25/"’b2/3 (bc—ad)‘”3 (a+bx)1/3 (c+dx)1/3 (bc+ad+2bdx)

\/(((bc—ad)ZB ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

((1+\/?) (bc-ad)??+223pY3d¥3 ((a+bx) (c+dx))1/3)2)\/(ad+b(c+2dx))2)

Result (type 5, 100leaves):

d b 1/3
-3 (c+dx)*?|-3ad+b (c-2dx) +d (a+bx) d(arbx)
-bc+ad
b d
Hypergeometric2Fl[ =, 2, 2, M] ]/(4(bc—ad)2(a+bx)4/3)]
3 3 3 bc-ad
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Problem 1600: Result unnecessarily involves higher level functions.

J ! dx
(a+bx)*? (c+dx)*?
Optimal (type 4, 1372 leaves, 8steps):
3 (c+dx)?? 15d (c+dx)?? 15d? (c+dx)??

- + - +

7 (bc-ad) (a+bx)’? 28 (bc-ad)? (a+bx)*? 14 (bc-ad)’® (a+bx)*?
(15072 ((a+bx] (c+dx))*<[(bcrad-20dx)? [ (ad=b[cr2dx)]? |/

(14 22b%3 (bc-ad)® (a+bx)*? (c+dx)?? (bc+ad+2bdx)
((1+73) (be-ad)??+222p2 @ ((a+bx) (c+dx))™?]) -

15 3142 _+/3 d7/3 ((a+bx) (c+dx))1/3\/(bc+ad+2bdx)2

((bc-ad)??+223p12dM? ((a+bx) (c+dx))*?) \/(((bc—ad)4/3—22/3b1/3d1/3
(bc-ad)?? ((a+bx) (c+dx))*?+2 2Y3b?3d?? ((a+bX) (c+dx))2/3)/
((1++3]) (bc-ad)??+222 612 d2 ((a+bx) (c+dx))1/3)2) EllipticE |
(1-V/3) (bc-ad)??+222p12d2 ((asbx) (c+dx))™?

(1+V3) (bc-ad)??+223p12 a1 ((a+bx) (c+dx))??

ArcSin|

|, -7-av3]|/

(28 222022 (bc-ad)”? (a+bx)" (c+dx)’ (bcrad+2bdx)

\/(((bc—ad)ys ((bc_ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

u1+v§j(bc_adyﬁ+zv3wﬂdw3(@+bx)(c+d@)”ﬂ2)¢<ad+b(c+zd@)2)+

{5 334d73 ((a+bx) (c+dx))?/(bc+ad+2bdx)?

((bc-ad)??+222p12d1 ((a+bx) (crdx))*?)
\/(((bcfad)4/3722/3b1/3d1/3 (bc-ad)?? ((a+bx) (c+dx))*+
2 2Y3p22 23 ((asbx) (c+dx))*?)/
((1+V3]) (bc-ad)??+222p12 a1 ((a+bx) (c+dx))1/3)2) EllipticF |
1-+/3 ) (bc-ad)*? 42233 d¥2 ((a+bx) (c+dx))'?

(1473 (bc-ad)??+223p12 a3 ((a+bx) (c+dx))??

Ar‘cSin[

|, -7-4v3]|/

7296622 (bc-ad)”? (a+bx)" (cvdx)*> (bcrad2bdx)

\/(((bc—ad)Z/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

(1473 (be-ad)??+ 222072 > ((avbx] (c+dx])*?)") [ (ad+b (c-2dx))7 |
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Result (type 5, 136 leaves):

[3 (c+dx)2/3
1/3

d (a+bx)

-bc+ad

(—19a2d2+abd (13c—25dx) +b? (—4c2+5cdx—10d2x2) +5d? (a+bx)2

)/ (28 (bc—ad)3 <a+bx)7/3)

_ 1 2 5 b(c+dx)
Hypergeometr1c2F1[;, ;, ;, ﬁ]
c-a

Problem 1601: Result unnecessarily involves higher level functions.
5/3
J (a +b X) dx
(C +d X> 2/3
Optimal (type 3, 216 leaves, 3 steps):

5(bc-ad) (a+bx)2/3 (c+dx)1/3
6 d?

+

1/3 1/3
S(bc—ad)zAr‘cTan[—1 4 247 (asbx) 77 ]
A3 /3 bY3 (c+dx)V/3

(a+bx)* (c+dx)*?
2d 3\/?b1/3d8/3

S (bc-ad)?Log[-1+ &rn]

5(bc-ad)®Log[c+dx]
18b1/3d8/3 N

6 b1/3 d8/3

Result (type 5, 107 leaves):

! (c+dx)1/3 d(a+bx) (-5bc+8ad+3bdx) +

6 d> (a+bx>1/3

b (C+dx)
bc-ad

d(a+bx)\*? 11 4
—_— Hypergeometric2F1[ =, =, —,
3 3 3

10 (bc—ad)2 [ o

Problem 1602: Result unnecessarily involves higher level functions

(a +b X) 2/3 4
- dX
J (c+dx)??
Optimal (type 3, 169 leaves, 2 steps):
2dY3 (a+bx)Y/3 ]

(a+bx)?? (crdx)? 2 (bc-ad) Ar‘cTan[%Jr =T

N
d \/3 bl/3¢5/3

1/3 1/3
(bc-ad) Log[-1+ —(—)—:1/,3 (:z;m ]

b1/3 d5/3

(bc-ad) Log[c+dx]
3b1/3d5/3 N

Result (type 5, 74 leaves):
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2 Hypergeometric2F1 { 1L i—, bh(c*d :) w
ca
(d (a+bx) )2/3

-bcrad

(a+bx)2/3 (c+dx)1/3 1+

Problem 1603: Result unnecessarily involves higher level functions.

1

J(a+bx>1/3 (c+dx)??

dx

Optimal (type 3, 126 leaves, 1step):
3Llog[-1+ & (@b ]

b3 (crdx) /3

V3 ArcTan| -+ _2d2 (atbx) PP ]
V3 A3 bY3 (crdx) /3 Log[c +dx]

b1/3 d2/3 2 b1/3 d2/3 2 b1/3 d2/3

Result (type 5, 71 leaves):

+ 1/3 . +
3 (d—(ﬂ)—) (c +dx)? Hypergeometric2F1[%, 1, 2, blcedx]
-bc+ad 3 3 3 bc-ad

d (a+bx)1/3

Problem 1608: Result unnecessarily involves higher level functions.

b 7/3
Jw ix

(c+dx)2/3

Optimal (type 4, 649 leaves, 6 steps):
21 (bc-ad)? (a+bx)*? (c+dx)*?

20d?
21 (bc—ad) (a+bx>4/3 <c+dx)1/3 3 <a+bx)7/3 (c+dx)1/3
N ,
40 d? 8d

[7 334/2++/3 (bc-ad)® ((a+bx) (c+dx))**+/(bc+ad+2bdx)?

((bc-ad)??+223p12d1 ((a+bx) (crdx))*?) \/(((bc—ad)4/3—22/3b1/3d1/3
(bc-ad)?? ((a+bx) (c+dx))*?+2 2¥3b22d*3 ((a+bx) (c+dx))2/3)/
((1+\/?) (bc-ad)??+222bY3d"? ((a+bx) (c+dx))1/3)2) EllipticF|

(1-V3) (bc-ad)??+222p12d3 ((asbx) (c+dx))™?

ArcSin|

1,—7—4m]/

(1+\/?) (bc-ad)??+223bY3d3 ((a+bx) (c+dx))*?
10 222622 d%2 (abx)*? (c+dx]*? (bcrad 2bdX)

J([oe-ad) ((pe-ad) 22606 ((arbx] (crdx))™?)) /

u1+v§j(bcfadyﬂ+zv3wwdw3(@+bx)(c+d@)”ﬂ2)J<ad+b(c+zdxH2)
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Result (type 5, 137 leaves):
1

4@d4(a+bx)2/3

3 (c+dx>1/3 [d (a+bx) (26a2d*+abd (-35c+17dx) +b? (14c2-7cdx+5d*x?)) -

d(a+bx) 2/3

-bc+ad

b (c+dx)

14(bcadf{
bc-ad

) 1 2 4
Hypergeometric2F1[ =, =, —,
3 3 3

Problem 1609: Result unnecessarily involves higher level functions.

(a+bx)*?
J ST ax
(C +d X> 2/3
Optimal (type 4, 614 leaves, 5steps):
6(bc-ad) (a+bx)*? (c+dx)? 3 (a+bx)*? (c+dx)*?

+ +

5d? 5d

2 212 344/2.43 (bc-ad)?((a+bx) (c+dx))?>

J(bcrad+2bdx)® ((bc-ad)??+223p12 ¢ ((a+bx) (c+dx))™?]
\/(((bcfad)4/3722/3b1/3d1/3 (bc-ad)?? ((a+bx) (c+dx))*+
2 2Y3p23 23 ((avbx) (c+dx))*?)/
((1+V3]) (bc-ad)??+222p12 a1 ((a+bx) (c+dx))1/3)2> EllipticF|
(1-V3) (bc-ad)??+222p12d2 ((asbx) (c+dx))™?

(1443 (bc-ad)??+223p12 a3 ((a+bx) (c+dx))??

APcSin[

|, -7-4v3]|/

(5b1/3d7/3 (a+bx)2/3 (c+dx)2/3 (bc+ad+2bdx>

\/ (( (bc-ad) 2/3 ( (bc-ad) 2/3  p2/3 pl/3 ¢1/3 ((a+bx) (c+dx) )1/3)) //

(1493 (be-ad)??+ 222073 > ((a+bx] (c+dx])*?)") [ (ad b (c2dx))7 |

Result (type 5, 106 leaves):
;3 (crdx)'? [d (a+bx) (-2bc+3ad+bdx) +
5d® (a+bx)??

d (a+bx) 2>

-bc+ad

b (c+dx)

2(bc—adf[
bc-ad

_ 1 2
Hypergeometric2F1| —, —
3 3

4
y
3
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Problem 1610: Result unnecessarily involves higher level functions.

b 1/3
J& ix

(c+dx)2/3

Optimal (type 4, 577 leaves, 4 steps):

3*4+/2+4/3 (bc-ad) ((a+bx) (c+dx))??

3 (a+bx)1/3 (c+dx>1/3

2d )

J(bcrad+2bdx)® ((bc-ad)??+223p12d"3 ((a+bx) (c+dx))™?]
\/(((bcfad)4/3722/3b1/3d1/3 (bc-ad)?? ((a+bx) (c+dx))*+
2212622 d¥? ((a+bx) (c+dx))*?] /
((1+V3]) (bc-ad)??+222p13 a1 ((a+bx) (c+dx))1/3)2) EllipticF |
(1-V3) (bc-ad)*?+223p¥3 V3 ((a+bx) (c+dx))?

(1493 ) (bc-ad)??+222p12dY3 ((asbx) (c+dx))™?

Ar‘cSin[

|, -7-av3]|/

[2220%2d*2 (asbx)*? (c+dx)?? (bcrads2bdx)

J((1be-2a)?* ((pe-ad)?e 2262 a ((arbx) (codx))™?)) /

(1493 (be-ad)??+ 222072 > ((a-bx] (c+dx])*?)") [ (ad+b (c-2dx))7 |

Result (type 5, 76 leaves):

bcad

3 (a+bx)1/3 (c+dx>1/3 1+

Hypergeometric2F1 { 1,2, :—, b fcrdx) w
(d (asbx) )1/3

-bcrad

2d

Problem 1611: Result unnecessarily involves higher level functions.

J ! dx
(a+bx)2/3 (c+dx)2/3

Optimal (type 4, 542 leaves, 3 steps):
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2173 . 33/4./2 443 ((a+bx]) (c+dx>)2/3

J(bc+ad+2bdx)? ((bc-ad)2/3+22/3bl/3dl/3((a+bx) (c+dx))1/3)
J(((bc—ad)4/3—22/3b1/3d1/3 (bc-ad)?? ((a+rbx) (crdx))¥>+
2 2302 d23 ((avbx) (c+dx))*?) /
((1+V/3) (bc-ad)>?+ 222 b3 ¥ ((a+bx) (c+dx)>1/3)2)
(1-V3) (bc-ad)??+223p13d¥3 ((a+bx] (c+dx))">

(1+\/?) (bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3

EllipticF [ArcSin|

J,-7—4mJ/

(622 d2 (a+bx)*? (c+dx)*? (bcrad-2bdx)

J[be-aa)® ((pe-aa)> 2o ((asbx] (crdx)]*]) /

([2+V3] (bc-ad)??+222pP2d ((a+bx] (c+dx))1/3)2) J(ad+b <c+2dx)>2)

Result (type 5, 71 leaves):

+ 2/3 . +
3 (M) (c+dx)1/3 Hypergeometric2Fi[2, 2, 2, bJC—dXL}
-bc+ad 3 3 3 bc-ad

d (a+bx)2/3

Problem 1612: Result unnecessarily involves higher level functions.

J = dx
(a+bx>5/3 ((:erx)z/3

Optimal (type 4, 586 leaves, 4 steps):
- [3¥44/2+/3 d?? ((a+bx) (c+dx))??

\/(bc+ad+2bdx>2 ((bc-ad)2/3+22/3b1/3d1/3((a+bx) (c+dx>)1/3)
J{[(pe-ad)*? 222612 a (be-ad)™? ((arbx] (crdx))?s
2 2Y3p23 3 ((avbx) (c+dx))*?) /

((1+V3) (bc-ad)??+222p12 a1 ((a+bx) (c+dx))1/3)2) EllipticF |

3 (c+dx)1/3

2 (bc-ad) (a+bx)2/3

1-3 d)??+222p12d12 ((a+bx) (c+dx))*?
— [2-V3) (b ((a+bx] (crax)) | r-av3]|/
(1+\/?) 2/3+22/3b1/3d1/3((a+bx) (C+dx>)1/3
(22/3b1/3( ad) a+bx)2/3 (c+dx)2/3 (bc+ad+2bdx)

(
\/(( 2/3( 2/3+22/3b1/3d1/3((a+bx) (c+dx))1/3))/

((1+\/?) (bc-ad)®?+223b13d¥? ((a+bx) (c+dx))1/3)2) J(ad+b (c+2dx))2)
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Result (type 5, 83 leaves):
d(a+bx)

-bc+ad

2/3

. 1 2 4 bc+dx)
Hyper‘geometr‘1c2F1[;, 33 ——] /

3 (c+dx)1/3 {1+

(2 (bc-ad) (a+bx)2/3)]

Problem 1613: Result unnecessarily involves higher level functions.
1

J(a+bx>8/3 (crdx)??

dx

Optimal (type 4, 621 leaves, 5 steps):
3 (c+dx)?? 6d (c+dx)*?
5(bc-ad) (a+bx)*? 5 (bc-ad)?(a+bx)*?

2.2%3 3%44[2+4/3 d°? ((a+bx) (c+dx))??

J(ocrads2bdx)® ((bc-ad)??+223p12d"3 ((a+bx) (c+dx))™?]
\/(((bc—ad)4/3—22/3b1/3d1/3 (bc-ad)?? ((a+bx) (c+dx))*+
2 2Y3p23 23 ((axbx) (c+dx))*?)/
((1++3]) (bc-ad)??+ 222612 d ((a+bx) (c+dx))1/3)2) EllipticF |
(1-V3) (bc-ad)??+222p12d2 ((asbx) (c+dx))™?

(1443 (bc-ad)??+223p12 a1 ((a+bx) (c+dx))??

ArcSin|

];74@]]/

(Sbl/3 (bc-ad)? (a+bx)?? (c+dx)*? (bc+ad+2bdx)

\/(((bc—ad)Z/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

(1473 (be-ad)??+ 222073 > ((a~bx] (c+dx])*?)") [ (ad+b (c-2dx))7 |

Result (type 5, 102 leaves):

-bc+3ad+2bdx+2d (a+bx)

d b 2/3
[3 (c+dx)1/3 —(a+ X>)
-bc+ad

, 1 2
Hypergeometric2F1[ —, —,
3 3

J/”@(bc_ady(a+bxf”)

Problem 1614: Result unnecessarily involves higher level functions.

J ! dx
(a+bx)™ (c+dx)??
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Optimal (type 4, 656 leaves, 6 steps):
3 (c+dx)? 21d (c+dx)*?

— + —

8(bc-ad) (a+bx)®? 4@ (bc-ad)?(a+bx)°"?

21 d? (c+dx>1/3

7 3%44/24+4/3 d®3 ((a+bx) (c+dx))2/3

20 (bc—ad)3 (a+bx>2/3

\/(bc+ad+2bdx)2 ((bcfad)2/3+22/3b1/3d1/3((a+bx> (c+dx>)1/3)
J{[(pe-ad)*2 222612 a (be-ad)™? ((arbx] (crdx))*+
2 22022 ¢ ((asbx] (crdx])??) /
((1+V3) (bc-ad)>?+222p13 ¢ ((a+bx| (c+dx))1/3)2) EllipticF |

(1-V3) (bc-ad)??+222p12d3 ((asbx) (crdx))™?

ArcSin|

] -7-4\/?]]/

(1+\/?) (bc-ad)??+223bY3d3 ((a+bx) (c+dx))*?
10 22202 (bc-ad)’ (a+bx)*? (c+dx)”? (bcrads2bdx]

\/(((bc—ad)ZB ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

((1+\/?) (bc-ad)??+223p¥3d¥? ((a+bx) (c+dx))1/3)2)\/<ad+b(c+2dx))2)

Result (type 5, 136 leaves):

[3 (c+dx)1/3

d(a+bx)??
-bc+ad

26a*d’>+abd (-17c+35dx) +b? (5¢*-7cdx+14d?x?) + 14 d? (a+bx)2(

1
Hypergeometric2F1| -,
3

J/ (40 (-bc+ad)’ (a+bx)8/3)

Problem 1615: Result unnecessarily involves higher level functions.

<a+bx>7/3

Jidlx
<C+dx>4/3

Optimal (type 3, 241 leaves, 4 steps):
3 (a+bx)7/3 14b (bc-ad) (a+bx)1/3 <c+dx)2/3
d(c+dx)? 3d3

+

_4 / + /
7b (a+bx)*? (cvdx)?? 14b3 (bc fad>2Ar'cTan[j? + Q—)—é_b;;f(a‘i:x:;]

2 d? 3+/3 do/3

7bY3 (bc-ad)®Log[-1+ M]

dv3 (asbx) !/

7bY3 (bc-ad)®Logla+bx]

9 d10/3 3 d10/3
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Result (type 5, 132 leaves):

18 (bc-ad)?
;(mdx)”3 d(a+bx) b(-1ebc+13ad)+3b2dx-& +
6d* (a+bx)?? c+dx
, (d[arbx) |2 2 2 5 b (cedx]
14b (bc-ad) [7) Hypergeometric2F1[ =, —, =, ———*
-bc+ad 3 3 3 bc-ad

Problem 1616: Result unnecessarily involves higher level functions.

dx

J(aerx)‘”3

<C+dx>4/3

Optimal (type 3, 195leaves, 3 steps):

4b'3 (bc-ad) Ar‘cTan[g 26" (exdx) ]

3(a+bx)*? 4b(a+bx)? (c+dx)?? T3 & (asbx)

- + +

d (c+dx>1/3 d? 3 d7/3

2 bl/3 (bc—ad) Log[_1+ M}

d/3 (a+bx)/3

2b'3 (bc-ad) Log[a+bx]
347/3 v d7/3

Result (type 5, 95leaves):

2 b Hypergeometric2F1 [ %, 25 bh(c‘d:) ]

(a+bx)1/3 (C+dX>2/3 4bc-3ad+bdx 4
c+dx (d(a+hx))l/3

-bc+ad

d2

Problem 1617: Result unnecessarily involves higher level functions.

(a+bx)*?
J(c+dx>4/3 >
Optimal (type 3, 149leaves, 2 steps):

3 bl/3 ApcT 1 2bY/3 (c+dx) V3
\3 rcTan| = 2o lerdXi =]

1/3 ,
3 (a+bx> V3 dY3 (arbx)1/3

d (c+dx)1/3 d4/3

3 pl/3 Log[—l L B (cidx) ]

d¥/3 (a+bx)1/3

bl/3 Log[a + b x]
2d4/3 - 2d4/3

Result (type 5, 90 leaves):
d(a+bx)
-bc+ad
<2d2 (aerx)Z/3 (c+dx)1/3)

2/3

-6d (a+bx) +3b (c+dx) Hyper‘geometricZFl[%,
3
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Problem 1622: Result unnecessarily involves higher level functions.

<a+bx)8/3 4
A~ dx
J<c+dx)‘”3

Optimal (type 4, 1355leaves, 8 steps):



114 | Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)”~m (c+d x)”~n.nb

3(a+bx>8/3 30b(bc—ad> (a+bx)2/3(c+dx)2/3 24b<a+bx)5/3(c+dx)2/3
+ +

7 d?

_d(c+dx)1/3 7d3
(30 222pY3 (bc-ad)? ((a+bx) <c+dx))1/3\/<bc+ad+2bdx)2 J(ad+b (c+2dx))2]/

(7d11/3 (a+bx)*? (c+dx)*? (bc+rad+2bdx)
((1+V3) (bc-ad)??+222pY2d"? ((a+bx) (c+dx))™?]] -

15 223 3Y4./2 /3 b3 (bc-ad)®? ((a+bx) (c+dx))¥* [ (bc+ad+2bdx)?

((bc-ad)??+222b12d™ ((a+bx) (crdx))*?) J(((bc—ad)4/3—22/3b1/3d1/3
(bc—ad)Z/3 ((a+bx) (c+dx))1/3+2 213 b2 d?3 ((a+bXx) (c+dx))2/3)/
(1473 (bc-ad)??+222p12d1 ((a+bx) (c+dx))1/3)2) EllipticE|

15 (o a0 2 (0w (00 _7-4@]/

(1+\/?) (bc—ad)2/3’+22/3b1/3d1/3 ((a+bx) (c+dx))1/3

ArcSin|

(7d11/3 (a+bx)*? (c+dx)*? (bc+ad+2bdXx)
\/(((bc—ad)2/3((bc ad)2/3+22/3b1/3d1/3((a+bx) (c+dx))1/3))/

“1+v§j(bcfadyﬁ+zv3wwdw3<@+bx)(c+d@)”jz)¢<ad+b(c+zdxH2)+

&e 2176 33/4p13 (bc-ad)®? ((a+bx) (c+dx))¥*/(bc+ad+2bdx)?

((be-ad)??+222b12d™? ((a+bx) (crdx))*?)
J{[(pe-ad)*? 222612 a (be-ad)™? ((arbx] (crdx))?s
2 2Y3p23 23 ((avbx) (c+dx))*?) /
((1+73) (bc-ad)>?+ 223613 ((a+bx] (c+dx))1/3)2) EllipticF |

1;—7—4@]/

(1-V/3) (bc-ad)??+222p12dY2 ((asbx) (crdx))™?

(1+\/?) (bc-ad)??+223bY3d3 ((a+bx) (c+dx))*?

ArcSin|

7d13 (a+bx)Y3 (c+dx)¥3 (bc+ad+2bdx
70 (asbx) ™ (crax) )
\/(((bc—ad)ZB ((bc ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

((1+\/?) (bc-ad)??+223pY3d¥3 ((a+bx) (c+dx))1/3)2) \/(ad+b (c+2dx))2)

Result (type 5, 131 leaves):
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7 (bc-ad)?
S (c+dx)??|d (a+bx) b(—3bc+4ad)+b2dX—M N
7d* (a+bx)*? c+dx
o (d(a+bx) )" 1 2 5 blc+dx)
1eb (bc-ad) [— Hypergeometric2F1|[~, =, =, —————
-bc+ad 3 3 3 bc-ad

Problem 1623: Result unnecessarily involves higher level functions.

b 5/3
JQ i

(c+dx>4/3

Optimal (type 4, 1317 leaves, 7 steps):
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3(a+bx)®? 15b (a+bx)?? (crdx)??
_d(c+dx)1/3+ 442 )
(15b1/3 (bc-ad) ((a+bx) <c+dx))1/3\/(bc+ad+2bdx)2 J<ad+b(c+2dx))2)/

(2 2V3 483 (a+bx)*? (c+dx)*? (bcrad+2bdx)
((1+\/?) (bc-ad)??+2¥3bY3d"3 ((a+bx) (c+dx)>1/3)) +

15 3Y44/2-+/3 b3 (bc-ad)®? ((a+bx) (c+dx))*? [ (bcrad+2bdx)?

((bc-ad)??+222b12d™ ((a+bx) (crdx))*?) J(((bc—ad)4/3—22/3b1/3d1/3
(bc—ad)Z/3 ((a+bx) (c+dx))1/3+2 213 b2 d?3 ((a+bXx) (c+dx))2/3)/
(1473 (bc-ad)??+222p12d1 ((a+bx) (c+dx))1/3)2) EllipticE|
1-+/3)
1+\/?) ]’_7_4\/?]]/
(4 2V3 483 (a+bx)*? (c+dx)*? (bcrad+2bdx)
\/(((bc—ad)2/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3>)/

“1+v§j(bcfadyﬁ+zv3wwdw3<@+bx)(c+d@)”jz)¢<ad+b(c+zdxH2)7

(bc-ad)??+223p1/3d13 ((a+bx) (c+dx))?
(bc-ad)

ArcSin| (
( 2/3 , 52/3 p1/3 41/3 ((a+bx) (c+dx))1/3

F 33/4b3 (bc-ad)®? ((a+bx] (c+dx))*\/(bcrad+2bdx)’

((be-ad)??+222b12d™? ((a+bx) (crdx))*?)
J{[(pe-ad)*? 222612 a (be-ad)™? ((arbx] (crdx))?s
2 2Y3p23 23 ((avbx) (c+dx))*?) /
((1+73) (bc-ad)>?+ 223613 ((a+bx] (c+dx))1/3)2) EllipticF |

1;—7—4@]/

(1-V/3) (bc-ad)??+222p12dY2 ((asbx) (crdx))™?

(1+\/?) (bc-ad)??+223bY3d3 ((a+bx) (c+dx))*?

ArcSin|

(25/6d3/3 (a+bx)*? (c+dx)*? (bc+ad+2bdx)
\/(((bc—ad)ZB ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

((1+\/?) (bc-ad)??+223pY3d¥3 ((a+bx) (c+dx))1/3)2)\/(ad+b(c+2dx))2)

Result (type 5, 98 leaves):

i 1 2 5 b(crdx)
1 Sbc_-4adsbdx 5bHypergeometric2Fi[>, 2, 2, ]
——3 (a+bx)?? (c+dx)?? + . 37 3° 3° be-ad
4d? c+dx (d(a+bx) )2/3
-bc+ad
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Problem 1624: Result unnecessarily involves higher level functions.
+ 2/3
J(a b x) ix
(c+dx)*?
Optimal (type 4, 1279 leaves, 6 steps):
3 (a+bx)??
d <C+dx>1/3
(d5/3 (a+bx)?? (c+dx)*? (bc+rad+2bdx)
((1+\5) (bc-ad)??+223p¥3dY? ((a+bx) <c+dx)>1/3)) -

(32272672 ((avbx) (cvdx))"?[(bcradi2bdx)? o[ (adeb (c+zdx))2)/

3.3Y%4/2-+/3 b3 (bc-ad)?? ((a+bx) (c+dx))¥?* /(bcrad+2bdx)?

[(be-ad)??+222b12d™? ((a+bx) (crdx))*?) \/(((bcfad)4/3722/3b1/3d1/3
(bc-ad)?? ((a+bx) (c+dx))*?+2 2¥3b22d*3 ((a+bx) (c+dx))2/3)/
((14V3) (bc-ad)??+222pY2d"? ((a+bx) (c+dx))1/3)2) EllipticE|
(1-V3) (bc-ad)??+223p12 a1 ((a+bx) (c+dx))??

(1+\/?) (bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (C+dx>)1/3

Ar‘cSin[

1,74@]/

(222052 (a+bx) ™ (c+dx)*? (bcrad+2bdx)

\/(((bc—ad)Z/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

((1+V3]) (bc-ad)??+222p12 a1 ((a+bx) (c+dx))1/3)2) J(ad+b (c+2dx))2)+

2 21/6  33/4pl/3 (bcfad)2/3((a+bx) (c+dx>)1/3\/(bc+ad+2bdx>2

((bc-ad)??+223p22d¥? ((a+bx) (c+dx))*?)
J{[(be-ad)*?-222613 a1 (be-ad)*? ((a+bx) [cedx) )™=
2 2Y3p23 23 ((avbx) (c+dx))??) /
((1+V3) (bc-ad)??+222b12 "> ((a+bx| (c+dx))1/3)2) EllipticF|
(1-V3) (bc-ad)??+223p12 a1 ((a+bx) (c+dx))??

ArcSin|
(1473 (be-ad)??+223p12 1 ((a+bx) (crdx))??

],-7-4@]/

(d5/3 (a+bx>1/3 (c+dx)1/3 (bc+ad+2bdx)

\/(((bc—ad)2/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

((1+3) (bc-ad)?? 22262 ((a+bX) (c+dx))1/3)2) V(adib (cr2ax))? |

Result (type 5, 87 leaves):
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1/3

d b
M (c +d x) Hyper-geometr'iCZFl[

-bc+ad
<d2 (a+bx)1/3 (c+dx)1/3>

)

[—3d(a+bx)+3b[

Problem 1625: Result unnecessarily involves higher level functions.

J = dx
(a+bx>1/3 (c+dx)4/3

Optimal (type 4, 1298 leaves, 6 steps):




Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)™m (c+d x)~n.nb | 119

3 (a+bx)2/3

(bc-ad) (c+dx)??

(3b1/3 ((a+bx) (c+dx))1/3J<bc+ad+2bdx)2 \/(ad+b (c+2dx))2)/

(21/3d2/3 (bc-ad) (a+bx)1/3 (c+dx)1/3 (bc+ad+2bdx)
((1+\/?) (bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx)>1/3)) +

334423 b3 ((a+bx) (c+dx))¥*/(bcrad+2bdx)?

((bc-ad)??+222b12d™ ((a+bx) (crdx))*?) J(((bc—ad)4/3—22/3b1/3d1/3
(bc-ad)?? ((a+bx) (c+dx))*?+2 2¥3b22d?? ((a+bx) (c+dx))2/3)/

(1473 (bc-ad)??+222p12d1 ((a+bx) (c+dx))1/3)2) EllipticE|

Amsﬂﬂ(1v3j(bcadyﬁ+zv3wﬂdw3(@+bx)(c+dxmlﬂ],_7_4v§q//
(1+\/?) (bc—ad)2/3’+22/3b1/3d1/3 ((a+bx) (c+dx))1/3
(2 22?3 (bc-ad)*? (a+bx)*? (c+dx)*? (bc+rad+2bdx)
\/(((bc—ad)2/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3>)/

“1+v§j(bcfadyﬁ+zv3wwdw3<@+bx)(c+d@)”jz)¢<ad+b(c+zdxH2)7

&vs 33/4p13 ((a+bx) (c+dx))¥?/(bcrad+2bdx)?

((be-ad)??+222b12d™? ((a+bx) (crdx))*?)
J{[(pe-ad)*? 222612 a (be-ad)™? ((arbx] (crdx))?s
2 2Y3p23 23 ((avbx) (c+dx))*?) /
((1+73) (bc-ad)>?+ 223613 ((a+bx] (c+dx))1/3)2) EllipticF |

(1-V/3) (bc-ad)??+222p12dY2 ((asbx) (crdx))™?

ArcSin|

1;—7—4@]/

(1+\/?) (bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (C+dx))1/3
(d2/3 (bc-ad)*? (a+bx)*? (c+dx)*? (bc+ad+2bdx)

\/(((bc—ad)ZB ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

((1+\/?) (bc-ad)??+223pY3d¥3 ((a+bx) (c+dx))1/3)2)\/(ad+b(c+2dx))2)

Result (type 5, 100leaves):
d(a+bx)
-bc+ad
(2d (bc-ad) (a+bx)™? (c+dx)??)

1/3 1 2 5 bfc+dx)
(c +dx) Hypergeometric2Fi[ =, =, =, }J/
3 3 3 bc-ad

6d(a+bx)3b(
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Problem 1626: Result unnecessarily involves higher level functions.

1

J(a+bx>4/3 (c+dx)4/3

dx

Optimal (type 4, 1327 leaves, 7 steps):
3 6d (a +b X) 2/3

- - +

(bc-ad) (a+bx)*? (c+dx)¥? (bc-ad)? (c+dx)'?
3222022 d2 ((a+bx] (c+dx)) [(bcrad-20dx)? [ (ad=b(cr2dx)]? |/

((bc-ad)? (a+bx)? (c+dx)*? (bcrad+2bdx]
((1+73) (be-ad)??+222p2 @ ((a+bx) (c+dx))™?]) -

3 314.[o_ /3 pl/3 gl ((a+bx) <c+dx))1/3\/(bc+ad+2bdx)2

((bc-ad)??+223p12dM? ((a+bx) (c+dx))*?) \/(((bc—ad)4/3—22/3b1/3d1/3
(bc-ad)?? ((a+bx) (c+dx))*?+2 2Y3b?3d?? ((a+bX) (c+dx))2/3)/
((1++3]) (bc-ad)??+222 612 d2 ((a+bx) (c+dx))1/3)2) EllipticE |
(1-V/3) (bc-ad)??+222p12d2 ((asbx) (c+dx))™?

(1+V3) (bc-ad)??+223p12 a1 ((a+bx) (c+dx))??

ArcSin|

|, -7-av3]|/

(21/3 (be-ad)*? (a+bx)¥? (c+dx)¥? (bc+ad+2bdx)

\/(((bc—ad)ys ((bc_ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

u1+v§j(bc_adyﬁ+zv3wﬂdw3(@+bx)(c+d@)”ﬂ2)¢<ad+b(c+zd@)2)+

{2 2176 3341313 ((asbx) (c+dx))V? [ (bcrad+2bdx)?

((bc-ad)??+222p12d1 ((a+bx) (crdx))*?)
\/(((bcfad)4/3722/3b1/3d1/3 (bc-ad)?? ((a+bx) (c+dx))*+
2 2Y3p22 23 ((asbx) (c+dx))*?)/
((1+V3]) (bc-ad)??+222p12 a1 ((a+bx) (c+dx))1/3)2) EllipticF |
(1-V/3) (bc-ad)??+222p12d2 ((asbx) (c+dx))™?

(1473 (bc-ad)??+223p12 a3 ((a+bx) (c+dx))??

Ar‘cSin[

|, -7-4v3]|/

[(bc-ad)*? (asbx)*?(crdx)" (bcrads2bdx]

\/(((bc—ad)Z/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3))/

(1473 (be-ad)??+ 222072 > ((avbx] (c+dx])*?)") [ (ad+b (c-2dx))7 |
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Result (type 5, 98 leaves):
d (a +b X)
-bc+ad

3

1/3 1 2
] (c+—dx)HypergeometricZFl[;5 —5 T ——______]

ad+b<c+2dx)—b[

ch—adf(a+bxfﬁ(c+dxf””

Problem 1627: Result unnecessarily involves higher level functions.

J 1 dx
(a+bxy”(c+dxfu

Optimal (type 4, 1370 leaves, 8 steps):
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3
N
4 (bc-ad) (a+bx)‘”3 (c:+dx)1/3

15d 15d? (a+bx)??
.
4 (bc—ad)2 (a+bx)1/3 (c+dx)1/3 2 (bc—ad)3 (c+dx)1/3
15672 d%> ((a+bx] (c+dx] )"/ (bcrad+2bdx)” \[(ad=b (c-2dx))? | /

(2 2'2 (bc-ad)® (a+bx)*? (c+dx)? (bc+ad+2bdx)
[[1+V/37] (bc-ad)??+222p12dY ((a+bx) (cedx))V?))

15 3V4/2-+/3 bY2d*? ((a+bx) (c+dx))¥*:/(bcrad+2bdx)?

((bc-ad)??+222b12d™ ((a+bx) (crdx))*?) J(((bc—ad)4/3—22/3b1/3d1/3
(bc-ad)?? ((a+bx) (c+dx))*?+2 222022 d> ((a+bx) (c+dx))*?) /
((1+V3) (bc-ad)>?+222p12 ¥ ((a+bx] (c+dx))1/3)2) EllipticE |
(1-V3) (bc-ad)??+223p12 a1 ((a+bx) (c+dx))??

(1443 (be-ad)??+223p12 1 ((a+bx) (crdx))??

ArcSin|

],-7-4@]/

(4 21/3 (bc:—ad)”3 (a+bx)1/3 (<:+dx)1/3 (bc+ad+2bdx)

J[[e-aa)?® ((be-ag)??- 222622 ((arbx) (crax))™]] /

((1+3) (bc-ad)?? 22263 ((a+bX) (c+dx))1/3)2) V(adeb (cr2dx))? -

[5 33/4p12d*3 ((a+bx) (c+dx))¥*+/(bcrad+2bdx)>

((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3)
J{[(be-ad)*?-222013 a3 (be-ad)*? ((a+bx) (crdx))?s
2 2M3p¥3d*3 ((a+bx) (c+dx))2/3)/
(1473 (bc-ad)??+222p12d1 ((a+bx) (c+dx))1/3)2) EllipticF |

(1-V3) (bc-ad)??+223p12 13 ((a+bx) (c+dx))??

ArcSin|

],—7-4m]/

(1+\/?) (bc-ad)??+223bY3d3 ((a+bx) (c+dx))*?
(25/6 (bc-ad)”? (a+bx)*? (c+dx)*? (bc+ad+2bdx)

\/(((bc—ad)2/3 ((bc—ad)2/3+22/3b1/3d1/3 ((a+bx) (c+dx))1/3>)/

([2+V3) (bc-ad)??+222 b2 d ((a+bx) (c+dx))1/3)2) J(ad+b (c+2dx))2)

Result (type 5, 138leaves):
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3|4a’d’+abd (7c+15dx) +b? (-c*+5cdx+10d*x*) -

|

d(a+bx)\*?

5bd (a+bx) " y
-bc+a

1
e > > 7]

(c +dx) Hypergeometric2Fl|

w
w
w
(on
(g}

|
QU
Q.

(4 (-bc+ad)® (a+bx)*? (c+dx)1/3)]

Problem 1628: Result unnecessarily involves higher level functions.

J(1+x)1/3 N

<1+X>1/3

Optimal (type 3, 77 leaves, 2 steps):

2 ArcTan| 2=+ _Z(M)L]

1/3 2/3 V3 V3 (1) 1 (1 +x)1/3
(71+X> / (1+X) 3y +—Log[—1+x]+Log[—1+4]
\/? 3 <71+X)1/3
Result (type 5, 50 leaves):
-1 1/3 11 4 1-
[ tX (1+x722/3 (1+x)*? Hypergeometric2F1[ =, =, —, X]
1+X 3 3 3 2

Problem 1629: Result unnecessarily involves higher level functions.

J(a+bx)3/2 (c+dx)1/4d1x

Optimal (type 4, 185leaves, 6 steps):
8 (bc—ad)zx/a+bx (c+dx)1/4 4 (bc-ad) <a+bx)3/2 (c+dx)1/4

+

N
77 b d? 77bd
16 (bc-ad)34 |_d@bx) E11ipticF[ArcSin|2ftcdxn®® ) 4
4 (a+bx)>? (crdx)™* (be-ad) bc-ad ipticF[Arcsin| (bc-ad)y/s [, -1
+
11b 77054 d* Va+ b x

Result (type 5, 140leaves):

—;4(c+dx)l/4 -d (a+bx) (4a*’d*+abd (5c+13dx) +b* (-2c?+cdx+7d*x?)) -
77bd®*Va+bx
, |d(a+bx) 1 1 5 b(c+dx]
4 (bc-ad) ————" Hypergeometric2F1|~, =, =,
-bc+ad 4 2 4 bc-ad



124 | Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)”~m (c+d x)”~n.nb

Problem 1630: Result unnecessarily involves higher level functions.
J\/a+bx (c+dx)**ax

Optimal (type 4, 147 leaves, 5steps):
4(bc-ad)Va+bx (c+dx)"* 4 (a+bx)*? (c+dx)**

+ —

21bd 7b
8 (bc-ad)®? |- 4@bX E11ipticF [Arcsin| BALedx ] g ]
bc-ad (bc-ad)V/*
21b>/4d?2+a+bx

Result (type 5, 109 leaves):

—  4(c+dx)¥* |d(asbx) (2ad+b (cs3dx)) -
21bd?>+a+bx
d b b d
2 (bc-ad)? MHypergeometricZFl[l, 1, E, e+ X)]
-bc+ad 4 2 4 bc-ad

Problem 1631: Result unnecessarily involves higher level functions.

J(c+dx>1/4d1
——dx
Vva+bx

Optimal (type 4, 111 leaves, 4 steps):

(a+ ) . . . /4 (4 1/a
avaibx <c+dx)1/4 4<bc—ad)5/4 tdbi:z E111pt1cF[Ar‘c51n[b(—b§%],fl]

+

3b 3p54d/a+bx
Result (type 5, 93 leaves):
o
3bd+va+bx
1/4 d(a+bx) 1 1 5 b(c+dx]
4 (c+dx) d(a+bx)+(bc-ad) | ————" Hypergeometric2F1|—, —, =, ]
-bc+ad 4 2 4 bc-ad

Problem 1632: Result unnecessarily involves higher level functions.

dx

J(c+dx>1/4

(a+bx>3/2

Optimal (type 4, 104 leaves, 4 steps):
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+ N . . 1/ N 1/
2 (cdx) Ve 2(bc-a d)l/“\/_i d—b(%)— EllipticF [Ar‘c51n[—(—)—b(’::a‘;;‘1/4/4 ], -1]
- +

b+a+bx b>4+/a+bx
Result (type 5, 74 leaves):

1/4 | d (a+bx) s 1 1 5 b(c+dx
2 (c+dx) [ N Hyper‘geometr‘1c2F1[4, 1 —(—)—bﬁad ]

b+va+bx

Problem 1633: Result unnecessarily involves higher level functions.

(codx) ™
——dx
J(a+bx>5/2

Optimal (type 4, 145leaves, 5steps):

d (a+b . . . bl/* (cid x)1/4
2 (c+dx)1/4 q (c+dx>1/4 d /—ﬁ ElllptuF[Ar‘cSm[ﬁfﬂ—], 71]

3b (a+bx)** 3b(bc-ad)Va+bx 3b54 (bc-ad)**Va+bx

Result (type 5, 103 leaves):

(crdx)V

d b
M Hypergeometric2Fi |

1
2bc-ad+bdx+d (a+bx) =
-bc+ad 4

)

(3b(-bc+ad) (a+bx)>?)

Problem 1634: Result unnecessarily involves higher level functions.

dx

J(c+dx>1/4

(a+bx>7/2

Optimal (type 4, 185leaves, 6 steps):
2 (c+dx)** d(crdx)™*

_5b <a+bx)5/2 15b (bc—ad) <a+bx)3/2

d2 |- 9bx) E11ipticF[ArcSin[lledn T 1y
d? (c+dx)** \/T P [ [ b ad) ], -1]

+

6b(bc—ad)2\/a+bx 6b5/4(bc—ad)7/4\/a+bx

Result (type 5, 140 leaves):
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(c+dx)1/4 -5a%d*+2abd (11c+6dx) +b? (-12c*-2cdx+5d?*x?) +5d? (a+bx)2

d (a+bx)

-bc+ad

) Z, %] /(3eb (bc-ad)? (a+bx)>?

)

Hypergeometric2F1 |

N |

1
4
Problem 1635: Result unnecessarily involves higher level functions.

J(a+bx)3/2 (c+dx>3/4d1x

Optimal (type 4, 270leaves, 10 steps):
8 (bc-ad)?a+bx (c+dx)¥* 4 (bc-ad) (a+bx)>? (c+dx)>*

N
65 b d? 39bd
_ 15/4 _ d (a+bx . . . bl/4 (cid x) /4 B
4 (asbx)*? (codx)> 16 (bc-ad) \/7 €222 EllipticE[Arcsin| —‘—)—(buad)m ], -1]
+ -
13b 65b74d*\/a+bx
16 (bc-ad)™* [ 40X E113pticF [ArcSin| B dx ] g ]
bc-ad (bc-ad)V/4
65b7/4d*+/a+bx
Result (type 5, 141 leaves):
1
195bd3a+bx

4 (c+dx)¥*|-d(a+bx) (4a2d*+abd (17c+25dx) +b? (-6c?+5cdx+15d*x?)) -

d (a+bx)
-bc+ad

5 ) 7 b(c+dx)
4 (bc-ad) Hypergeometric2Fi | - "
4 bc-ad

)

N |

Problem 1636: Result unnecessarily involves higher level functions.
J\/a+bx (c+dx)**ax

Optimal (type 4, 232 leaves, 9 steps):
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4 (bc-ad)~/a+bx (c+dx)3/4 4 (a+bx)3/2 (c+dx)3/4

+ —

15bd 9b
8 (bcfad)ll/‘l | _d(atbx) EllipticE[Ar‘cSin[M}, 71}
bc-ad (bc-ad)V/*
+
15b7/4d? v/ a+bx
8 (bc_ad)ll/“\/EEllipticF{Ar‘CSin[M}, _1}
bc-ad (bc-ad)¥/*
15b74d>a+bx

Result (type 5, 110leaves):

;4< 3/4
c+dx) d(a+bx) (3bc+2ad+5bdx)—
45bd?+/a+bx
d b b d
Z(bc—ad)2 MHyper‘geometr‘icZFl[l, i,z lc+dx)
-bc+ad 2 4 4 bc-ad

Problem 1637: Result unnecessarily involves higher level functions.
(c+dx)3/4
Ji ax
Va+bx
Optimal (type 4, 196 leaves, 8 steps):
B 7/4 _d(a+bx) . . . bl/4 (c+d x) /4 B
4 bx [(crdx)* 12 (bc-ad) [ -2 E111pt1cE[Ar‘c51n[4—)—(bc7ad>1/4 |, -1]

+ —

5b 5b7/*d+/a+bx

12 (bc-ad)”/* |- dbx EllipticF{Ar‘cSin{M}, -1]
bc-ad (bc-ad)¥*
5b’/4d+a+bx

Result (type 5, 93 leaves):
1

5bd+va+bx

d (a+bx)
-bc+ad

4 (c+dx)¥*|d (a+bx)+ (bc-ad) Hypergeometric2F1[ =,

N |
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Problem 1638: Result unnecessarily involves higher level functions.

<C+dx>3/4 4
1 dx
J(a+bx>3/2

Optimal (type 4, 184 leaves, 8 steps):

+ . . . /4 (cy 1/4
2 (crdx)¥ 6 (bc—ad)3/4\/T (:ﬁL E111p’c1cE[Ar‘cSm[%ﬁj/‘%]J 1]

+

bvarbx b74+/a+bx
6 (bc—ad)3/4 _d(asbx) EllipticF[Ar‘cSin[M], _1}
bc-ad (bc-ad)¥/*
b7/ @ bx

Result (type 5, 74 leaves):

3/4 | _ d (a+bx . 1 3 7 b(c+dx
2 (c+dx) [ 1+ /4—)—7bc+ad Hyper‘geometr‘1c2F1[2, I —(—)—bGad ]

b+va+bx

Problem 1639: Result unnecessarily involves higher level functions.

d 3/4
JQ ix

<a+bx>5/2

Optimal (type 4, 221 leaves, 9 steps):

d (a+b . . . b1/4 Ldx) V4
2 (codx)¥ d (codx)? d |-4E2 E111pt1cE[Ar‘csln[—(—>—<bc:m:‘1/4 ], -1]

- +

_3b <a+bx)3/2 b(bc-ad)Va+bx b7/4 (bc—ad)1/4\/a+bx

d |- 9@bX E115pticF [Arcsin [ BE e ) g ]
bc-ad (bc-ad)¥/*

b7/4 (bc—ad)1/4\/a+bx

Result (type 5, 104 leaves):

(c+dx)3/4

d(a+bx)

2bc+ad+3bdx—d(a+bx)
-bc+ad

1
Hypergeometric2F1| =,
2

(Bb (-bc+ad) (a+bx)3/2>
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Problem 1640: Result unnecessarily involves higher level functions.

(c+dx>3/4
Ji dx
(a+bx)”?
Optimal (type 4, 270leaves, 10 steps):
2 (c+dx)** d(c+dx)>*
5b(a+bx)*? 5b(bc-ad) (a+bx)??

/. /
s 3d2 [ -9@bX E1yipticE [Ar‘cSin[M] s *1]
342 (C+dX> bc-ad (bc-ad)¥/*

- +

10b(bc—ad>2\/a+bx 10b7/4(bc—ad)5/4\/a+bx

3d2 [ - 92X E])ipticF[ArcSin[ P Le R ]
bc-ad (bc-ad)V/4

10 b7/4 (bc—ad)5/4\/a+bx

+

Result (type 5, 1401leaves):

d b
(c+dx)3/4 a2d2+2abd(3c+4dx)—b2(4c2+2cdx—3d2x2)—dz(a+bx)2 M
-bc+ad
b d
HypergeometricZFl[l, i, Z, M] /(10b (bc-ad)? (a+bx)5/2)
2 4 4 bc-ad

Problem 1641: Result unnecessarily involves higher level functions.

J(a+bx)3/2 (c+dx)5/4d1x

Optimal (type 4, 220 leaves, 7 steps):
8 (bc-ad)’+/a+bx (c+dx)** 4 (bc-ad)?(a+bx)¥? (c+dx)?*

231 b2 d? : 231 b2d :
4(bc-ad) (a+bx)>? (c+dx)** 4 (a+bx)*? (c+dx)>*
+ +
33 b2 15b
16 (bc-ad)/4 [ 420X E113pticE [ArcSin| BLLedn ] g ]
bc-ad (bc-ad)¥/4
231b%4d3+/a+bx

Result (type 5, 182leaves):
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4(c+dx)1/4 -d (a+bx) (20a°d®*-12a’bd? (6c+dx) -ab’d (35¢c?+214cdx+119d*x?) +

d b
b’ (10c®-5c2dx-112cd*x?*-77d*x*) ) +20 (bc-ad)* M
-bc+ad
b d
HypergeometricZFl[}u }y Eu “Qii;?il] // (1155b2d3\/a+—bx )
4 2 4 bc-ad

Problem 1642: Result unnecessarily involves higher level functions.

J\/a+bx <c+dx)5/4d1x

Optimal (type 4, 182leaves, 6 steps):
20<bc—ad)2\/a+bx (c+dx)™* 20 (bc-ad) (a+bx)*? (c+dx)?*

+ +
231b%d 77 b?
_ 13/4 _d a+b x . . . M B
4 (asbx)*? (codx)® 40 (bc-ad) \/7 €222 EllipticF[Arcsin| T ], -1]
11b 231b%4d?/arbx
Result (type 5, 143 leaves):
1
231b%2d?>+/a+bx

4(c+dx>1/4 -d (a+bx) (10a2d2—2abd (13c+3dx) - b? (5c2+36cdx+21d2x2)> -

)

d b
M Hypergeometric2Fi |

1
10(bc—ad)3 -bc+ad 4_

Problem 1643: Result unnecessarily involves higher level functions.

J(c+dx>5/4d1
A dx
Vva+bx

Optimal (type 4, 144 leaves, 5steps):
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20 (bc-ad)Va+bx (c+dx>1/4 4~/a+bx (c+dx)5/4
+

+

21 b2 7b
20 (bC—ad>9/4 _d(asbx) EllipticF[ArcSin[M}, _1]
bc-ad (bc-ad)¥/*
21b%4d~/a+bx

Result (type 5, 111 leaves):

1 1/4
4 (c+dx)¥*|-d(a+bx) (-8bc+5ad-3bdx) +
21b2d+a+bx
d b b d
5 (bc:—ad)2 M Hyper‘geometricZFl[l, l, E, M
-bc+ad 4 2 4 bc-ad

Problem 1644: Result unnecessarily involves higher level functions.

<C+dx>5/4
ji dx

(a+bx)3?
Optimal (type 4, 132leaves, 5 steps):
10dva+bx (c+dx)¥* 2 (c+dx)>*

+

3b? b+/a+bx
10 (bc-ad)¥* |- 9@ 11 pticF [Ancsin| Piledn ) g ]
bc-ad (bc-ad)¥/*
3b%4+a+bx
Result (type 5, 95 leaves):
_
3b2+\/a+bx

5d (a+bx) HypergeometricZFl[i, i, i, %%L]

2 (c+dx)1/4 3bc-5ad-2bdx+

d (a+bx
-bc+ad

Problem 1645: Result unnecessarily involves higher level functions.

dx) 5/
J(c+ x> ix

(a+bx>5/2

Optimal (type 4, 135leaves, 5steps):
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5d<c+dx)1/4 2(c+dx>5/4

- +
3b2+/a+bx 3b<a+bx)3/2

5d (bc-ad)¥* -9 E11iptick [Ancsin [ Biledn ) ]
bc-ad P (bc-ad)l/* 2

3b%%+/a+bx
Result (type 5, 95leaves):

IR
3b% (a+bx)??
d(a+bx> 1 1 5 b(c+dx)
-2bc-5ad-7bdx+5d (a+bx) | ————- Hypergeometric2F1[~, =, =, —————
-bc+ad 4 2 4 bc-ad

Problem 1646: Result unnecessarily involves higher level functions.

(c+dx)>*

ji dx
(a+bx)”?

Optimal (type 4, 175leaves, 6 steps):
d(c+dx)™* d? (c+dx)**

362 (arbx)?? b (bc-ad) Va+bx

o4 07 [-LEPX E1]ipticE [AncSin[ Bl dx ) b g]
5 (c +d x) bc-ad (bc-ad)?/*

5b(a+bx)*? 6b°% (bc-ad)**~/a+bx
Result (type 5, 138 leaves):
d b
(c+dx)¥*|-5a2d?-2abd (c+6dx) +b? (12c?+22cdx+5d*x?) +5d (a+bx)? %
~bc+a

b (c+dx)

, —] /(3ob2 (-bc+ad) (a+bx)*?)

5
Hypergeometric2Fi | =
4 bc-ad

)

I

Problem 1647: Result unnecessarily involves higher level functions.

d 5/4
JQ ix

(a+bx>9/2

Optimal (type 4, 213 leaves, 7 steps):
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d<c+dx)1/4 d? (c+dx)1/4 5d3 (c+dx)1/4

- +
7b2 (a+bx)*? 42b% (bc-ad) (a+bx)*? 84b2 (bc-ad)®+/a+bx

o4 5 _d(abx) EllipticF[Ar‘cSin[M]; —1}
2 (c+dx) be-ad (bead)t”

+

7b<a+bx)7/2 84b9/4(bcfad)7/4\/a+bx

Result (type 5, 181 leaves):

(c+dx)1/4 -5a°d®>-a?bd? (2c+17dx) +ab’d (36 c? +68cdx+17d* x?) -

d b
b> (24c®+36c?dx+2cd®x*-5d° %) +5d° (a+bx)3 %
-bc+a

Hypergeometric2Fi |

1 1
= = 84b% (bc-ad)? (a+bx)’?
o /( (bc-ad)? (a+bx)”?)

Problem 1648: Result unnecessarily involves higher level functions.

<a+bx)5/2
jidlx
(c+dx)**
Optimal (type 4, 264 leaves, 10 steps):
16 (bc-ad)?va+bx (c+dx)** 40 (bc-ad) (a+bx)>? (c+dx)>*

- +

394d3 117 d?
Cad)is/4 [ di@ba pyygpe LB (ed )
4(asbx)? (codx)s 32 (bc-ad) oy EllipticE [ArcSin| Y |, -1]
B +
13d 39b%/4 d*/a + bx
32 (bc-ad)®* |- 4@ E11iptick [Ancsin [ Biled ) g ]
bc-ad (bc-ad)¥/4
39b34d*+a+bx

Result (type 5, 138 leaves):
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1

117d*va+bx

4 (c+dx)¥*|d (a+bx) (31a’d?®+2abd (-17c+14dx) +b? (12c*-10cdx+9d*x?)) -

S(bc:—ad)3 M

1
Hypergeometric2F1[ =,
-bc+ad 2

Problem 1649: Result unnecessarily involves higher level functions.

(a+bx)3/2
Jidlx

(C+dx>1/4
Optimal (type 4, 229 leaves, 9 steps):

8 (bc-ad)Va+bx (c+dx)3/4 4 (a+bx)3/2 <c+dx)3/4
- +

+

15 d? 9d
16 (bc-ad)™* | - dlabx) EllipticE[Ar‘cSin[—(—)*bl’m e dx ,1/4], -1]
bc-ad (bc-ad)¥/4
15b3/4d*~/a+bx
16 (bc-ad) W4 [ 40X p113pticF [Arcsin| Bl d ] g ]
bc-ad (bc-ad)¥/4
15b3/4d3+a+bx
Result (type 5, 107 leaves):
1
————4(c+dx)>*|d (a+bx) (-6bc+1lad+5bdx) +
45d3+a+bx
2 d(a+bx) 1 3 7 b<c+dx)
4 (bc-ad) ———— Hypergeometric2F1| ~, =, —,
-bc+ad 2 4 4 bc-ad

Problem 1650: Result unnecessarily involves higher level functions.
J \Va+bx
(

> 1/4

dx
c+dx

Optimal (type 4, 196 leaves, 8 steps):
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_ 7/4 _d a+b x . . . bl/4 (cid x)1/4 3
4+asbx (cedx)¥ 8 (bc-ad) \/TE111pt1cE[Ar‘cSm[J—)—(bcad)l/,‘1 ], -1]

+
5d 5b34d2+a+bx
3 (bC 7ad)7/4 _d(asbx) EllipticF[Ar‘cSin[M], 71}
bc-ad (bc-ad)¥/4
5b3/4d?>+a+bx

Result (type 5, 77 leaves):

1 b (c+dx)

bc-ad ]

3 7
e

4 m <C +d X) 3/4 (3, 2Hyper‘geometr‘ic2F1[

d (a+bx)
-bc+ad

15d

Problem 1651: Result unnecessarily involves higher level functions.
1

Jm (v dx) ¥

dx

Optimal (type 4, 167 leaves, 7 steps):

/4 /.
4 (bc-ad)>* |- 420X E1lipticE [ArcSin[PLedxon] o q]
bc-ad (bc-ad)¥/*

b3/4d+/a+bx
4(bc-ad)¥* |- 40X E113ptick [AncSin| PULedx ] g
bc-ad (bc-ad)¥/*
b3/4d+a+bx

Result (type 5, 73 leaves):

4 | dlebx) (c+dx)3/4Hypergeometric2F1E, 3, Z, bledx )

-bc+ad 4’ 4’ bc-ad

3dvVa+bx

Problem 1652: Result unnecessarily involves higher level functions.

dx

1
J(a+bx>3/2 (c+dx)1/4

Optimal (type 4, 191 leaves, 8steps):
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d (a+bx) . . . bl/4 (cid x) /4
2 (crdx)? 2\/?ElllptlcE[Ar'cSm[J—L(bccadjm ], -1]

+ —

(bc-ad)va+bx b3/4(bc—ad)1/4\/a+bx

2 [-92:20 E1)ipticF [ArcSin [ PR g ]
bc-ad (bc-ad)¥/*

b3/4 (bc—ad)1/4\/a+bx

Result (type 5, 83 leaves):

3/4 | d (a+bx) . 1 3 7 b(c+dx)
2 (c+dx) [ 3+ T Hyper‘geometr‘1c2F1[2, P02 bead ]

3 (bc—ad) va+bx

Problem 1653: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx)5/2 (c+dx)1/4

Optimal (type 4, 224 leaves, 9 steps):
2 (c+dx)** d(c+dx)**

73(bc—ad) (a+bx)3/2 (bcfad)zx/aerx .

d_[-4bX E1lipticE [ArcSin[ PLedxt] o q]
bc-ad (bc-ad)¥*

b>4 (bc-ad)**~/a+bx

d |- 9@bX E11ipticF [Arcsin [ BE e g ]
bc-ad (bc-ad)/4

p3/4 (bc—ad)5/4\/a+bx

Result (type 5, 102 leaves):

(c+dx)3/4

d (a+bx)

-2bc+5ad+3bdx-d (a+bx)
-bc+ad

1
Hypergeometric2F1 [ -
2

(3 (bc-ad)? (a+bx)3/2)
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Problem 1654: Result unnecessarily involves higher level functions.

(a+bx)3/2
J———————dx
(crdx)>*
Optimal (type 4, 144 leaves, 5steps):
8(bc-ad)Va+bx (c+dx)¥* 4(a+bx)>? (c+dx)'*

¥ +
7 d2 7d
16 (bC _ad>9/4 | _d(a+bx) EllipticF[Ar‘cSin[M}, _1]
bc-ad (bc-ad)¥/*
7bY4d*\a+bx

Result (type 5, 106 leaves):

;4 (c+dx)1/4 d(a+bx) (-2bc+3ad+bdx) +
7d3\a+bx
5 d(a+bx) 1 1 5 b<c+dx)
4 (bc-ad) ———— Hypergeometric2F1|[~, ~, =, ———|
-bc+ad 4 2 4 bc-ad

Problem 1655: Result unnecessarily involves higher level functions.
J Va+bx
<

3/4

dx
c+dx)

Optimal (type 4, 111 leaves, 4 steps):

5/4 d (atbx) s s o [ B4 (cedx) V%
4vaTbx [crdx) 8 (bc-ad) - EllipticF [ArcSin| (bcfad;(l/“ ], -1]

3d 3b4d2\a+bx
Result (type 5, 77 leaves):

A DX (crdx) Ve g, Mpersemerican |,

d (arbx)
“bcrad

3d

Problem 1656: Result unnecessarily involves higher level functions.
1

J\/m (c+dx)?*

dx

Optimal (type 4, 83 leaves, 3 steps):
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4 (bc-ad)¥* [~ 430X Elliptick [Ar‘cSin[w} , -1]
bc-ad (bcfad)l/“
bl/4d+a+bx
Result (type 5, 71 leaves):

4 | dlazbx) (c+dx)*Hypergeometric2F1[2, 2, 2, bexdx) |
-bc+ad 4 2 4 bc-ad

dva+bx

Problem 1657: Result unnecessarily involves higher level functions.

dx

1
J(a+bx)3/2 (c+dx)3/4

Optimal (type 4, 111 leaves, 4 steps):

d (a+b . . . bl/4 (cid x) /4
2 (c+d x)1/4 2\/_7 ﬁ EllipticF [Ar‘cSm[4—)—“):”;‘1/‘l ], -1]

(bc-ad)va+bx b1/4(bc—ad)3/4\/a+bx

Result (type 5, 81 leaves):

1+ | 4@bX yypergeometric2Fl|t, 1, 2, bledx]
-bc+ad 47 27 4 bc-ad

(bc-ad) Va+bx

2 (c+dx>1/4

Problem 1658: Result unnecessarily involves higher level functions.

J ! dx
(a+bx>5/2 (c+dx)3/4

Optimal (type 4, 149leaves, 5steps):
2 (c+dx)?* 5d (c+dx)?*

+ +

73 (bc-ad) (a+bx)3/2 3 <bcfad)2\/a+bx

S5d |- 4@PX E11ipticF [Ancsin| Pt g ]
bc-ad (bc-ad)y/4
3bY4 (bc-ad)”*/a+bx
Result (type 5, 102 leaves):
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d b
(c+dx)1/4 -2bc+7ad+5bdx+5d (a+bx) M
-bc+ad
b d
Hyper‘geometr‘icZFl[l, l, 5, —(C+ x) ] /(3 (bc—ad)2 (a+bx)3/2)
4 2 4 bc-ad

Problem 1659: Result unnecessarily involves higher level functions.

b 5/2
JH ix

(c+dx>5/4

Optimal (type 4, 254 leaves, 10 steps):
4(a+bx)*? 16b(bc-ad)/a+bx (c+dx)** 40b(a+bx)*? (c+dx)**
- - +

+

d(c+dx)¥* 33 9d?
d b pl/4 dx)4
;32 pl/4 (bcfad)”/“ ,M EllipticE[Ar‘cSin[&}, -1] -
3d%/arbx bc-ad (bc-ad)™
1 d (aerX) b1/4 <C+dX>1/4

32bY* (bc-ad)™* EllipticF [ArcSin|

3d*va+bx bc-ad <bc—ad)1/4
Result (type 5, 131 leaves):

s -1]

1 9(bc—ad)2

—————4(c+dx)¥*|d (a+bx) |b (-3bc+4ad) +b?dx- ——T—| +
9d*+va+bx c+dx
. |d(arbx) 1 3 7 bc+dx
8b (bc-ad) ————" Hypergeometric2F1|[~, =, —, ————
-bc+ad 2 4 4 bc-ad

Problem 1660: Result unnecessarily involves higher level functions.

b x)3/2
J(a+ x> ix

(c+dx)

Optimal (type 4, 220 leaves, 9 steps):
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4(a+bx)*? 24bva+bx (c+dx)>* 1
- . _
d(c+dx)** 5 d? s5d3\a+bx
d b pl/4 dx)t4
48bY* (bc-ad)”* _dfarbx) EllipticE[Ar‘cSin[&], -1] +
bc-ad (bc-ad)™*
d(a+bx) b4 (c+dx)**

48b'* (bc-ad)”* EllipticF[ArcSin|

5d3va+bx bc-ad (bcfad)l“‘
Result (type 5, 98 leaves):

], -

b (crdx)

3/4 | 6bc-5ad+bdx 4bHyper‘geometr‘1c2F1[l EA, }
4\/a+bx <C+dX) cdx + 2’4’4’ heoad
d (a+bx)

-bc+ad

5 d?

Problem 1661: Result unnecessarily involves higher level functions.
j Vva+bx
(

X

c+dx>5/4

Optimal (type 4, 190 leaves, 8 steps):

1/4 _ 3/4 dlasbx) g1q EIA b4 (cedx) V4 1
N 8b'* (bc-ad) |- S ipticE[ArcSin|[® e ], -1]
N
d(c+dx)** d2+/a+bx

8b1/4 (bc-ad)®* |- L@ E11ipticF [Ancsin| Biedxt] o q]
bc-ad (bc-ad)y/4

d>+a+bx
Result (type 5, 90 leaves):

d(a+bx) 1 3 7 b(c+dx)
~12d a+bx +8b c+dx Hyper'geometr'lc2F1[* — Ty 7] /
—bc+ad 2 4 4 bc-ad

<3d2\/a+bx c+dx 1/4>

Problem 1662: Result unnecessarily involves higher level functions.
1

Jm (c+dx)5/4

dx

Optimal (type 4, 197 leaves, 8 steps):
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4pl/4 | d4@bx) E17ipticE [AncSin[ Bl ed0 ) 1oy
4z ibx eaa EHHPEICE[Aresin[F L] 1

- +

(bc-ad) (c+dx)1/4 d(bc—ad)1/4\/a+bx

4 pl/4 —(ﬂ)— EllipticF [Ar‘cSm[—(M] , -1]
ad (bc-ad)V/4

d(bc-ad)”*Va+bx

Result (type 5, 100 leaves):

d(a+bx)

3 7 b (c+dx)
12d (a+bx) -4b <c+dx) Hyper‘geometr‘lc2F1[ —, —, ﬁ} /
4 4 c-a

N\I—‘

-bc+ad

<3d (bc-ad)a+bx (c+dx>1/4)

Problem 1663: Result unnecessarily involves higher level functions.

J = dx
(a+bx>3’/2 (c+dx)5/4

Optimal (type 4, 222 leaves, 9 steps):
2 6d+va+bx

- - +

(bc-ad)a+bx (c+dx)1/4 (bc—ad)2 (c+dx)1/4

6 bl/4 _(a+_be ElllpthE[APCSIH[M] -1]
ad (bc-ad)l/4

(bc—ad)5/4\/a+bx

6 bl/4 —‘M EllipticF Ar‘csln[ O Lexdx o m], -1]
(bc-ad)?/*

(bc- ad)5/4\/a+bx

Result (type 5, 99 leaves):

d (a+bx)

~4ad-2b (c+3dx) +2b (c+dx) Hyper‘geometr‘1c2F1[1
2

-bc+ad

((bc-ad)®Varbx (c+dx)*

Problem 1664: Result unnecessarily involves higher level functions.

j 1 dx
(a+bx>5/2 (c+dx)5/4

Optimal (type 4, 261 leaves, 10 steps):
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2 7d

- + +

3(bc-ad) (a+bx)3/2 (c:+dx)1/4 3(bc7ad)2x/a+bx (c+dx)1/4

7bl/4d | 9@ Ey]ipticE[Ancsin| Pt 1y
7d*+a+bx bec-ad P [ [ (bc-ad)V/* J» -1]

- +

(bcfad)3<c+dx)1/4 (bcfad)9/4\/a+bx

7b14d |- 40X E113pticF [ArcSin [ PO ] T g]
bc-ad (bc-ad)¥/*

(bc—ad)9/4\/a+bx

Result (type 5, 139leaves):

-12a%d*-abd (11c+35dx) +b? (2c2-7cdx-21d2x2) +

d (a+bx)

7bd (a+bx) (c+dx) Hyper‘geometr‘icZFl[l,
2

-bc+ad

(3 (-bc+ad)® (a+bx)>? (crdx)]

Problem 1665: Result unnecessarily involves higher level functions.

b 7/2
j<a+ X) dx

(c+dx)7/4

Optimal (type 4, 207 leaves, 7 steps):
4(a+bx)7/2 160b(bcfad>2\/a+bx (c+dx)1/4
- +

3d (c+dx)>* 334
80b (bc-ad) (a+bx)>? (c+dx)™* 56b (a+bx)”? (c+dx)* 1
+ -
33d° 33d2 33d°Va+bx
d(a+bx) bl/4 (c+dx)**

320b%% (bc-ad)®"* EllipticF[ArcSin|

_1]
bc-ad (bcfad)l/“

Result (type 5, 181 leaves):
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1

33d°+va+bx

4 (crdx)

d(a+bx) (11 (bc-ad)>+b (29b>c*-67abcd+41a’d?) (c+dx) -
c+dx

3b%d (3bc-5ad) x (c+dx) +3b7d?x* (c+dx)) -

d b
M Hypergeometric2F1 |

gob (bc-ad)’ . y :
-bc+a 4

1
y
2

Problem 1666: Result unnecessarily involves higher level functions.

b x) 32
J(a+ x) ix

(C+dx>7/4

Optimal (type 4, 137 leaves, 5steps):

4(a+bx)3/2 Sb\/m(c+dx>1/4 1

_ + _

3d (crdx)* 32 3daibx
d b pl/4 dx)v*

16 b3/4 (bc—ad)5/4 _M EllipticF[Ar‘cSin[&], -1]
bc-ad (bc-ad)™*

Result (type 5, 98 leaves):

b (c+dx) ]

4bHyper‘geometric2F1{%, ;, i—, Y

4\/m<c+dx)1/4 2bc—ad+bdx+

c+d X

d (asbx)
~bcrad

3d?

Problem 1667: Result unnecessarily involves higher level functions.
J Va+bx
(

> 7/4

dx
c+dx

Optimal (type 4, 111 leaves, 4 steps):

3/4 1/4 d (a+bx) . . . bY/4 (cd x) ¥4
Ny 8b¥4 (bc-ad) Ehrowy E111pt1cF[Ar‘cSm[—(—)—(buadw4 |, -1]

- +

3d<c+dx)3/4 3d2+va+bx

Result (type 5, 90 leaves):
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d (a+bx)
-bc+ad

B

-4d(a+bx) +8b (c +dx) Hypergeometric2Fi |

(3d2\/a+bx (c+dx)3/4)

Problem 1668: Result unnecessarily involves higher level functions.
1

Jm (c+dx)7/4

dx

Optimal (type 4, 118leaves, 4 steps):

3/4 _d a+b x) . . . bl/4 (cid x) /4 ~
W 4b mElllptlcF[Ar‘cﬁn[;—)—(bcad>m ], -1]
+
3(bc-ad) (c+dx)>* 3d (bc-ad)¥*a+bx

Result (type 5, 98 leaves):

d (a+bx)

41d(a+bx)+b (c +dx) Hypergeometric2Fi |

l E b<c+dx>] /
JZJ 4)

-bc+ad

(3d (bc-ad) Varbx (c+dx)*?|

Problem 1669: Result unnecessarily involves higher level functions.

J = dx
(a+bx>3/2 (c+dx)7/4

Optimal (type 4, 146 leaves, 5steps):
2 10d+/a+bx

(bc-ad)Va+bx (c+dx)** 3(bc-ad)® (c+dx)”*

10b¥4 [ 9@X E113pticF [Ancsin| Pl dn ) g
bc-ad (bc-ad)¥/*

3(bc—ad)”4Va+bx

Result (type 5, 102 leaves):

d(a+bx)
-||2|3bc+2ad+5bdx+5b | ———— (c+dx]
-bc+ad
. 1 15 b(c+dx) 2 3/4
Hypergeometric2F1[~, =, =, ——— //(3 (bc-ad)*va+bx (c+dx) )
4 2 4 bc-ad
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Problem 1670: Result unnecessarily involves higher level functions.

J ! dx
(a+bx)*>? (c+dx)”/*
Optimal (type 4, 178 leaves, 6 steps):
2 3d

- + +

3 (bc-ad) (a+bx)3/2 (c+dx)3/4 (bcfad)zx/a+bx (c+dx)3/4

3/4 _d(a+bx) . . . bY/4 (c+d x) V4 B
542 Varbx 5b d\/TElllptlcF[Ar‘cSm{ bcad }, 1]
+
(bc-ad)® (c+dx)™ (bc-ad)™*aibx

Result (type 5, 139 leaves):

-4a*d*-abd (13c+21dx) +b* (2c*-9cdx-15d*x*) -

d <a+bx>

15bd(a+bx) " y
-bC+a

(c +dx) Hypergeometric2F1|

l E b(c+dx)] /
) 2) 4)

(3 (-bc+ad)?® (a+bx)*? (c+dx)3/4)

Problem 1671: Result unnecessarily involves higher level functions.

<a+bx>7/2

Ji dx
<c+dx>9/4

Optimal (type 4, 286 leaves, 11 steps):
4 (a+bx)”? 56b (a+bx)*?

_5d <c+dx)5/4_ 5 d2 <c+dx)1/4

224b% (bc-ad) \Va+bx (c+dx)3/4 112 b2 (a+bx)3/2 (c+dx)3/4 1
+ +
15 d4 9d3 15d5a+bx

q b pl/4 dx)/4
448 b5/4 <bc —ad)11/4 _% EllipticE[Ar‘cSin[%}, —1] -
c-a bc-ad

d b bl/4 dx)t*
4481°* (bc-ad)™* |- d(arbx) E1lipticF [ArcSin | bY* (crdx)

15d5/asbx bc-ad (bc—ad)l/4
Result (type 5, 169 leaves):

,1}



146 | Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)”~m (c+d x)”~n.nb

1 1

—————4 (c+dx)** | ————d (a+bx)
45d°>a+bx (c+dx)2
(9 (bc-ad)®-153b (bc-ad)® (c+dx) -b? (24bc-29ad) (c+dx)?+5b%dx (c+dx)?) +
5 d<a+bx) 1 3 7 b(c+dx)
112b® (bc-ad) ————" Hypergeometric2F1| =, =, —, —————
-bc+ad 2 4 4 bc-ad

Problem 1672: Result unnecessarily involves higher level functions.

(a+bx)5/2 4
A 1 dx
j(c+dx>9/4

Optimal (type 4, 248 leaves, 10 steps):

4(a+bx)5/2 8b(a+bx)3/2 48b2+/a +bx (c+dx)3/4 1
_ _ . _
5d (c+dx)®*  d? (c+dx)* 5 d? 5d*Va+bx
d b bl/4 dx)
96b°'4 (bc-ad)”/* _dfarbx) EllipticE[ArcSin[& 1]+
bc-ad (bcfad)l/“
1 d(a+bx) bl/“<c+dx)1/4

96b°/* (bc-ad)”/* EllipticF [ArcSin|

5d*+va+bx bc-ad (bc-ad)l“‘
Result (type 5, 141 leaves):

s -1]

d(a+bx) ((bc—ad)z—lzb (bc-ad) (c+dx) -b? (c+dx)2>

;4( 3/4
c+dx| - _
5d*~/a+bx (c+dx)?
d(a+bx) 1 3 7 b(c+dx)
8b> (bc-ad) | ————- Hypergeometric2F1|—, =, —,
-bc+ad 2 4 4 bc-ad

Problem 1673: Result unnecessarily involves higher level functions.

b 3/2
JH ix

(c+dx)9/4

Optimal (type 4, 222 leaves, 9 steps):
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4(a+bx)3/2 24b+/a+bx 1
N

_5d <c+dx)5/4 5 d2 (c+dx)1/4 5d3/a+bx

d b bl/4 dx)t*
48b°* (bc-ad)>* _dfarbx) EllipticE[Ar‘cSin[&], 1] -
bc-ad (bc—ad)l/“
d b bl/4 dx)'*
1 gpe (bc-ad)¥* _dfaxbx) EllipticF[Ar‘cSin[&], 1]
5d3+va+bx bc-ad (bcfad)l/zt
Result (type 5, 107 leaves):
d b
~4d (a+bx) (6bc+ad+7bdx) +16b2 d(arbx) (c+dx)?
-bc+ad
. 1 3 7 b (C+dX> 3 5/4
Hypergeometric2F1[ =, =, —, ————| /(Sd Va+bx (c+dx) )
2 44 bc-ad

Problem 1674: Result unnecessarily involves higher level functions.
j Va+bx
(

dx

C+dx>9/4

Optimal (type 4, 232 leaves, 9steps):
4+ a+bx 8b+va+bx
+

75d <c+dx)5/4 5d (bc-ad) (c+dx)1/4

8b5/4 |- 42:bX E11ipticE[Arcsin| LA ] ]
bc-ad (bc-ad)¥/*

5d? (bc-ad)*Va+bx

8bs/4 |- 4abX) E1)jpicF [AncSin [ REed0 ] g ]
bc-ad (bc-ad)"/*

5d? (bc-ad)”*va+bx

Result (type 5, 116 leaves):

124 (a+bx) (ad+b (c+2dx)) +

d (a+bx)

-bc+ad

8 b2 (c + dx)?Hypergeometric2Fi|

N |-

3

(15d2 (-bc+ad)Va+bx (c+dx)5/4)



148 | Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)”~m (c+d x)”~n.nb

Problem 1675: Result unnecessarily involves higher level functions.
1

J\/m (c+dx)9/4

dx

Optimal (type 4, 236 leaves, 9 steps):
4+/a+bx 12b+a+bx

+

5 (bc-ad) (c+dx>5/4 5 (bc—ad)2 <c+dx)1/4

12b%/4 |- 420X g1)3pticE[ArcSin [ A0 ]
bc-ad (bc-ad)l/*

5d (bc—ad>5/4\/a+bx

12p5/4 |- 420X E113p¢icF [Arcsin [ PELed ] g ]
bc-ad (bc-ad)l/4

5d (bc-ad)”*+a+bx
Result (type 5, 115leaves):

d b
~||4|d(a+bx) (-4bc+ad-3bdx) + b d(arbx) (c+dx)?
-bc+ad
. 1 3 7 b(c+dx> 2 5/4
Hypergeometric2F1|~, =, —, ————] /(Sd(bc—ad) Va+bx (c+dx) )
2 4 4 bc-ad

Problem 1676: Result unnecessarily involves higher level functions.

J = dx
(a+bx>3/2 (c+dx)9/4

Optimal (type 4, 262 leaves, 10 steps):
2 14d+/a+bx

(bc-ad)va+bx (c+dx)¥* 5 (bc-ad)? (c+dx)>*

42b5/4 |- 4abX) E17inticE [AncSin | B led ) g
42bd+a+bx bc-ad P [ [ (bc-ad)/* [ -1
+

5(bc—ad)3(c+dx)1/4 5(bc—ad)9/4\/a+bx _

42054 |- 20X E113pticF [ArcSin| D] 1]
bc-ad (bc-ad)¥/*

5(bc-ad)”*a+bx
Result (type 5, 138 leaves):
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-4a’d’+4abd (9c+7dx) +2b? (5c2+28cdx+21d2x2) -

d <a+bx)
-bc+ad

14 b? (c+dx) ? Hypergeometric2F1|

3 7 b(c+dx)]/
,4’4’ bc-ad

N |

(5 (—bc+ad)3\/a+bx (c+dx)5/4)

Problem 1677: Result unnecessarily involves higher level functions.

j 1 dx
(a+bx>5/2 (c+dx)9/4

Optimal (type 4, 303 leaves, 11 steps):

2 11d
- + +
3(bc-ad) (a+bx)3/2 (c+dx)5/4 3 (bc—ad)Z\/a+bX (c+dx)5/4
77 d*+/a+bx 77bd*+a+bx

.
15 (bc—ad)3 (c+dx>5/4 5 (bc—ad)4 (c+dx)1/4

7705/4d [ - 4L E11ipticE [ArcSin [ BLed ] g ]
bc-ad (bc-ad)¥/*

5 (bc—ad)13/4\/a+bx

77b%/4d | - 420X E1)jpticF [ArcSin| Bed0 ] g ]
bc-ad (bc-ad)¥/*

5 (bcfad)l3/4\/a+bx

Result (type 5, 156 leaves):

10b2(bcfad) 12d2(bcfad) (a+bx) 156bd2(a+bx>

(CerX)B/4 75b%d - + + -
a+bx (c+dx)2 c+dx
d b b d
77 b%d M Hyper‘geometr‘icZFl[l, z, Z, M] /(15 (bc—ad)4\/a+bx)
-bc+ad 2 4 4 bc-ad

Problem 1678: Result unnecessarily involves higher level functions.

J(a+bx)3/4 (c+dx)5/4dlx

Optimal (type 3, 205 leaves, 8steps):
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5 (bc—ad)2 (a+bx>3/4 (c+dx)1/4 5 (bc—ad) (a+bx)7/4 (c+dx>1/4
+ +

96 b2 d 24 b2

(a+bx)7/4 <c+dx)5/4 5 (bcfad)3ArcTan[M] 5 (bc—ad>3APcTanh[M]

bl/4 (crdx)V/4 b/% (c+d x) /4

+ —

3b 64 b9/4 d7/4 64 b9/4 d7/4

Result (type 5, 143 leaves):

(v

(d (a+bx) (15a2d*-6abd (7c+2dx) -b? (5¢*+52cdx+32d*x?)) -15 (bc-ad)?

J/ (96b2d2 (a+bx)1/4)

)

[d (a+bx)

1/4 . 11 s
Hypergeometric2F1[~, =, =, ———=
-bc+ad 4 4 4

Problem 1679: Result unnecessarily involves higher level functions.

dx)54
J(c+ x) ix

(a+bx)1/4

Optimal (type 3, 167 leaves, 7 steps):

5(bc-ad) (a+bx>3/4 (c+dx)1/4 (a+bx)3/4 (c+dx)5/4
. _

8 b? 2b
5 (bc-ad)?ArcTan[ £ {20 2] S(bc—ad)zArcTanh[w]
bY/% (cedx) /4 bY/% (cadx) /4
+
16 b9/4 d3/4 16 b9/4 d3/4

Result (type 5, 111 leaves):
1
8b*d (a+bx)"*

(<:+dx)1/4 [—d (a+bx) (-9bc+5ad-4bdx) +

d <a+bx)
-bc+ad

174 b (c+dx)
Hypergeometric2Fi | _
bc-ad

)

5(bc—ad)2[

1 5
Ty T
4" 4

IS

Problem 1680: Result unnecessarily involves higher level functions.

(C +d X> >/4 4
- dX
J (a+bx)>*
Optimal (type 3, 152 leaves, 7 steps):

5d (a+bx)** (c+dx)¥* 4 (c+dx)**

b2 b<a+bx)1/4

5d*4 (bc-ad) ArcTan| &% (asbx) V% 1/4] 5d*/4 (bc-ad) ArcTanh| & (asbx) o 1’/4}

d
bY/4 (crdx) V4 bY/4 (crdx) ¥4

+

2 b9/4 2 b9/4
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Result (type 5, 93 leaves):

1 <c+dx

14
b2 (a+bx)1/4

1/4

d b
M Hypergeometric2Fi |

-bc+ad

1 5 b(c+dx>
4’4’ bc-ad

)

N

-4bc+5ad+bdx+5 (bc-ad) [

Problem 1681: Result unnecessarily involves higher level functions.

(C +d X> >/4 4
- dX
J (a+bx)%*
Optimal (type 3, 134 leaves, 7 steps):

2d%/% ArcTan | a2t (asbyy /e | 2d°%ArcTanh| a2 (asbxy ]

d
bY/4 (c+d x) /4 bY/4 (c+d x) /4

4d<c+dx)1/4 4(c+dx)5/4
- +

b2 (a+bx)™* sb (a+bx)®>" b/ b/4

Result (type 5, 94 leaves):
1

-—4 (c+dx>1/4
5 b2 (a+bx)5/4

1/4

d b
M Hypergeometric2F1|

B

[5ad+b(c+6dx)—5d(a+bx) (

-bc+ad

Problem 1686: Result unnecessarily involves higher level functions.

J(aerx)S/4 (c+dx)5/4d1x

Optimal (type 4, 408 leaves, 7 steps):
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5 (bc—ad)3 (a+bx)1/4 (c+dx>1/4 (bc—ad)2 (a+bx)5/4 (c+dx)1/4

) 84 b2 d2 : 42b2d :
(bc-ad) (a+bx)9/4 (c+dx)1/4 2 (a+bx)9/4 (c+dx)5/4
+ +
7 b2 7b

5 (bc-ad)®? ((a+bx) (c+dx))**[(bc+ad+2bdx)?

2\/?\/?\/(a+bx) (c+dx)

bc-ad

(ad+b <c+2dx)>2

(bc-ad)? (1+2Wﬁmr

bc-ad

1

\/2 bl/4gl/4 ((a+bx] (c+dx>)1/4]J l} /
vbc-ad 2

EllipticF[2ArcTan|

[168+/2 b4 (a+bx)** (c+dx)** (bcrads2bdx) [ (ad+b (cr2dx))” |

Result (type 5, 183 leaves):

[(c+dx)1/4 [d (a+bx) (5a*d®-a?bd? (17c+2dx) -ab®d (17 c2+68 cdx +36d?x?) +

d b 3/4
b> (5c®-2c?dx-36cd?’x?-24d>x*)) +5 (bc-ad)* [M
-bc+ad
b d
Hyper‘geometr‘icZFl[l, i, 5, blcrdx) ] )/ (84 b2 d3 (a+bx)3/4)
4 4 4 bc-ad

Problem 1687: Result unnecessarily involves higher level functions.

J(a+bx)1/4 (c+dx)5/4dlx

Optimal (type 4, 370leaves, 6 steps):
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(bc—ad)2 (a+bx>1/4 (c+dx)1/4 (bc—ad) (a+bx)5/4 (c+dx)1/4
+ +

6b2d 3 b2

2 (a+bx)5/4 (c+dx)5/4

5b

~|(bc-ad)”? ((a+bx) ([c+dx))**\/(bc+ad+2bdx)?

2\/?\/?\/(a+bx) (c+dx)

bc-ad

(ad+b <c+2dx)>2
(bc-ad)? (1+2Wﬁm]2

1

bc-ad

\/2 bl/4gl/a ((a+bx] (c+dx>)1/4]J E} /
vbc-ad 2

EllipticF [2 ArcTan [

[127/2 6% (a+bx)?* (c+dx)>* (bcrads2bdx) [ (ad+b (cr2dx])? |

Result (type 5, 142 leaves):

[(c+dx)1/4 [—d (a+bx) (5a*d?-2abd (6c+dx) -b? (5c?+22cdx+12d*x?)) -5 (bc-ad)?

41, ]/ (3062 d? (a+bx)>*)

d(a+bx)
[bc+ad

3/4
) Hypergeometric2Fi |

Problem 1688: Result unnecessarily involves higher level functions.

d 5/4
J(c+ x) ix

(a+bx>3/4

Optimal (type 4, 332leaves, 5steps):
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5 (bc—ad) (a+bx)1/4 (c+dx)1/4 2 <a+bx)1/4 (c+dx)5/4
+ +

3b2 3b

5(bc-ad)®? ((a+bx) (c+dx))¥*/(bcrad+2bdx)?

2/b /4 [ [abx) [c+dx] (2d+b (cr2dx)®

1

bc-ad

bc-ad

+ + 2
(bc-ad)? (1+2Wﬁ\/<abx> (crdx)

\/2 bl/4gl/a ((a+bx] (c+dx>)1/4]J E} /
vbc-ad 2

EllipticF[ZArcTan[

672 6% a (a+bx)** (c+dx)** (bcrads2bdx) [ (ad+b (cr2dx))” |

Result (type 5, 111 leaves):
1
3b%d (a+bx)>*

(c+dxf”[—d<a+bﬂ (-7bc+5ad-2bdx) +

3/4

d b
——Eii——il- Hypergeometric2Fi |

-bc+ad

5 b(c+dﬂ
4’ bc-ad

]

3 3

s(bc-adf[

3
4

ENIIS

Problem 1689: Result unnecessarily involves higher level functions.

d 5/4
Jﬂc+ ﬂ ix

(a+bx>7/4

Optimal (type 4, 325leaves, 5steps):
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1Od(a+bx)1/4 (c+dx)1/4 4(c+dx)5/4
- +
3 b2 3b(a+bx>3/4

5d*4 (bc-ad)*? ((a+bx) (c+dx))**/(bc+ad+2bdx)?

ZX/F\/?\/<a+bX) (C+dx)
bc-ad

(ad+b (c+2dx))?

+ + 2
(bc—ad)z (1+2Wﬁ\/<abx> (c+dx)

bc-ad

1

EllipticF[2ArcTan| 1> =]

\/Tbl/4d1/4<(a+bx> (c+dx>)1/4 1 /
Vbc-ad 2

(3\/7b9/4 (a+bx)** (c+dx)3/4 (bc+ad+2bdx) \/(ad+b (c+2dx))2)

Result (type 5, 95leaves):
1

73b2 (a+bx)3/4

5d (a+bx) Hypergeometric2F1[ -, 2, 2, sz—:;(L]

2 (c+dx)¥*|2bc-5ad-3bdx+ ( )1/4
d (a+bx)
-bc+ad

Problem 1690: Result unnecessarily involves higher level functions.

(c+dx)5/4
J(aerx)ll/4 >

Optimal (type 4, 325leaves, 5steps):
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26d(c+dx)1/4 4(c+dx)5/4

_21b2 (a+bx>3/4 7b <a+bx)7/4

5v2 d’*+/bc-ad ((a+bx) (c+dx))3/4\/(bc+ad+2bdx)2

ZX/F\/?\/<a+bX) (C+dx)
bc-ad

(ad+b (c+2dx))?

+ + 2
(bc—ad)z (1+2Wﬁ\/<abx> (c+dx)

bc-ad

1

EllipticF[2ArcTan|

\[2 bl/adra ((a+bx) (c+dx))1/4], l} /
vbc-ad 2

(Zlbg/4 (a+bx)3/4 (c+dx)3/4 (bc+ad+2bdx) \/(ad+b (c+2dx))2)

Result (type 5, 95leaves):
1

- 4((:+dx)1/4
21 b2 (a+bx>7/4
3/4

d b
M Hypergeometric2F1|

B

3bc+5ad+8bdx-5d (a+bx] (

-bc+ad

Problem 1691: Result unnecessarily involves higher level functions.

(c+dx)5/4
J(a+bx>15/4

Optimal (type 4, 363 leaves, 6 steps):

dx
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26d(c+dx)1/4 20 d? (c+dx)1/4

_77b2 (a+bx>7/4 231b2 (bc-ad) (a+bx)3/4

4 d 5/4
(c+dx) - |16v/2 d™% ((a+bx) @+dxH$“J(bc+ad+2bdﬂ2

11b (a+bx)11/4

ZX/F\/?\/<a+bX) (C+dx)
bc-ad

(ad+b (c+2dx))?

+ + 2
(bc_ady(1+2Jdedmbm<cdm

bc-ad

1

EllipticF[2ArcTan| 1> =]

\/Tbl/4d1/4<(a+bx> (c+dx>)1/4 1 /
Vbc-ad 2

(231b9/4\/bc—ad (a+bx)3/4 (c+dx)3/4 (bc+ad+2bdx) \/(ad+b (c+2dx))2)

Result (type 5, 140leaves):

4 (c:+dx)1/4

d b 3/4
(—10a2d2—2abd (3c+13dx) +b? (21c?+36cdx+5d*x?) +10d? (a+bx)? dfarbx)

-bc+ad
b (c+dx)

Hypergeometric2Fi |
bc-ad

3 5
> T T ]
4’ 4

1
4

J/ (23167 (-bc+ad) (a+bx)™*)
Problem 1692: Result unnecessarily involves higher level functions.
J (c+dx)™* n
(a+bx)™

Optimal (type 4, 401 leaves, 7 steps):
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4d(c+dx)1/4 4 d2 (c+dx)1/4 8d3 (c+dx)1/4

_33b2(a+bx>ll/4 231b2 (bc-ad) (a+bx)7/4 231b2(bc—ad)2(a+bx)3/4

4 dx)5/4
(c+dx) + |42 d** ((a+bx) (c:+dx))3/4\/(bc+ad+2bdx)2

15b (a+bx)15/4

ZX/F\/?\/<a+bX) (C+dx)
bc-ad

(ad+b (c+2dx))?

+ + 2
(bc_ad)z(lJrZWﬁ\/(abx) (c+dx)

bc-ad

1

EllipticF[2ArcTan|

\/Tbl/4d1/4<(a+bx) (c+dx))1/4] l}/
vbc-ad "2

(231b9/4 (bc—ad)a/2 (a+bx)3/4 <c+dx)3/4 (bc+ad+2bdx) \/(ad+b <c+2dx))2)

Result (type 5, 179 leaves):

4 (c+dx)**|-20a°d>-12a’bd? (c+6dx) +ab*d (119c*+214cdx+35d2x?) -

d(a+bx) 3/4

-bc+ad

] ]/ (1155b2 (bc-ad)? (a+bx)15/4)

b’ (77 2 +112c?dx + 5 cd*x? - 10d* x3) +20d> (a+bx)3

5 b(c+dx>
Ji)i

3
4 4 bc-ad

)

1
Hypergeometric2F1[ —
4

Problem 1693: Result unnecessarily involves higher level functions.

b x| 5/4
J(a+ x) ix

(c+dx)1/4

Optimal (type 3, 167 leaves, 7 steps):

5(bc-ad) (a+bx)¥* (c+dx)** (a+bx)¥* (c+dx)>*
) 8 d? i 2d

5 (bc—ad)ZArcTan[M] 5 (bc—ad)zAr‘cTanh[M]

bY/* (cedx) /4 ’

+

bY/4 (c+d x) /4

16 b3/4 d9/4 - 16 b3/4 d9/4

Result (type 5, 108 leaves):
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(1 )3/4(c+dx>3/4 [3d(a+bx) (-5bc+9ad+4bdx) +
24 d3 (a+bx
) d(a+bx) 3/4 . 3 3 - b(c+dx>
5(b<:—ad) - HypergeometrlczFl[—, -, L, ——-1
-bc+ad 4 4 4 bc-ad

Problem 1694: Result unnecessarily involves higher level functions.

(a +b X> 14 4
- dX
J (crdx)**
Optimal (type 3, 127 leaves, 6 steps):

1/4 1/4 1/4 1/4
(a+bx) Y (cvdx)¥ (bc-ad) ArcTan| —(—)—21/4 (:zz)w | (bc-ad)ArcTanh| —(—)—21;4 (jiz;m ]

d 2b3/4 d5/4 2b3/4 d5/4

Result (type 5, 76 leaves):

(a N bX)1/4 (C o d X>3/4 3, Hyper‘geometr‘icZFl{ ,j—,%, bctad }

3d

Problem 1695: Result unnecessarily involves higher level functions.

J ! dx
(a+bx>3/4 (c+dx)1/4

Optimal (type 3, 85leaves, 5steps):

1/4 1/4 1/4 1/4
2Ar‘cTan[—(—)—d arbx) ] 2Ar‘cTanh[4—)—d S lasbx) o ]
b4 (c+d x) /4 b4 (c+dx) /4

+

b3/4 d1/4 b3/4 d1/4

Result (type 5, 73 leaves):

d (a+b x) 3/4 3/4 . 3 3 7 b(c+dx)
4 ( 7bc+ad) (c+dx) Hyper‘geometr‘1c2F1[4, 52 head ]

3d (a+bx)3/4

Problem 1700: Result unnecessarily involves higher level functions.

b 7/4
JQ ix

(c+dx>1/4

Optimal (type 4, 751 leaves, 7 steps):
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7 (bc—ad) (a+bx)3/4 (c+dx)3/4 2 (a+bx)7/4 (c+dx)3/4
- + +

15 d? 5d

(7 (bc-ad) \[{axbx] [crdx] \[(bc-ad+2bdx)? [ (ad+b (c-2dx))* ]/

2\/?\/?\/<a+bx) (c+dx)

1+

10+/b d*/2 (aerx)l/4 (c+dx)1/4 (bc+ad+2bdx)
bc-ad

7 (bc-ad)”? ((a+bx) (c+dx))**/(bc+rad+2bdx)?

ZW\/?\/(a+bx) (c+dx)

bc-ad

(ad+b <c+2dx)>2
(bc-ad)? (1+2Wﬁmr

1

bc-ad

\Ebl/4d1/4((a+bx) (c+dx))1/4] l}/
vbc-ad "2

EllipticE[2ArcTan|

(102 674 d* (abx) ¥ (c+dx) " (bcrad2bdx) o/ (ad«b (cr2dx)]? |

7 (bc-ad)”’? ((a+bx) (c+dx))¥*\/(bcrad+2bdx)?

ZWW\/(a+bx) (c+dx)

bc-ad

(ad+b <c+2dx)>2
(bc-ad)? (1+2WW\/WJ2

1

bc-ad

\/2 bl/4 gl ((a+bx] (c+dx>)1/4]J 3} /
vbc-ad 2

EllipticF[2ArcTan|

(2032 6™ (asbx)* (codx]"* (bcrads2bdx) [ (adeb (c+2dx))? |

Result (type 5, 107 leaves):
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1
15 d3 (a+bx)1/4

(c+dx>3/4 [d (a+bx) (-7bc+13ad+6bdx) +

1/4

d b
M Hypergeometric2Fi |

-bc+ad

7 b(c+dx>
)7_'7

3
4 4 bc-ad

)

7(bcad)2[

I

Problem 1701: Result unnecessarily involves higher level functions.

(a+bx)3/4 4
A 1 dx
J(c+dx>1/4

Optimal (type 4, 705leaves, 6 steps):
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2 (a+bx)3/4 (c+dx>3/4

3d

—(\/(a+bx) (c+dx) \/(bc+ad+2bdx>2 \/(ad+b(c+2dx))2)/
2\/?\/?\/(a+bx) (c+dx) ]

1+

[JFd”Z@+bxﬁ“(c+dxf“(bc+ad+zbd@
bc-ad

(bc-ad)¥? ((a+bx) (c+dx))¥*\/(bcrad+2bdx)?

(ad+b <c+2dx)>2
(bcady(1+2¢b¢demm<mmo}2

bc-ad

2\/?\/?\/(a+bx) (c+dx)

bc-ad

1

\/2 bl/4dla ((a+bx] (c+dx>)1/4]’ l} /
vbc-ad 2

EllipticE [2 ArcTan [

(V2 b4 d7’* (a+bx)* (c+dx)V* (bcrad+2bdx) [ (ad+b (c-2dx])? | -

(bc-ad)®? ((a+bx) <c+dx))1/4\/(bc+ad+2bdx)2

(ad+b <c+2dx)>2
(bc_ady(1+2¢b¢dJGEBTZEK]Z

bc-ad

2\/?\/?\/(a+bx) (c+dx)

bc-ad

1

\/?b1/4d1/4<(a+bx) (c+dx>)1/4]13} /
Vbc-ad 2

EllipticF [2 ArcTan [

22 624 (asbx)* (c+dx) " (bcrads2bdx) A/ (ad+b (cr2dx))” |

Result (type 5, 76 leaves):

2 (a+bx)3’/4 (c+dx>3/4 1+

3d
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Problem 1702: Result unnecessarily involves higher level functions.

J = dx
(a+bx)1/4 (c+dx)1/4

Optimal (type 4, 688 leaves, 5steps):
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\/F\/F(bc—ad)

]

2/ {a+bx] [crdx] /(bcrad-2bdx]? \[(ad-b (c-2dx))? |/

2\/?\/?\/<a+bx) (C+dx)
bc-ad

1+

(a+bx)1/4 (c+dx)1/4 (bc+ad+2bdx)

V2 (bc-ad)*? ((a+bx) (c+dx))¥*/(bc+ad+2bdx)>

(ad+b (c+2dx))?

+ + 2
(bc_ad)z(lJrZJFH\/(a bx) (crdx)

bc-ad

2\/?\/?\/(a+bx) (C+dx)
bc-ad

1

\[2 bl/adra ((a+bx) (c+dx))1/4], l} /
vbc-ad 2

EllipticE[2ArcTan|

[674d¥% (a+bx)** (crdx)"* (bcrad 2bdx) [ (ad+b (cr2dx))? |

(bc-ad)®? ((a+bx) (c+dx))**/(bcrad+2bdx)?

(ad+b (c+2dx))?

(bc_ady(1+2¢b¢dJmmm<umoJZ

bc-ad

ZW\/?\/(a+bx) (c+dx)

bc-ad

1

oot g o 1]
Jbo ad "2

EllipticF |2 ArcTan|

(V2 Bt (asbx] M (crdx)* (berads2bdx) \[(adsb (cr2dx))? |

Result (type 5, 73 leaves):

1/4 i
4 (MM) (c+dx)3’/4 Hypergeometric2fF1[2, 2, 7, bledx ]
-bc+ad 47 47 4 bc-ad

3d (a+bx)1/4
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Problem 1703: Result unnecessarily involves higher level functions.

J = dx
(a+bx)5/4 (c+dx)1/4

Optimal (type 4, 718 leaves, 6 steps):
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4 (c+dx>3/4

(bc-ad) (a+bx)™*

(4\/3\/(a+bx> (c+dx) \/(bc+ad+2bdx)2 \/(ad+b(c+2dx))2)/

2\/?\/?\/<a+bx) (c+dx)

Vb (bc-ad)? (a+bx)¥* (c+dx)¥* (bc+rad+2bdx) |1+

bc-ad

2+/2 d¥4/bc-ad ((a+bx) (c+dx))¥*\/(bc+ad+2bdx)?

2\/?\/?\/(a+bx) (c+dx)

bc-ad

(ad+b <c+2dx)>2
(bcady(1+2¢b¢dJmmm<umo}2

bc-ad

1

EllipticE [2 ArcTan [

[» >

ﬁb1/4d1/4<(a+bx> (c+dx>)1/4 1 /
Vbc-ad 2

(674 (asbx)"* (codx)¥* (berads2bdx) [ (adeb (cr2dx))? |+

V2 dV4/bc-ad ((a+bx) (c+dx>)1/4\/(bc+ad+2bdx)2

(ad+b <c+2dx)>2

+ + 2
(bc-ad)? (1+2Wﬁxl<abx> (c+dx)

bc-ad

Zﬁﬁ\/(amx) (c+dx)

bc-ad

1

EllipticF [2 ArcTan [

[» >

\/?bl/4d1/4<(a+bx) (c+dx>)1/4 1 /
Vbc-ad 2

(674 (a+bx]"* (crdx)* (bcrads2bdx) \[(adsb (cr2dx))” |

Result (type 5, 84 leaves):




Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)™m (c+d x)~n.nb | 167

1/4

d b
AAEiiAAEl— Hypergeometric2Fi |

-bc+ad
(3 (bc-ad) (avbx)™*

7 b (C+dx>
4, bc-ad

) )

||/

3
4

H R

4 (c+dx)>* [-3+2[

Problem 1704: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx>9/4 (c+dx)1/4

Optimal (type 4, 760 leaves, 7 steps):
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4(c+dx)3/4 8d(c+dx)3/4

5(bc-ad) (a+bx)5/4 5 (bc—ad)2 (a+bx)1/4

(8d3/2\/(a+bx) (c+dx) \/(bc+ad+2bdx)2 \/(ad+b<c+2dx)>2)/ 5\/F(bc—ad>3

2\/?\/?\/(a+bx) (c+dx)

(aerx)l/4 (c+dx)1/4 (bc+ad+2bdx>
bc-ad

1+

4-/2 d5/4 ((a+bx) <c+dx)>1/4\/<bc+ad+2bdx)2 1+

bc-ad

ZW\/?\/(aerx) (c+dx) J

(ad+b (c+2dx))?

2
(bc-ad)? 1+2¢b¢demm<uqu

bc-ad

EllipticE[2ArcTan|

[ =]

T (faenx) (o0 1)
Vbc-ad 2

(5b3/4\/bc7ad (a+bx>1/4 (c+dx)1/4 (bc+ad+2bdx) \/(ad+b (c+2dx))2 ) -

2+/2 d** ((a+bx) (c+dx))¥*+/(bc+ad+2bdx)?

(ad+b <c+2dx)>2
(bc-ad)? (1+2WﬁmJ2

bc-ad

Zﬁﬁ\/(aerx) (c+dx)

bc-ad

1

\/2 bl/4dl/4 ((a+bx] (c+dx>)1/4]’ l} /
vbc-ad 2

EllipticF [2 ArcTan [

(5b3/4\/bc—ad (a+bx>1/4 <c+dx)1/4 (bc+ad+2bdx> \/(ad+b <c+2dx))2)

Result (type 5, 102 leaves):
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d(a+bx)\**

-bc+ad

)/ (15 (bc-ad)? <a+bx)5/4)]

4 (c:+dx)3/4

-9ad+3b (c—zdx) +4d (a+bx)

Hypergeometric2Fi |

1
e
4

Problem 1705: Result unnecessarily involves higher level functions.

(a+bx)”*
Jidlx
<C+dx>3/4
Optimal (type 3, 167 leaves, 7 steps):
7 (bc-ad) (a+bx)3/4 (c+dx)1/4 (a+bx)7/4 (c+dx)1/4

+ —

8 d? 2d

21 (bcfad)ZAr‘cTan[M} 21 (bcfad)ZAr‘cTanh[M]

bY/4 (c+dx) Y/ bY/* (crdx)

+

16 b1/4 d11/4 16 b1/4 d11/4

Result (type 5, 107 leaves):
1

—(c+dx)1/4
8 d3 (a+bx>1/4

d (a+bx) (-7bc+11ad+4bdx) +

1/4

d b
M Hypergeometric2F1|

-bc+ad

b (c+dx)
bc-ad

)

21 (bcad)z[

1 5
T T
4 4

nR

Problem 1706: Result unnecessarily involves higher level functions.

J (a+b x>3/4 5
1 dx
(c+dx)?*
Optimal (type 3, 127 leaves, 6 steps):
1/4 (a4 1/4 1/4 (a4 1/4
(a+bx)3/4 (c+dx)1/4 3(bc-ad) Ar‘cTan[%} 3 (bc-ad) Ar‘cTanh[W]

+ —

d 2 b1/4 d7/4 2 b1/4 d7/4

Result (type 5, 74 leaves):

b (c+dx)

3Hyper‘geometr‘ic2F1{ ,i—, Y w

1
)4

(a+bx)3/4 (c+dx)1/4 1+

1
4
3

Esa

Problem 1707: Result unnecessarily involves higher level functions.

J ! dx
(a+bx)1/4 (c+dx)3/4

Optimal (type 3, 85leaves, 5steps):
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1/4 1/4 1/4 1/4
2 ArcTan[ ¢ —(@DX= 1 ApcTanh [ (2]
- pl/4 (c+dx)1/" . pl/4 (c+d X)l/zs
b1/4 d3/4 b1/4 d3/4

Result (type 5, 71 leaves):

+ 1/4 . +
4 (M) (c+dx)1/4 Hypergeometric2f1[%, 1, 2 bledx |
-bc+ad 47 47 4 bc-ad

d (a+bx)1/4

Problem 1712: Result unnecessarily involves higher level functions.

b 5/4
JQ i

(c+dx) >

Optimal (type 4, 332 leaves, 5steps):
5(bc-ad) (a+bx)1/4 (c+dx)1/4 2 (a+bx)5/4 (c+dx>1/4

+ +

3d? 3d

5(bc-ad)”? ((a+bx) (c+dx))3/4J(bc+ad+2bdx)2

(ad+b <c+2dx))2

2\/?\/?\/(a+bx) (c+dx)

bc-ad

1

+ + 2
(bc-ad)? (1+25ﬁ\/<abx> (crdx)

bc-ad

\/?bl/4d1/4<(a+bx) (C+dx>)1/4]13} /
\Vbc-ad 2

EllipticF [2 ArcTan [

672 614 a/ (asbx)?* (c+dx)** (bcrads2bdx) [ (ad+b (cr2dx))” |

Result (type 5, 107 leaves):

ﬁ(de)l/“ d(a+bx) (-5bc+7ad+2bdx) +
3d3 (a+bx
, (d(a+bx) 4 . 1 3 5 b(c+dx)
5(bc-ad)®|————-| Hypergeometric2F1[~, =, =, ————*
-bc+ad 4 4 4 bc-ad

Problem 1713: Result unnecessarily involves higher level functions.

b x) /4
J(a+ x) ix

<c+dx>3/4
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Optimal (type 4, 295 leaves, 4 steps):
2 (a+bx)1/4 (c+dx>1/4

d

ZW\H\/(a+bx> (c+dx)

bc-ad

(bc-ad)*? ((a+bx) (c+dx))**/(bcrad+2bdx)? |1+

(ad+b (c+2dx))?
(bc-ad)? |1+ 22V WJZ

bc-ad

V2 b4 dt4 ((a+bx) (c+dx>)1/4]J 3} /
Vbc-ad 2

EllipticF [2 ArcTan [

(V2 b4 d (abx)* (c+dx)”* (berad+2bdx) [ (ad b (cr2dx)]? |

Result (type 5, 74 leaves):

2 (aerx)l/4 (c+dx)1/4 1+

Problem 1714: Result unnecessarily involves higher level functions.

J ! dx
(a+bx) > (c+dx)>

Optimal (type 4, 270leaves, 3 steps):
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V2 \/bc-ad ((a+bx) (c+dx))**\/(bc+ad+2bdx)?

ZW\H\/(aerx) (c+dx)

bc-ad

(ad+b (c+2dx))?
(bc-ad)’ [uwﬂ? m)z

bc-ad

1

EllipticF [2 ArcTan [

I >l

Jfb”4&”((a+bﬂ (c+dx)>1/4 1 //
Vbc_ad 2

(624 d (a+bx)>* (c+dx)** (bcradi2bdx] [ (ad+b (cr2dx]) |

Result (type 5, 71 leaves):

3/4 . .\
4 (—(—)—d atbx ) (c+dx)1/4 Hypergeometric2Fi[?, 2, 2, b(erdx) ]
-bc+ad 4 4 4 bc-ad

d (a+bx)3/4

Problem 1715: Result unnecessarily involves higher level functions.

J = dx
(a+bx>7/4 (c+dx)3/4

Optimal (type 4, 306 leaves, 4 steps):
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4 (c+dx)1/4

3(bc-ad) (a+bx)3/4

2\/?\/?\/<a+bx) <c+dx)

2+/2 d®* ((a+bx) (c+dx))**/(bc+ad+2bdx)? g
c-a

1

(ad+b (c+2dx))?

+ + 2
(bc—ad)z 1+2Wﬁ«/<abx> (c+dx)

bc-ad

EllipticF[2ArcTan|

\[2 bl/adra ((a+bx) (c+dx))1/4], l} /
vbc-ad 2

(3b1/4\/bc—ad (a+bx>3/4 <c+dx)3/4 (bc+ad+2bdx) \/(ad+b <c+2dx))2)

Result (type 5, 84 leaves):

d(a+bx) ¥

Hypergeometric2Fi|

4(C+dx)1/4 1+2

1 3 5 b(c+dx) )]
_J _) _J 7} /
-bc+ad 4 4 4 bc-ad

(3 (bc-ad) (a+bx)3/4)]

Problem 1716: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx)11/4 (c+dx)3/4

Optimal (type 4, 339 leaves, 5 steps):



174 | Mathematica 11.3 Integration Test Results for 1.1.1.2 (a+b x)”~m (c+d x)”~n.nb

4(c+dx)1/4 8d(c+dx)1/4

+ +
7 (bc-ad) (a+bx)7/4 7 (bc—ad)2 (a+bx)3/4

42 d* ((a+bx) (c+dx))** [ (bc+ad+2bdx)>

+2\/F\/?\/<a+bx) (C+dx)

(ad+b (c+2dx))?

1
bc-ad

(bc-ad)? (1

. 2+/b /d 4/ (a+bx) (c+dx)

bc-ad

EllipticF[2ArcTan|

Vbc-ad

[> >

2

\/Tbl/4d1/4<(a+bx> (c+dx>)1/4 1 /

]2

(7b1/4 (bc—ad)S/2 (a+bx)3/4 (c+dx)3/4 (bc+ad+2bdx) \/(ad+b (c+2dx))2)

Result (type 5, 102 leaves):

4(c+dx)1/4 -bc+3ad+2bdx+4d (a+bx)

Hypergeometric2Fi |

)

1
4

Problem 1717: Result unnecessarily involves higher level functions.

(a+bx)>*
J———————dx
<C+dx>5/4
Optimal (type 3, 152 leaves, 7 steps):
4(a+bx)>* 5b(a+bx)¥* (c+dx)**
_ N _

d(c+dx)1/4 d?

5b'% (bc-ad) Ar‘cTan[J—)—dl/a a:bx 1'/&] 5b%% (bc-

bl/4 (c+dx)V/4

d(a+bx) ¥4
—bc+ad)

/ ./
a d) ArcTanh [ &2 (arbx) V2

bY/4 (c+d x) /4

2 d9/4
Result (type 5, 99 leaves):

3(5bc-4ad+bdx)

2 d9/4

)/”p(bcady(a+bxyﬂ)

3

5 b Hypergeometric2F1| i, 2

z

4

b (c+d x
bc-ad

]

i(a+bx>1/4(c+dx)3/4 +
3d2 c+dx

(d (a+b x) )1/4

-bc+ad
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Problem 1718: Result unnecessarily involves higher level functions.
+b 1/4
f& ax
(c+dx)>*
Optimal (type 3, 108 leaves, 6 steps):
2 b4 ArcTan [ &t (asbx) ¥t ] 2 b4 ArcTanh [ d/t (asbx) V0 ]

1/4 ,
4 (a+bx) b/ (cad x) ¥4 b/ (c+dx) ¥4
- + +

d (C +d X> 1/4 d5/4 d5/4

Result (type 5, 89leaves):
d(a+bx)
-bc+ad
(de (a+bx)3/4 (c+dx>1/4>

3/4

41-3d(a+bx)+b (c+dx) Hypergeometric2Fi|

3.3 7 b(c+dx)} /
44" 4" bc-ad

Problem 1723: Result unnecessarily involves higher level functions.

(a+bx)11/4dl
A dx
J(c+dx)5/4

Optimal (type 4, 776 leaves, 8 steps):
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4(a+bx>1l/4 77b(bc—ad> (a+bx>3/4(c+dx)3/4 22b(a+bx>7/4<c+dx)3/4

- - + +

d(c+dx)* 15 d? 5 d2
(77\/F(bc—ad)\/(a+bx) (c+dx) \/(bc+ad+2bdx)2 \/(ad+b<c+2dx))2)/
ZW\H\/(a+bx) (c+dx)

bc-ad

10d”? (a+bx)"* (c+dx)¥* (bc+rad+2bdx) |1+

7764 (bc-ad)”? ((a+bx) (c+dx))**/(bc+ad+2bdx)?

2\/?\/?\/(a+bx) (c+dx)

bc-ad

(ad+b <c+2dx)>2
(bcady(1+2¢b¢dJmmm<umo}2

bc-ad

1

EllipticE [2 ArcTan [

[» >

ﬁb1/4d1/4<(a+bx> (c+dx>)1/4 1 /
Vbc-ad 2

(102 d%/% (a+bx) " (c+dx)"* (bcrads2bdx) \[(ad+b[cr2dx]) |+

77 b1/4 (bc—ad)”2 ((a+bx) (c+dx))1/4J(bc+ad+2bdx)2

(ad+b <c+2dx)>2

+ + 2
(bc-ad)? (1+2Wﬁxl<abx> (c+dx)

bc-ad

Zﬁﬁ\/(amx) (c+dx)

bc-ad

1

EllipticF [2 ArcTan [

[» >

\/?bl/4d1/4<(a+bx) (c+dx>)1/4 1 /
Vbc-ad 2

2012 ¢"/* (a+bx)"* (cvdx) (berad2bdx) \[(ad b (cr2dx])’ |

Result (type 5, 132 leaves):
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60 (bc-ad)?
! (c+dx)**|d (a+bx) b(—17bc+23ad)+6b2dx—& +
15d* (a+bx)"* c+dx
77b(bc—ad)2[d(a+bx> T i 137 bfexdx)
ypergeometric2F1[ =, =, ]
-bc+ad 4 4 4 bc-ad

Problem 1724: Result unnecessarily involves higher level functions.

b 7/4
JQ i

(c+dx>5/4

Optimal (type 4, 730 leaves, 7 steps):
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4(a+bx>7/4 14b(a+bx)3/4<c+dx)3/4
_ . _
d(c+dx)1/4 3d?

(7\/3\/(a+bx> (c+dx) \/(bc+ad+2bdx)2 \/(ad+b(c+2dx))2)/

d*2 (a+bx)¥* (c+dx)V* (bc+ad+2bdx) |1+

2\/?\/3\/(a+bx) (c+dx)

bc-ad

7bY4 (bc-ad)*? ((a+bx) (c+dx))¥*\/(bc+ad+2bdx)?

ZX/F\/di\/<a+bX) (C+dX) (ad+b<c+2dx)>2

1
bc-ad

bc-ad

EllipticE[Z Ar‘cTan[ ]: *}

ﬁb1/4d1/4<(a+bx> (c+dx>)1/4 1 /
Vbc-ad 2

f%?d“”(a+bxf”(c+dxf”(bc+ad+zbdx)J(ad+b(c+2dxﬂz)f

7 b1/4 (bc—ad)S/2 ((a+bx) (c+dx))1/4\/(bc+ad+2bdx 2

J(asbx) (crdx)
(bc-ad)? (1+2Wﬁ (a+bx) (crdx)

:

(ad+b <c+2dx)>2

Zﬁﬁ\/(amx) (c+dx)

bc-ad

1

bc-ad

EllipticF[Z Ar‘cTan[ ]; *}

\/?bl/4d1/4<(a+bx) (c+dx>)1/4 1 /
Vbc-ad 2

292 ¢ (asbx)* (cdx)* (bcrads2bdx] [ (adeb (cr2dx))” |

Result (type 5, 98 leaves):

+ +
(bc-ad)? (1+2Wﬁxl<abx> (c+dx)

]2
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3 7 b(c+dx) ]

. 1
1 7bc-6ad+bdx 7bHyper‘geometr'1c2F1[f, =, 5 -
2(a+bx)3/4(c+dx)3/4 + N 4° 4’ 4 bc-ad
3 d2 c+dx (d_(ﬂ)_)”‘l
-bc+ad

Problem 1725: Result unnecessarily involves higher level functions.

b 3/4
J& ix

(c+dx)5/4

Optimal (type 4, 712leaves, 6 steps):
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4<a+bx>3/4+(6\/3\/(a+bx> (c+dx) \/(bc+ad+2bdx)2 \/(ad+b(c+2dx))2)/

d (c+dx)1/4

Zx/Fx/F\/(aerx) (c+dx)

1+
bc-ad

d*? (bc-ad) (a+bx)"* (c+dx)¥* (bc+ad+2bdx)

3+/2 b4 (bc-ad)*? ((a+bx) (c+dx))Y*/(bc+ad+2bdx)?

(ad+b (c+2dx))?

2
245 Vd +f (asbx) (c+dx) ]

(bcad)z(lJr bc-ad

2\/?\/?\/(a+bx) (c+dx)

1
bc-ad

V2 bt4dt4 ((a+bx) (c+dx) )Mt 1
EllipticE[zAr‘cTan[ ]: *} /
Vbc-ad 2

(@74 (asbx)"* (cedx)* (berads2bdx) [ (adsb (cr2dx))? |

3bY4 (bc-ad)®? ((a+bx) (c+dx))1/4\/(bc+ad+2bdx 2

(ad+b <c+2dx))2

2
. 2+/b Vd ~f (a+bx) (c+dx) ]

(bc—ad)z(l e

2\/?\/?\/(a+bx) (c+dx)

1
bc-ad

V2 b4 di4 ((a+bx) (c+dx))P 1
EllipticF[ZAr‘cTan[ ]: *} /
Vbc-ad 2

(V2 d (asbx)¥* (c+dx)"* (bcrads2bdx) A/ (ad+b (cr2dx)) |

Result (type 5, 87 leaves):

d (a-bx] | L3 7 b(erds]
-4d (a+bx) +4b | ——~ (c +dx) Hypergeometric2F1[ =, =, —, ]/
-bc+ad 4 4 4 bc-ad

(d2 (a+bx)** (c+dx)1/4>
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Problem 1726: Result unnecessarily involves higher level functions.

J = dx
(a+bx)1/4 (c+dx)5/4

Optimal (type 4, 719leaves, 6 steps):
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4 (a+bx)3/4

(bc-ad) (c+dx)™*

—(4\/F\/(a+bx) (c+dx) \/(bc:+ad+2bdx)2 \/(ad+b(c+2dx))2)/

2\/?\/3\/<a+bx) (c+dx)

bc-ad

1+

[JEWbc-adV(a+bxﬁ”(c+de”(bc+ad+2bd@

2+/2 bY4/bc-ad ((a+bx) (c+dx))¥*\/(bc+ad+2bdx)?

2\/?\/?\/(a+bx) (c+dx)

bc-ad

(ad+b <c+2dx)>2
(bcady(1+2¢b¢demm<mmo}2

1

bc-ad

\/2 bl/4dl/a ((a+bx] (c+dx>)1/4]’ l} /
vbc-ad 2

EllipticE [2 ArcTan [

(@4 (asbx)"* (crdx)* (berads2bdx) [ (adsb (cr2dx))? | -

V2 bY4/bc-ad ((a+bx) (c+dx>)1/4\/(bc+ad+2bdx)2

2\/?\/?\/(a+bx) (c+dx)

bc-ad

(ad+b <C+2dx)>2
(bc-ad)? (1+2Wﬁm]2

1

bc-ad

\/?b1/4d1/4<(a+bx) (c+dx>)1/4]13} /
Vbc-ad 2

EllipticF [2 ArcTan [

(@4 (asbx) (codx)* (berads2bdx) <[ (ad=b (c+2dx))? |

Result (type 5, 100 leaves):
d (a +b X)

-bc+ad

1/4
(c +dx) Hypergeometric2F1|

3

de(a+bx)-8b[

(Bd (bc-ad) (a+bx)™* (c+dx)1/4>
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Problem 1727: Result unnecessarily involves higher level functions.

J = dx
(a+bx>5/4 (c+dx)5/4

Optimal (type 4, 750 leaves, 7 steps):
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4 8d(a+bx)3/4

- - +

(bc-ad) (a+bx)1/4 (c+dx)1/4 (bc—ad)2 (c+dx 174

(8\/?\/?\/(a+bx) (c+dx) \/(bc+ad+2bdx)2 \/(ad+b(c+2dx))2)/

ZWW\/(aerx) (c+dx)

(bc-ad)?® (a+bx)** (c+dx)** (bc+ad+2bdx) |1+

bc-ad

42 b4 dV* ((a+bx) (c+dx))¥* [ (bcrad+2bdx)>

2\/?\/?\/(a+bx) (c+dx)

bc-ad

(ad+b <c+2dx)>2
(bcady(1+2¢b¢dJmmm<umo}2

bc-ad

1

EllipticE [2 ArcTan [

[» >

ﬁb1/4d1/4<(a+bx> (c+dx>)1/4 1 /
Vbc-ad 2

[Vbc-ad (asbx)"* (cedx)* (bcead+2bdx) [ (adsb (cr2dx))? |+

2+/2 bY4d¥4 ((a+bx) (c+dx))¥* [ (bcrad+2bdx)>

(ad+b <c+2dx)>2

+ + 2
(bc-ad)? (1+2Wﬁxl<abx> (c+dx)

bc-ad

Zﬁﬁ\/(amx) (c+dx)

bc-ad

1

EllipticF [2 ArcTan [

[» >

\/?bl/4d1/4<(a+bx) (c+dx>)1/4 1 /
Vbc-ad 2

[Vbc-ad (atbx)"* (cadx)* (bcradi2bdx) [ (adib (cr2dx))” |

Result (type 5, 102 leaves):
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d(a+bx) )%
-4 3ad+3b(c+2dx)—4b[ (c+dx)
-bc+ad
b d
Hyper‘geometr‘icZFl[l, z, Z, (e X>] )/(3 (bc-ad)? (a+bx)™* (C+dx>1/4)]
4 4 4 bc-ad

Problem 1728: Result unnecessarily involves higher level functions.

J ! dx
(a+bx>9/4 (c+dx)5/4

Optimal (type 4, 795 leaves, 8 steps):
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4

- +

5(bc-ad) (a+bx)5/4 (c+dx)1/4

244 48d2(a+bx)3’/4

+

5(bc-ad)?(asbx)¥ (c-dx)¥ 5 (bc-ad)® (crdx)V?

48+/o ¢2[(a+bx) (crdx) +[(bcrads2bdx)® \[(ad b (c+2dx>)2)/

2\/?\/?\/(a+bx) (c+dx)

1+

5(bc-ad)® (a+bx)"* (c+dx)¥* (bc+ad+2bdx)
bc-ad

24~/2 b4 d* ((a+bx) (c+dx))¥* [ (bcrad+2bdx)?

(ad+b <c+2dx)>2

2
(bcady(1+2¢bvdemm<mmoJ

2\/?\/?\/(a+bx) (c+dx)

bc-ad

1

bc-ad

A2 bl/4dra ((a+bx) (c+dx>)1/4]J l} /
vbc-ad 2

EllipticE[2ArcTan|

[5(bc-ad)*? (a+bx)"* (c+dx)™* [bcrad-2bdx)+/(ad+b (c-2dx))? |-

12+/2 bY*d%* ((a+bx) (c+dx))¥*/(bc+ad+2bdx)?

(ad+b <c+2dx)>2
(bc-ad)? (hzwwm]z

2\/?\/?\/(a+bx) (c+dx)

bc-ad

1

bc-ad

V2 b4 dt4 ((a+bx) (c+dx))V

1
Vbc-ad L3/

EllipticF [2 ArcTan [

[5(bc-ad)** (asbx)"* (crdx)"* (bcrads2bdx)+/(adsb (c+2dx))? |

Result (type 5, 139leaves):
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-||4|5a*°d*+2abd (4c+9dx) +b* (-c*>+6cdx+12d*x*) -
d(a+bx)¥* 1 3 7 b(c+dx)
8bd (a+bx) | —F (c +dx) Hypergeometric2F1|[~, =, —, ———] /
-bc+ad 4 4 4 bc-ad

(5 (*bC+ad)3 (a+bx>5/4 <C+dx)1/4)]

Problem 1729: Result unnecessarily involves higher level functions.

J = dx
(1—ax>1/4 (1+bx)3/4

Optimal (type 3, 279 leaves, 11 steps):
V2 ArcTan[1- Y20V 0max¥) 57 ApcTan[q 4 Y2V dax V]

al/4 (1+b x) 1/4 al/4 (1+b x) 1/4

a1/4 b3/4 a1/4 b3/4
1/4 pw1/4a 1/4 1/4 y1/4 _ 1/4
Log[“/a L Yb vi-ax 2 al/fby (1/—aX)/ } Log[ [q + Yb vi-ax 2 a¥fb (1/ax)’}
/1+b x (1+b x) /% /1+b x (1+b x) /%
+
4/2 a1/4 b3/4 4/2 a1/4 b3/4

Result (type 5, 63 leaves):

4 (1+ bX>1/4 (m)l/‘l Hypepgeometr\iCZFl[i, i 5 a+abx]

a+b >4’ awb

b (1—ax)1/4

Problem 1730: Result unnecessarily involves higher level functions.

J 1 dx
(1—ax>1/4 (1+ax)3/4

Optimal (type 3, 193 leaves, 11 steps):
\/TAr‘cTan[l— M] \/TAchan{lJr M]

1/4

(1+a x) (1+ax) V4
a a
1/4 1/4
LOg[lJr 1-ax _ 2 (Lax)’ / } LOg[lJr l-ax N 2 (Lax? / }
+/1+ax (1+ax) ¥4 +/1+ax (1+ax) ¥4

N
V2 a V2 a
Result (type 5, 38leaves):

2.2¥4 (1+ax)?* Hypergeometric2F1[3, 7, 2, > (1+ax) |

a
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Problem 1736: Result unnecessarily involves higher level functions.

J(aerx)S/2 (c+dx)1/6d1x

Optimal (type 4, 487 leaves, 6 steps):
81 (bc-ad)’Va+bx (c+dx)*® 9 (bc-ad)® (a+bx)*? (c+dx)*®

+

1408 b d3 352 b d?
3 (bc-ad) (a+bx)5/2 (c+dx)1/6 3 (a+bx)7/2 (c+dx)1/6
. _
176 bd 11b

81 3%* (bc-ad)™? (c+dx)® ((bc—ad)l/s—bl/3 (c+dx)1/3)

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx>2/3

((bc—ad)1/3_ (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)*?- (1_\/?) pl/3 (c+dx)1/3}

EllipticF[ArcCos[ 1
(be-ad)?- (143 )13 (crdx)?? 4

(2+v3)]|/

p1/3 (c+dx>1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

((bc—ad)l/B— (1+\/?) b1/3 (c+dx)1/3)2

2816 bd*Va+bx |-

Result (type 5, 181 leaves):

- 3(C+dx)1/6

-d (a+bx) (81a3d3+a2bd2 (113c+356dx) +ab?d (-93c2+4ecdx+376d2x2) +

d b
b (27c®-12c?dx+8cd*x* +128d*x*) ) +81 (bc-ad)* d(a+bx)
-bc+ad
b d
Hyper‘geometricZFl[l, 1, Z, M] /(1408bd4\/a+bx>
6 2 6 bc-ad

Problem 1737: Result unnecessarily involves higher level functions.

J(a+bx)3/2 (c+dx>1/6dlx
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Optimal (type 4, 449 leaves, 5steps):
27 (bc—ad)zx/a+bx (c+dx)1/6 3 (bc-ad) (a+bx>3/2 (c+dx)1/6

+ +

320 b d? 80bd

3 (a+bx)5/2 (CerX)l/6

8b

+ |27 334 (bc—ad)g/3 (c+dx)1/6 ((bc—ad)l/z‘—bl/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+\E) b1/3 (c+dx)1/3)2

(bcfad)1/37(1f\/?) bl/3 <c+dx)1/3}) 1(2+\/?M /

EllipticF [ArcCos|
(bc—ad)1/3—(1+\/?)b1/3 (crdx)?? 4

bl/3 (c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

((bc—ad)lﬂf (1+\/?> bl/3 (c+dx)1/3)2

640bd3>+va+bx |-

Result (type 5, 142leaves):
1

320bd*>+a+bx

3 (c+dx)1/6 -d (a+bx) (27a%d*+2abd (11c+38dx) +b? (-9c?+4cdx+40d>x*)) -

b<c+dx)

d b
M Hyper‘geometr‘icZFl[ o J
c-a

1
27(bC7ad>3 -bc+ad g

1 7
E ]
2 6

Problem 1738: Result unnecessarily involves higher level functions.

J\/a+bx <c+dx)1/6d1x

Optimal (type 4, 411 leaves, 4 steps):
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3(bc-ad)Va+bx (c+dx)1/6 3 (a+bx)3/2 (c+dx)1/6

+ —

20bd 5b

334 (bc-ad)®”? (c+dx)¥® ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx>2/3

((bc—ad)1/3_ (1+\/?) p1/3 (c+dx)1/3)2

(bc-ad)*?- (1_\/?) b1/ (c+dx)*?

(bc—ad)1/37(1+\/?)b1/3 <c+dx)1/3 4

EllipticF [ArcCos|

b1/3 (c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

((bc—ad)1/3— (1+\/?) p1/3 (c+dx)1/3)2

40bd?’+~a+bx |-

Result (type 5, 109 leaves):

3(cidx)¥® |d(a+bx) (3adsb(ceddx)) -
20bd?+a+bx
, |d(a+bx) 1 1 7 bc+dx)
3(bc-ad) ————" Hypergeometric2F1[~, =, —,
-bc+ad 6 2 6 bc-ad

Problem 1739: Result unnecessarily involves higher level functions.

1/6

(c+dx) N
Jm ¢

Optimal (type 4, 375leaves, 3 steps):
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3+/a+bx <c+dx)1/6

2b

+137% (bc-ad)?? (c+dx)¥® ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc—ad)2/3'+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

((bc—ad)lﬂf (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)?- (1_ﬁ) bi/3 (c+dx)

1
(bc—ad)1/3—(1+\/?)b1/3 (c+dx)1/3 4

EllipticF|[ArcCos|

bl/3 (c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

4bd-/a+bx |-
((bc—ad)1/3_ (1+ﬁ) pl/3 (c+dx)1/3)2

Result (type 5, 93 leaves):

1
2bd+va+bx
1/6 d(a+bx) 1 1 7 bc+dx)
3 (c+dx) d(a+bx)+(bc-ad) | ————" Hypergeometric2F1|—, —, —,
-bc+ad 6 2 6 bc-ad

Problem 1740: Result unnecessarily involves higher level functions.

(crdx)¥®
J(a+bx>3/2 >
Optimal (type 4, 367 leaves, 3 steps):

2 <c+dx>1/6

b+a+bx

+ (c+dx>1/6 ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)le (1+ﬁ) bl/3 (c+dx)1/3)2

(bc-ad)?- (17\/?) bi/3 (c+dx)

(bc—ad)l/s—(1+\/?)b1/3 (c+dx)1/3 4

EllipticF [ArcCos|

pl/3 (c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

31/4b<bc—ad)1/3m B :
((bc—ad>1/37 (1+ﬁ) pl/3 (c+dx)1/3>

Result (type 5, 74 leaves):
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1/6 | _ d (a+bx) s 1 1 7 b(c+dx
2 (c+dx) [ N Hyper‘geometr‘1c2F1[6, Y1 —(—)—bﬁad ]

b+va+bx

Problem 1741: Result unnecessarily involves higher level functions.

(c+dx)?®

J;—————fdx
<a+bx>5/2

Optimal (type 4, 409 leaves, 4 steps):
2(c+dx)1/6 2d(c+dx)1/6

- - - 2d(c+dx)1/6((bc—ad)1/3—b1/3 (c+dx)1/3)
3b(a+bx)”? 9b(bc-ad)Va+bx

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+\/?) pl/3 (c+dx)1/3)2

(bc—ad)1/3— (17\/?) pl/3 <C+dx>1/3

(bc—ad>1/3_(1+ﬁ) pl/3 (c+dx)1/3 4

EllipticF [ArcCos|

bl/3 (c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

9 3Yb(bc-ad)*’Va+bx |-
((bc—ad)1/3— (1+ﬁ) hl/3 (c+dx)1/3)2

Result (type 5, 104 leaves):

2 (crdx)'e

d (a+bx)

1 1 7
3bc-2ad+bdx+2d (a+bx) Hypergeometric2F1[ =, =, —,
6 2 6

-bc+ad

(9b (-bc+ad) (a+bx)>?)

Problem 1742: Result unnecessarily involves higher level functions.

J(a+bx)3/2 (c+dx>5/6d1x

Optimal (type 4, 896 leaves, 7 steps):
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27(bc—ad)2\/a+bx (c+dx)5/6 3(bc-ad) (a+bx>3/2 (c+dx)5/6

) 224 b d? : 28bd ’
3(a+bx)5/2(c+dx)5/6 81(1+\E) (bc-ad)*~/a+bx (c+dx)*®
1eb 448b%2d? ((bc-ad)? - (143 ) 612 (cvdx)??)

81 3% (bc-ad)™? (c+dx)V* ((bc-ad)?-bY? (crdx)'?

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)*?+b¥3 (c+dx)??

((bc-ad)™?- (1+v/3) b1 (crdx)™?)?

(bc—ad)1/3_ (1_\/?) pl/3 (c+dx)1/3

(be-ad)*? - (1++/3) 613 (crdx)??

EllipticE [ArcCos |

},i(pm}/

53 /3 TbX h1/3 (c+dx>1/3((bc—ad>1/3_b1/3 (c+dx)1/3)
448 b°'° d a+bx - )
((bc—ad)1/3_ (1+\/?) pl/3 (c+dx)1/3)2

27 - 3%/4 (1—\/?) (bc—ad)le/3 (c+dx)1/6 ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx>2/3

((bc—ad)1/3_ (1+\/?) pl/3 (c+dx)1/3)2

(bc-ad)*?- (1_\/?) b1/ (c+dx)*?

(bc—ad)1/37(1+ﬁ)b1/3 <c+dx)1/3 4

EllipticF [Ar‘cCos [

b1/3 (c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

((bc—ad)1/3— (1+\/?) p1/3 (c+dx)1/3)2

896 b°3d*/a+bx |-

Result (type 5, 142leaves):
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-113 (c+dx)5/6

-d (a+bx) (27a2d2+2abd (65c+92dx) +b? (-45c2+40cdx+112d2x2)) -27 (bc-ad)3

2, M] /(1120bd3\/a+bx)

d (a +b x) ) 5
———— Hypergeometric2F1[ =, =
6 6 bc-ad

1
-bc+ad 2

)

Problem 1743: Result unnecessarily involves higher level functions.

J\/a+bx <c+dx)5/6d1x

Optimal (type 4, 858 leaves, 6 steps):
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15 (bc-ad) Va+bx (c+dx)5/6 3 (a+bx)3/2 (c+dx)5/6

+ +

56bd 7b
45 (1+\/?) (bc—ad)zx/a+bx (c+dx)1/6
.
112 b%/3 d ((bc—ad)1/3— (1+\/?) bl/3 (c+dx)1/3)

45 3Y4 (bc-ad)’? (c+dx)¥® ((bc—ad)l/B—bl/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+\/?) pl/3 (c+dx)1/3)2

(bc—ad)1/3— (17\/?) pl/3 (C+dx)1/3

(bc—ad>1/3_(1+ﬁ) pl/3 (c+dx)1/3 4

EllipticE [ArcCos|

b'/? (c+dx)? ((bc—ad)1/3—b1/3 (c+dx)1/3)
112b°3d*/a+bx |- .
((bc—ad)1/3— (1+\E) bt/3 <C+dx>1/3)2

15 - 33/4 (17\/?) (bc-ad)”? (c+dx)*® ((bc—ad>1/3—b1/3 <c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)*?+ b3 (c+dx)??

((bc—ad)le (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)?- (17\5) bl/3 (c+dx)1/3}

EllipticF|ArcCos| 1
(bc—ad)1/3—(1+\/?)b1/3 (c+dx)?? 4

(2+ﬁ)} /

bl/3 (c+dx>1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

((bcfad)lﬁf (1+\E) pl/3 (c+dx)1/3)2

224b°3d*Ja+bx |-

Result (type 5, 1101leaves):

1 5/6
—3(c+dx) d(a+bx) (5bc+3ad+8bdx)—
56 bd2+a+bx
2 d(a+bx) 1 5 11 b(c+dx)
3(bc-ad) ———— Hypergeometric2F1|[~, =, —, ————]
-bc+ad 2 6 6 bc-ad
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Problem 1744: Result unnecessarily involves higher level functions.

5/6

J<C+dx>
—— dx
\Va+bx

Optimal (type 4, 817 leaves, 5steps):
3va+bx (c+dx)%/® 15 (1+\/?) (bc-ad)va+bx (c+dx)"®

4b 8b°3 (bc-ad)*? - (1473 ] b2 (crdx)*?|

15 34 (bc—ad)‘”3 <c+dx)1/6 ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+\E) bl/3 (c+dx)1/3)2

(bc-ad)*?- (17\/?) bi/3 (c+dx)

(bc—ad)l/s—(1+\/?)b1/3 (c+dx)1/3 4

EllipticE [ArcCos|

S bl/3 (c+dx)1/3((bc,ad>1/3,b1/3 (c+dx>1/3)
8b’’°d+va+bx - B
((bc—ad)lﬂf (1+\/?) bl/3 (c+dx)1/3)2

5 34 (1-43 ) (bc-ad)*? (c+dx)"® [(bc-ad)*?-b¥? (c+dx)??)

pl/3 (c+dx>1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

16b3d~a+bx |-
((bc—ad)1/3— (1+\/?) b1/3 <C+dx)1/3)2

Result (type 5, 93 leaves):
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1
4bd+a+bx
dla+b b (c+d
3 (c+dx>5/6 d <a+bx) + (bc—ad) M Hyper‘geometr\iczFl[l, E, EJ M]
-bc+ad 2 6 6 bc-ad

Problem 1745: Result unnecessarily involves higher level functions.

<c+dx>5/6
J——————*dx
(a+bx)3?
Optimal (type 4, 798 leaves, 5 steps):
2 (c+dx)®e 5(1+\/?)d\/a+bx (c+dx)¥/e

b+va+bx b5/3((bc—ad)1/3_(1+ﬁ) pl/3 <c+dx)1/3)

5 3Y4 (bc-ad)? (c+dx)¥* ((bc-ad)?-b"? (c+dx)'?]

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

((bcfad)lnf (1+\/?) bl/3 (c+dx)1/3)2

EllipticE[ArcCos|

(bc—ad>1/3_(1_\/?)b1/3 (crdx)™? !
v sa™ s oo 2/

S bl/3 <c+dx)1/3 ((bcfad)1/3,b1/3 (c+dx)1/3)
b a+bx |- )
) ((bc—ad)1/3_(1+\/?) b1/3 (c+dx)1/3)2

5 (1—\/?) (bc—ad)l/3 (c+dx)1/6 ((bc—ad)l/s—bl/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)*?+b?? (c+dx)*?

((bc—ad)1/3_ (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)*?- (1_\/?) bY/3 (c +dx)Y?

EllipticF [Ar‘cCos [
(be-ad)*?- (1433 ] b¥3 (crdx)™?

}’i«Z*V?H /

pl/3 <c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

((bc—ad)1/3— (1+\/?) pl/3 (c+dx)1/3)2

2 31/4b5/3ﬂ/a+bx _
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Result (type 5, 74 leaves):

~1+ [ 4L pypergeometric2Fl[t, 2, i, bledx ]
-bc+ad 27 6 6 bc-ad

bva+bx

2 (c+dx)5/6

Problem 1746: Result unnecessarily involves higher level functions.

dx)5/6
J(c+ x) i

(a+bx>5/2

Optimal (type 4, 854 leaves, 6 steps):
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2(c+dx)5/6 10d(c+dx>5/6

_3b<a+bx)3/2 9b(bc—ad)\/m_
1@(1+ﬁ) d?Varbx (c+dx)¥®

9b%3 (bc-ad) [(bc-ad)* - (1+4/3) b1 (c+dx)*?)

10d (c+dx)1/6 ((bc—ad>1/3—b1/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+\/?) pl/3 (c+dx)1/3)2

be-ad)? (1) o (e a4 ]

(bc—ad>1/3_(1+ﬁ) pl/3 (c+dx)1/3 4

EllipticE [ArcCos|

bl/3 (c+dx)1/3 ((bc—ad)l/g’—bl/3 (c+dx)1/3)

3.3¥4b°3 (bc-ad)??+/a+bx |- -

((bc—ad)1/3— (1+\/?) bl/3 (c+dx)1/3)2

5 (1—\5) d (c+dx>1/6 ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)*?+ b3 (c+dx)??

((bc—ad)le (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)?- (17\5) bl/3 (c+dx)1/3} )

(bc—ad)1/3—(1+\/?)b1/3 (c+dx)1/3 4

(2+3])] /

EllipticF|ArcCos|

b'/? (c+dx)? ((bc—ad)1/3—b1/3 (c+dx)1/3)

((bcfad)lﬂf (1+ﬁ) pl/3 (c+dx)1/3)2

9 3Y4p*3 (bc-ad)*?+a+bx |-

Result (type 5, 105leaves):

d b
~|]2 (c+dx)>®|3bc+2ad+5bdx-2d (a+bx) M
-bc+ad

) )

5
6 6 bc-ad

)

= M} /(Qb(bc—ad) (a+bx)*?|

N | R

Hypergeometric2Fi |
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Problem 1747: Result unnecessarily involves higher level functions.

dx)5/6
J(c+ x) ix

(a+bx>7/2

Optimal (type 4, 896 leaves, 7 steps):
2 (c+dx)>® 2d (c+dx)*® 8d? (c+dx)°®

+ +

75b(a+bx)5/2 9b (bc-ad) (a+bx)3/2 27b(bcfad)2\/m
8(1+\/?) d3>/a+bx (c+dx)1/6

N
2705 (bc-ad)? ((bc-ad)"? - (1+/3 ) b1 (c+dx)"?)

8 d? (c+dx)1/6 ((bc—ad)1/3—b1/3 (c+dx>1/3>

(bc—ad)2/3'+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

((bc—ad)lnf (1+ﬁ) b1/3 (c+dx)1/3)2

(bc-ad)?- (17\/?) bi/3 (c+dx)

(bc—ad)l/s— (1+\/?) b1/3 (c+dx)1/3

EllipticE[ArcCos|

},i(2+\/?)] /

h1/3 (C+dx>1/3((bcfad)1/3—b1/3 (c+dx)1/3)
g 33/4p5/3 (bc—ad)sBW - )
((bc—ad)1/3—(1+\/?) bl/3 (c+dx>1/3>2

4(1-/3)d* (crdx)¥® ((bc-ad)'?-b¥? (crdx)?)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)*?+b¥3 (c+dx)*?

((bc—ad)1/3_ (1+\/?) b1/3 (c+dx)1/3)2

(bc—ad)1/3_ (1_\/?) pl/3 (c+dx)1/3

(be-ad)*? - (1++/3) 613 (crdx)*?

EllipticF [ArcCos |

},i(pm]/

b2 (c+dx)*? ((bc-ad)* b1 (crdx)??)

((bc—ad)1/3_ (1+\/?) bl/3 (c+dx)1/3)2

27 34 p3/3 (bc—ad)5/3\/a+bx -

Result (type 5, 140leaves):
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-2 (c+dx)5/6

d (a+bx)

-8a%d?*-abd (39c+55dx) + b? (27c2+15cdx—20d2x2) +8d? (a+bx)2
-bc+ad

=, M} /(135b (bc-ad)? (a+bx)*?)

5
Hypergeometric2F1[ =, =
6 6 bc-ad

N |

3

Problem 1748: Result unnecessarily involves higher level functions.

b 5/2
JQ i

(c+dx>1/6

Optimal (type 4, 890 leaves, 7 steps):
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81<bc—ad)2\/a+bx <c+dx)5/6 9 (bc-ad) (a+bx)3/2 (c+dx)5/6

- +

224 d3 28 d?
3(a+bx)? (cadx)¥® 243 (1+\/?) (bc-ad)®Va+bx (c+dx)"®
+ +
led 448022 ((bc-ad)? - (1443 ) 612 (cvdx)??)

243 34 (bc-ad)®? (c+dx)¥® (bc-ad)'?-b¥? (c+dx)?)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)*?+b¥3 (c+dx)??

((bc—ad)1/3_ (1+\/?) bl/3 (c+dx)1/3)2

(bc—ad)1/3_ (1_\/?) pl/3 (c+dx)1/3

(be-ad)*? - (1++/3) 613 (crdx)??

EllipticE [ArcCos |

},i(pm}/

h1/3 (c+dx>1/3 ((bc—ad)1/3_b1/3 (c+dx)1/3)
448b23d*/a+rbx |- .
((bc—ad)1/3_ (1+\/?) pl/3 (c+dx)1/3)2

81 334 (1—\/?) (bc—ad)le/3 (c+dx)1/6 ((bc—ad)1/3—b1/3 (c+dx)1/3>

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx>2/3

((bc—ad)1/3_ (1+\/?) pl/3 (c+dx)1/3)2

(bc-ad)*?- (1_\/?) b1/ (c+dx)*?

EllipticF [Ar‘cCos [

b1/3 (c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

((bc—ad)1/3— (1+\/?) p1/3 (c+dx)1/3)2

896 b%>3d*/a+bx |-

Result (type 5, 138 leaves):
1

1120d*+Va+bx

3 (c+dx)5/6 d(a+bx) (367a%d*+2abd (-195c+172dx) +b? (135c?-120 cdx + 112d*x?) ) -

d <a+bx)
-bc+ad

11 b (c+dx)

1
81 (bc-ad)’ Hypergeometric2F1| -,
2

)

5
- )
6 6 bc-ad
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Problem 1749: Result unnecessarily involves higher level functions.

b x)3/2
J(a+ x) ix

(c+dx)?®
Optimal (type 4, 855 leaves, 6 steps):
27 (bc-ad)Va+bx (c+dx)”® 3 (a+bx)>? (c+dx)>®

— + —

56 d? 7d
81 (1+\/?) (bc—ad)zx/a+bx (c+dx)1/6

112623 d? [ (bc-ad)*? - (1443 b (c+dx)*?)

81 34 (bc—ad)”3 (c+dx)1/6 ((bc—ad)l/B—bl/3 (c+dx)1/3)

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx>2/3

((bc—ad)1/3_ (1+\/?) bl/3 (c+dx)1/3)2

(bc—ad)l/s— (17\/?) pl/3 <C+dx>1/3

(bc—ad)l/B_(1+ﬁ)b1/3 <c+dx)1/3 4

EllipticE [ArcCos|

s bl/3 (c+dx)1/3((bc—ad)1/3—b1/3 (c+dx)1/3)
112b“’?d*va+bx - _
((bc—ad)le (1+\/?) bl/3 (c+dx)1/3)2

273 (1-+/3] (bc-ad)”? (c+dx)V* ((bc-ad)*? - b2 (c+dx)*?]

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+ﬁ) bl/3 (c+dx)1/3)2

(bc-ad)?- (17\/?) bi/3 (c+dx)

(bc—ad)1/3—(1+\/?)b1/3 (c+dx)1/3 4

EllipticF [ArcCos|

b'/? (c+dx)? ((bc—ad)1/3—b1/3 (c+dx)1/3)

((bc—ad)lﬁf (1+\E) bl/3 (c+dx)1/3)2

224b%3*d*Ja+bx |-

Result (type 5, 108 leaves):
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;3((: d 5/6
+ X) 5d<a+bx) (—9bc+17ad+8bdx>+
280d3+a+bx
2 d<a+bx) 1 5 11 b(C+dX)
27 (bc-ad) ————" Hypergeometric2F1| -, =, —, ————
-bc+ad 2 6 6 bc-ad

Problem 1750: Result unnecessarily involves higher level functions.
J Va+bx
(

>1/6

dx
c+dx

Optimal (type 4, 820leaves, 5 steps):
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3\/m<c+dx)5/6 9(1+\/?) (bc—ad) Va+bx (C+dx)1/6

+

4d 8b2/3d((bc—ad)1/37(1+\5)b1/3 (C+dx)1/3)+

9 3Y4(bc-ad)*? (c+dx)?® ((bc—ad)l/g’—bl/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+\/?) bl/3 (c+dx)1/3)2

(bcfad>1/37 (17\/?) pl/3 (c+dx>1/3

(be-ad)*?- (143 ) b13 (crdx)?? 4

EllipticE [ArcCos|

b'/? (c+dx)? ((bC—ad>1/3—b1/3 (c+dx)1/3)
8b2/3d2\/m B .
((bcfad>1/37 (1+\/?) pl/3 (c+dx>1/3)2

3. 334 (1—\5) (bc—ad)‘”3 <c+dx)1/6 ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc—ad)2/3'+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

((bc—ad)lnf (1+ﬁ) bl/3 (c+dx)1/3)2

(bc-ad)?- (17\5) bl/3 (c+dx)1/3} 1

EllipticF[ArcCos| -
(bc—ad)l/S—(1+\/?)b1/3 (c+dx)?? 4

(2+\/?)} /

bl/3 <c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx>1/3)

((bc—ad)1/3_ (1+\/?) bl/3 (c+dx)1/3)2

16b%*3d>+/a+bx |-

Result (type 5, 77 leaves):

5/6 3 Hypergeometric2F1 [ 15 41 b (crdx) ]
3\/m<c+dx) 54 2 e e hea
d (a+bx)
Tbeead

20d

Problem 1751: Result unnecessarily involves higher level functions.

1

J\/a+bx (c+dx)1/6

dx

Optimal (type 4, 780 leaves, 4 steps):
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3 (1+\/?) va+bx (C+dx)1/6

_b2/3 ((bc—ad)lﬁf (1+\E) pl/3 <c+dx)1/3)

3 3% (bc-ad)'? (c+dx)V® ((bc—ad)l/g’—bl/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+\/?) pl/3 (c+dx)1/3)2

(bcfad>1/37 (17\/?) pl/3 (c+dx>1/3

(be-ad)*?- (143 ) b13 (crdx)?? 4

EllipticE [ArcCos|

bl/3 (c+dx)*? ((bc—ad)1/3—b1/3 (c+dx)1/3)

((bc—ad)lnf (1+\/?) pl/3 (c+dx)1/3)2

b>3d~+/a+bx |-

33/4 (1—\/?) <bc—ad)1/3 (c+dx)1/6 ((bc—ad)1/3—b1/3 <c+dx)1/3)

(bc—ad)2/3'+b1/3 (bc—ad)l/3 (c+dx)1/3'+b2/3 (c+dx)2/3

((bc—ad)lnf (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)?- (17\5) bi/3 (c+dx)

(bc—ad)l/s— (1+\/?) b1/3 (c+dx)1/3

},%(2+\/?H /

EllipticF[ArcCos|

bl/3 (c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx>1/3)

((bc—ad)1/3_ (1+ﬁ) bl/3 (c+dx)1/3)2

2b%3d+/a+bx |-

Result (type 5, 73 leaves):

6 | 22X (. dx)®>® Hypergeometric2F1[2, >, 1, blerdXl]
27 6 6 bc-ad

-bc+ad

5dvVa+bx

Problem 1752: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx>3/2 (c+dx)1/6

Optimal (type 4, 813 leaves, 5steps):
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2 (crdx)®® 2 (1443 ) dVarbx [(crdx)*®
(bc—ad) Jarbx b23 (bc—ad) ((bc—ad)l/z’f (1+ﬁ) bl/3 (c+dx)1/3)

2 394 (crdx) V8 ((bc-ad)t? b1 (crdx)'?)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+\/?) pl/3 (c+dx)1/3)2

(bcfad>1/37 (17\/?) pl/3 (c+dx>1/3

(bc—ad)1/3_(1+\/?)b1/3 (c+dx)1/3 4

EllipticE [ArcCos|

bl/3 (c+dx)1/3 ((bC—ad>1/3—b1/3 (c+dx)1/3)
b2/3 (bc—ad)2/3\/m 3 i
((bcfad>1/37 (1+\/?) pl/3 (c+dx>1/3)2

(17\5) (c+dx)?® ((bc—ad)1/3—b1/3 (c+dx)1/3>

(bc—ad)2/3'+b1/3 (bc—ad)l/3 (c+dx)1/3'+b2/3 (c+dx)2/3

((bc—ad)lnf (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)?- (17\5) bi/3 (c+dx)

(bc—ad)l/S— (1+\/?) pl/3 (c+dx)1/3

EllipticF[ArcCos|

2w/

b1 (c+dx)¥? ((bc-ad)¥? b3 (chdx)?)

((bc—ad)l/B_ (1+\/?) bl/3 (c+dx)1/3)2

31/4b2/3 (bc—ad)2/3 /a+bX B

Result (type 5, 84 leaves):

2<C+dx>5/6 o2 -bc+ad

Hypergeometric2F1| 1,
2
(5 (bc-ad)arbx|

Problem 1753: Result unnecessarily involves higher level functions.

. S—
(a+bx>5/2 <C+dx)1/6

Optimal (type 4, 858 leaves, 6 steps):
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2(c+dx)5/6 8d(c+dx)5/6
+
3(bc-ad) (a+bx)3/2 9<bc7ad)2\/a+bx
8(1+\/?) d2+/a+bx (c+dx)1/6

962 (bc-ad)? ((bc-ad)*?~ (1443 b (c+dx)*?) )

+

8d (c+dx)1/6 ((bc—ad)l/B—bl/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+\/?) pl/3 (c+dx)1/3)2

Ll o Ll e S YA

(bc—ad>1/3_(1+ﬁ) pl/3 (c+dx)1/3 4

EllipticE [ArcCos|

b'/? (c+dx)*? ((bc—ad)l/g’—bl/3 (c+dx)1/3)

((bc—ad)1/3— (1+\/?) bl/3 (c+dx)1/3)2

+

3. 33/4p2/3 (bc—ad)5/3\/a+bx -

4 (1—\5) d (c+dx>1/6 ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)*?+ b3 (c+dx)??

((bc—ad)le (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)?- (17\5) bi/3 (c+dx)

(bc—ad)1/3— (1+\/?) b1/3 (c+dx)1/3

},i(uﬁ)}/

EllipticF|ArcCos|

bl/3 (c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

((bcfad)lﬂf (1+ﬁ) pl/3 (c+dx)1/3)2

9 3Y4p?3 (bc-ad)”?+a+rbx |-

Result (type 5, 105leaves):

d(a+b
-2 (c+dx)>®|-5(-3bc+7ad+4bdx) +8d (a+bx) d(a+bx)
-bc+ad

) )

5
6 6 bc-ad

)

N |

b (c+d
Hypergeometric2F1| 1 M} /(45 (bc-ad)? (a+bx)3/2)
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Problem 1754: Result unnecessarily involves higher level functions.

dx

J (a +b X) 5/2
(c+dx)*®
Optimal (type 4, 440leaves, 5steps):

81(bc—ad)2\/a+bx (c+dx)1/6 9 (bc-ad) (a+bx)3/2 (c+dx)1/6
64 d3 16 d?

+

3 (a+bx)5/2 (c+dx)1/6

y ~ |81 334 (bc—ad)g/3 (c+dx)1/6 ((bc—ad)1/3—b1/3 (c+dx)1/3)
8

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx>2/3

((bc—ad)1/3_ (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)*?- (1_\/?) b1/ (c+dx)*?

(be-ad)?- (1++/37)b¥3 (c+dx)??

},i(pﬁ)]/

EllipticF [Ar‘cCos [

b1/3 (c+dx)1/3 ((bc—ad)l/g'—bl/3 (c+dx)1/3)

((bc—ad)1/3— (1+\/?) pl/3 (c+dx)1/3)2

128d*+/a+bx |-

Result (type 5, 138 leaves):
1

64d*vVa+bx

3 (c+dx)1/6 d(a+bx) (47a%d?*+2abd (-33c+14dx) +b? (27c2-12cdx+8d*x?)) -

d (a+bx)
-bc+ad

b (c+dx)
bc-ad

|

. , 17
81 (bc-ad) Hypergeometric2F1| =, ) e’ ]

Problem 1755: Result unnecessarily involves higher level functions.

b 3/2
j<a+ X) dx

(c+dx>5/6

Optimal (type 4, 405 leaves, 4 steps):
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27 (bc-ad) a+bx (c+dx)1/6 3 (a+bx)3/2 (c+dx)1/6

- + +

20 d? 5d

27 3% (bc-ad)*? (c+dx)® ((bc-ad)'?-b¥? (c+dx)'?)

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

((bcfad)lﬂf (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)?- (1_\/?) b1/ (c+dx)

(bc—ad)1/37(1+\/?)b1/3 (c+dx>1/3 4

EllipticF[ArcCos|

b3 (c+dx)*? ((bc-ad)'?-b1 (c+dx)™?)

((bc-ad)™?- (1+v/3) b1 (crdx)™?)*

40d3Va+bx |-

Result (type 5, 107 leaves):

;3< 1/6
c+dx) d(a+bx) (—9bc+13ad+4bdx)+
20d3/a+bx
2 d<a+bx) 1 1 7 b(c+dx)
27 (bc-ad)? | ———— Hypergeometric2F1|—, —, —,
-bc+ad 6 2 6 bc-ad

Problem 1756: Result unnecessarily involves higher level functions.
J \Va+bx
(

>5/6

dx
c+dx

Optimal (type 4, 372leaves, 3 steps):
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3+/a+bx <c+dx)1/6

2d

|3 3% (bc-ad)?? (crdx)¥® ((bc-ad)? b (crdx)?

(bc—ad)2/3'+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

((bc—ad)lﬂf (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)?- (1_ﬁ) bi/3 (c+dx)

1
(bc—ad)1/3—(1+\/?)b1/3 (c+dx)1/3 4

EllipticF|[ArcCos|

pl/3 <c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

4d>\/a+bx |- :
((bc—ad)l/a_ (1+\/?) bl/3 (c+dx)1/3)

Result (type 5, 77 leaves):

s 1 1 7 b(csdx
3 Hypergeometric2F1| =, >, -,
3\/m<c+dx)1/6 14 [3,1,2,000x)
d (a+bx)
-bc+ad

2d

Problem 1757: Result unnecessarily involves higher level functions.

1

J\/a+bx (c+dx)5/6

dx

Optimal (type 4, 343 leaves, 2steps):

374 (cvdx)V® ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx>1/3+b2/3 <c+dx)2/3

((bc—ad)l/g— (1+\/?) b1/3 (c+dx)1/3)2

LS il £ Ll L R YRR

EllipticF [ArcCos |
(bc—ad)1/3_(1+\/?)b1/3 (c+dx)1/3 4

bl/3 (c+dx)*? ((bc—ad)1/3—b1/3 (c+dx)1/3)

((bc—ad)1/3— (1+\/?) p1/3 (c+dx>1/3)2

d(bc-ad)*?+a+bx |-

Result (type 5, 71 leaves):
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g | dtatbx) (c+dx)*®Hypergeometric2F1[%, %, £, besdx) |
-bc+ad 6 2 6 bc-ad

dva+bx

Problem 1758: Result unnecessarily involves higher level functions.

J ! dx
(a+bx>3/2 (c+dx)5/6

Optimal (type 4, 372leaves, 3 steps):

2 (c+dx)1/6

. (bc-ad) Va+bx

- 12 <c+dx)1/6 ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

((bc—ad)lﬂf (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)?- (1_ﬁ) bl/3 (c+dx>1/3} L

(bc-ad)?- (1+\/?) b3 (c+dx)'? "4

EllipticF|[ArcCos|

(2+\/?)] /

pl/3 (c+dx)1/3 ((bc—ad>1/3—b1/3 <c+dx)1/3)

((bc—ad>1/3_ (1+ﬁ) pl/3 (c+dx>1/3)2

31/4 (bc—ad)4/3\/a+bx -

Result (type 5, 82 leaves):

2 (c+dx)1/6

1+2 | HebX pypergeometric2F1|t, 1, 7, blcdx ]
-bc+ad 6 2 6 bc-ad

(bc-ad) Va+bx

Problem 1759: Result unnecessarily involves higher level functions.

J ! dx
(a+bx>5/2 (c+dx)5/6

Optimal (type 4, 410leaves, 4 steps):
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2(c+dx)1/6 16d(c+dx>1/6
+

N
3(bc-ad) (a+bx)3/2 9 (bcfad)zx/aerx

16d (c+dx)1/6 ((bc—ad>1/3—b1/3 (c+dx)1/3)

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx>2/3

((bc—ad)1/3_ (1+\/?) pl/3 (c+dx)1/3)2

(bc-ad)*?- (1_\/?) b1/ (c+dx)*?
(bc-ad)?- (1+\/?) pl/3 (c+dx)1/3}, 4 <2+\/?M /

EllipticF [Ar‘cCos [

b1/3 <c+dx)1/3 ((bc—ad)l/g—bl/3 (c+dx)1/3)

((bc—ad)1/3— (1+\/?) bl/3 (c+dx)1/3)2

9 3l/4 (bcfad)7/3\/a+bx

Result (type 5, 102 leaves):

d(a+b
2 (c+dx)¥®|-3bc+11ad+8bdx+16d (a+bx) dfarbx)
-bc+ad

b (C+dx)

H] /(9<bc—ad)2(a+bx)3/2)

. 11 7
Hypergeometric2F1[ =, =, —,
6 2 6

Problem 1760: Result unnecessarily involves higher level functions.

(a+bx>5/2 4
- dX
J(c+dx)7/6

Optimal (type 4, 880 leaves, 7 steps):
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6 (a+bx)>? 465b (bc-ad)/a+bx (c+dx)*®

- - +

d(c+dx)1/6 56 d?

456 (a+bx)*? (c+dx)¥® 1215 (1+ﬁ) b3 (bc-ad)?a+bx (c+dx)®

7 d? 112d3((bc—ad)1/3—(1+\/?) bl/3 (c+dx)1/3)

1215 . 3l/4pl/3 (bc—ad)”3 (c+dx)1/6 ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+\/?) pl/3 (c+dx)1/3)2

(bc—ad)1/3— (17\/?) pl/3 (C+dx)1/3

(bc—ad>1/3_(1+ﬁ) pl/3 (c+dx)1/3 4

EllipticE [ArcCos|

s aThx pl/3 <c+dx)1/3(<bc_ad)1/3_b1/3 (c+dx)1/3)
112 d a+bx - )
((bc—ad)1/3— (1+ﬁ) hl/3 (c+dx)1/3)2

405 - 33/4 (1—\5) bl/3 (bc—ad)”3 (c+dx>1/6 ((bc—ad)1/3—b1/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)*?+ b3 (c+dx)??

((bc—ad)le (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)?- (17\5) bi/3 (c+dx)

(bc—ad)1/3— (1+\/?) b1/3 (c+dx)1/3

EllipticF|ArcCos|

},i(uﬁ)}/

pl/3 (c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)

224d*+a+bx |-

((bcfad)le (1+\/?) pl/3 (c+dx)1/3)2

Result (type 5, 132leaves):

112 (bc-ad)?
b(-23bc+31ad)+8b*dx- ——————| +
c+dx

1

56d*+/a+bx

3 (c+dx)5/6 d(a+bx)

d <a+bx)

81b<bc—ad)2 " y
-bc+a

1
Hypergeometric2F1[ =,
2
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Problem 1761: Result unnecessarily involves higher level functions.

b x)3/2
J(a+ x) ix

(c+dx>7/6

Optimal (type 4, 844 leaves, 6 steps):
6 (a+bx)3/2 27b/a+bx (c+dx)¥® 81 (1+\/?) b3 (bc-ad) Va+bx (c+dx)*®

d(c+dx>1/6 4 d? 8d2((bcfad)1/37(1+\/?) p1/3 (c+dx>1/3)

+

81 314bY? (bc-ad)*? (c+dx)® (bc-ad)'?-b¥? (c+dx)*?)

(bc—ad)2/3'+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

((bc—ad)lﬂf (1+\/?) bl/3 (c+dx)1/3)2

EllipticE[ArcCos|

s J3TEX bt/3 <C+dX)1/3((bcfad)1/3,b1/3 (c+dx)1/3)
8d°+va+bx - .
((bc—ad)1/3— (1+\/?) b1/3 (c+dx)1/3)2

273 (1-/3 ] b2 (bc-ad)"? (c+dx)"* ((bc-ad)? - "2 (c+dx)'?)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+ b3 (c+dx)??

((bc-ad)™?- (1+v/3) b1 (crdx)™?)?

(bc—ad)1/3— (1_\/?) pl/3 (c+dx)1/3

(bc—ad)1/3f (1+\/?) pl/3 (c+dx>1/3

EllipticF [ArcCos |

L5 v/

6"/ (c+dx)? ((bc-ad)'?-b1 (c+dx)™?)

((bc—ad>1/3_ (1+\/?) p1/3 (c+dx>1/3)2

16d®*va+bx |-

Result (type 5, 99 leaves):

s 1 5 11 b (c+dx
1 5(9bc-8ad+bdx) 27bHypergeometric2F1|2, >, &, bledxl]
3 /a+bx <C+dX)5/6 ( ) N 2" 6 6 bc-ad
20 d? c+dx

d (a+bx)
-bc+ad
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Problem 1762: Result unnecessarily involves higher level functions.
J Va+bx 4
(

7/6

X
c+dx>

Optimal (type 4, 806 leaves, 5steps):
6/a bx 9 (1+3 ) b3 Varbx (crdx)?e

7d <C+dx)1/6 d ((bcfad>1/3f (1+\/?) bl/3 (c+dx>1/3)

9 3/4pl/3 (bc—ad)l/3 (c+dx)1/6 ((bc—ad)lﬁfbl/3 (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+ﬁ) bl/3 (c+dx)1/3)2

(bciad>1/37(17\/?) bl/3 <c+dx>1/3}) 1(2+\/?M /

EllipticE [ArcCos|
(bc—ad)1/3—(1+\/?)b1/3 (crdx)?? 4

: 3ThX bl/3 (C+dX>1/3((bcfad)1/3,b1/3 (C+dx)1/3)
d a+bx - B
((bcfad)lﬁf (1+\E) bl/3 (c+dx)1/3)2

334 (1-4/3 )b (be-ad)"? (crdx)® ((bec-ad)'?-bP? (c+dx)™?)

(bc—ad)2/3+b1/3 (bc—ad)1/3 (c+dx)1/3+b2/3 (c+dx)2/3

((bcfad)lﬂf (1+\/?) b1/3 (c+dx)1/3)2

(bc-ad)?- (1_ﬁ) b3 (c+dx)

1
(bc—ad)l/g’—(1+\/?)b1/3 (c+dx>1/3 4

EllipticF[ArcCos|

b'/> (c+dx)*? (bc-ad)*? b1 (crdx)*?)

((bc-ad)™?- (1+v/3) b1 (c+dx)™?)?

2d’+va+bx |-

Result (type 5, 90 leaves):

d(a+bx) . 1 5 11 bfc+dx)
- 7 <c+dx) Hyper‘geometl"lCZFl[—, s T T /

-3ed (a+bx) +18b
-bc+ad 2 6 6 bc-ad

(5d2\/a+bx <c+dx)1/6>
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Problem 1763: Result unnecessarily involves higher level functions.

1

J\/m (c+dx)”®

dx

Optimal (type 4, 817 leaves, 5steps):
6/aibx 6(1+V3 ) b3 Varbx (crdx)**
+ +
1+\E) bl/3 <c+dx)1/3)

(bc-ad) (c+dx)™® (bc-ad) ((bc—ad)1/3,

6 31/4pl/3 (c+dx)1/6 ((bcfad)l/g’—bl/?’ (c+dx)1/3)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+\E) b1/3 (c+dx)1/3)2

(bcfad>1/37 (17\/?) pl/3 (c+dx>1/3

(bc—ad)1/3—(1+\/?)b1/3 (c+dx)1/3 4

EllipticE [ArcCos|

pl/3 <c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx)1/3)
d(bc-ad)*’Va+bx |- .
((bc—ad)lnf (1+\/?) bl/3 (c+dx)1/3)2

33/4 (1—\/?) b'/? (c+dx)® ((bc—ad)1/3—b1/3 <c+dx)1/3)

(bc—ad)2/3'+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

((bc—ad)lﬂf (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)?- (1_ﬁ) bl/3 (c+dx)1/3} L

EllipticF|[ArcCos| -
(bc—ad)1/3—(1+\/?)b1/3 (c+dx)?? 4

(2+\/?H /

bl/3 <c+dx)1/3 ((bc—ad)1/3—b1/3 (c+dx>1/3)

((bc—ad)1/3_ (1+\/?) bl/3 (c+dx)1/3)2

d(bc-ad)*’vVa+bx |-

Result (type 5, 100 leaves):

d(a+bx) 1 5 11 b (c+dx)
6|5d(a+bx)-2b | ————- (c+dx) Hypergeometric2F1[—, P ——] /

-bc+ad 2 6 bc-ad

(Sd (bc-ad)va+bx (c+dx)1/6)
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Problem 1764: Result unnecessarily involves higher level functions.
1

J(a+bx>3/2 (c+dx)”®

dx

Optimal (type 4, 844 leaves, 6 steps):
2 8d+a+bx

(bc-ad)a+bx (c+dx)1/6 (bc—ad)z(Cerx)l/6
8(1+\5) bl’3d+/a+bx (c+dx)1/6

(bc—ad)2 ((bc—ad)1/3_ (1+\/?) b1/3 (c+dx>1/3)

8 3Y4pY2 (c+dx)® [(bc-ad)t b1 (crdx)??)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)*?+b¥3 (c+dx)*?

((bc—ad)1/3_ (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)*?- (1—\/?) b1/ (c+dx)*?

EllipticE [ArcCos | 1
(bc—ad)1/37(1+\/?)b1/3 (crdx)?? 4

pl/3 <c+dx>1/3 ((bcfad)l/B—bIB (c+dx)1/3)
(bc—ad)5/3\/m _ )
((bc—ad)1/3— (1+\/?) bl/3 (c+dx)1/3)2

4 (1—\/?) bt/3 (c+dx)1/6 ((bc—ad)l/g—bl/3 (c+dx)1/3)

(bc—ad)2/3+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx>2/3

((bc—ad)1/3_ (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)*?- (1_\/?) b1/ (c+dx)*?

EllipticF [Ar‘cCos [
(be-ad)?- (1++/3 )13 (c+dx)??

},i(pﬁ)]/

bl/3 (c+dx)*? ((bc—ad)l/s—bl/3 <c+dx)1/3)

((bc—ad)1/3— (1+\/?) p1/3 (c+dx>1/3)2

31/4(bc—ad)5/3\/a+bx -

Result (type 5, 102 leaves):
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d b
~||2|15ad+5b (c+4dx)-8b dfarbx) (c+dx)

-bc+ad

L M} /(5 (bC—ad>2m(c+dx)”6)

5
Hypergeometric2F1| —, =~
6 6 bc-ad

)

N |

Problem 1765: Result unnecessarily involves higher level functions.

J = dx
(a+bx>5/2 (c+dx)7/6

Optimal (type 4, 893 leaves, 7 steps):
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2 20d
- + +
3(bc-ad) (a+bx)*? (c+dx)¥® 9(bc-ad)*a+bx (c+dx)™®
80d>\a+bx 80 (143 ) b2 d2Varbx (c+dx)
+

9 (bc-ad)® (c+dx)¥® 9 (bc-ad)?’ ((bc—ad)lﬁf (1+ﬁ) bl/3 (c+dx)1/3) '

80b™2d (c+dx)® (bc-ad)¥? - (crdx)*?)

(bc-ad)??+b¥3 (bc-ad)*? (c+dx)¥?+b¥3 (c+dx)??

((bc—ad)1/3— (1+\E) p1/3 (c+dx)1/3)2

(bc-ad)?- (17\/?) bi/3 (c+dx)

(bc—ad)1/3—(1+\/?)b1/3 (c+dx)1/3 4

EllipticE [ArcCos |

p1/3 <c+dx)1/3 ((bC*ad)1/37b1/3 (c+dx)1/3)
3 33/4 (bC*ad>8/3m B .
((bc—ad)lnf (1+\E) bl/3 (c+dx)1/3)2

46 (1-/3 | b3 d (c+dx)¥® [(bc-ad)'?-bY? (crdx)*?)

(bc—ad)2/3'+b1/3 (bc—ad)l/3 (c+dx)1/3+b2/3 (c+dx)2/3

((bc—ad)lﬂf (1+\/?) bl/3 (c+dx)1/3)2

(bc-ad)?- (1_ﬁ) bi/3 (c+dx)

(bc—ad)”"’— (1+\/?) pl/3 (c+dx>1/3

EllipticF|[ArcCos|

},%(2+\/?H /

b3 (c+dx)? ((bc—ad)1/3—b1/3 (c+dx>1/3)

9 31/4(bc—ad)8/3m _
((bc—ad)1/3_ (1+\/?) bl/3 (c+dx)1/3)2

Result (type 5, 139 leaves):
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2 (27a%*d*+2abd (8c+35dx) +b? (—3c2+10cdx+40d2x2) -

d (a+bx)

16bd (a+bx) " y
-bc+a

(c+dx) Hypergeometric2F1[§5 25 —, —*] //
(9 (-bc+ad)® (a+bx)>? (c+dx)'*]

Problem 1766: Result more than twice size of optimal antiderivative.

Jwa+bxfm(c+dxf”6dx

Optimal (type 5, 84 leaves, 2 steps):

1
7 b3 (b(c+dx) )1/6
bc-ad
2 7/6 1/6 ) 13 7 13 d(a+bx)
6 (bc-ad)® (a+bx)”° (c+dx) Hypergeometric2F1[- —, —, —, - ———]
6 6 6 bc-ad

Result (type 5, 182leaves):

3(c+dx)¥®|-d(a+bx) (91a>d®-13a’bd? (23c+2dx) +ab’d (341c*+84cdx+16d*x?) +

d(a+bx)\>*®

-bc+ad

]/ (2240 b° d? (a+bx)5/6)]

b* (91c®+614c?dx +656 cd’x?+224d>x3)) +91 (bc—ad)4[

b(c+dx)

Hypergeometric2Fi |
bc-ad

]

)

|

5
6

7
y T
6

Problem 1772: Result unnecessarily involves higher level functions.

Jwa+bx)”6(c+dx>”6dx

Optimal (type 3, 427 leaves, 14 steps):
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5 (bc—ad) (a+bx>1/6 (c+dx)5/6 (a+bx>7/6 (c+dx)5/6

+ +
12bd 2b
5(bc-ad) ?ArcTan| L= - 20" (asbx)VE 1’/6, ] 5(bc-a d)2 ArcTan| -+ 24 (arb )PP ]
N3 /3 b6 (cedx) /6 N3 /3 bYE (cedx)V/E
244/3 b11/6 d7/6 24 /3 b11/6 d7/6

1/6 1/6 1/3 1/3 1/6 41/6 1/6
5(bc-ad)?ArcTanh|[ 22X =] 5 (bc-ad)? Log|bl/? + &(abXie  brmdm (ab X ]
(c+d x)1/3 (c+d x)1/®

d
b1/6 (c+d x)V/6

36 b11/6 d7/6 i 144 b11/6 d7/6

2 1/3 d1/3 (a+b x) 1/3 pl/6 41/6 (atb x) 1/6
5(bc-ad)”Log|b>+ p
( ) g[ (c+dx)Y/3 (c+dx)1//6 }

144 b11/6 d7/6

Result (type 5, 109 leaves):
d(a+bx)\*>*®

[(c+dx)5/6 [d (a+bx) (5bc+ad+6bdx) - (bc—ad)z[
-bc+ad

b d
Hyper‘geometr‘icZFl[E, E, E, %}]]/ (12bd2 (a+bx)5/6)
6 6 6 c-a

Problem 1773: Result unnecessarily involves higher level functions.

b 1/6
J(a+ x) ix

(C +dX>1/6

Optimal (type 3, 378 leaves, 13 steps):
1 1/6 atb x 1/6
(a+bx) Y5 (cdx)® ) (bc-ad) ArcTan| \/1? - 4—)—§bl/s (cidx)m}

d 2 ﬁ b5/6 47/6
2dY/6 (a+bx)?/6 ] <b c-a d) ArcTanh [ dV/6 (asbx)V/6

V3 b/ (c+dx)/® bY/6 (c+dx) /6
+

5/6 47/6
2+/3 b5/6d7/6 3b/°d
d'/3 (asbx)/?  bY/6dY° (asbx) V6 ]

(c+dx)/3 (c+d x) /6

(bc-ad) ArcTan| 2=+
V3

(bc-ad) Log[b'/?+

12 b5/6 d7/6

1/3 1/3 1/6 41/6 1/6
(b c-a d) Log[b1/3 4 42 (arbx) 7 b'/® d¥/ (a+b/x) ]
(c+dx) 13 (cedx) /6

12 b5/6 d7/6

Result (type 5, 76 leaves):

(aerx)l/6 (c+dx>5/6 5+

5d
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Problem 1774: Result unnecessarily involves higher level functions.

(a+bx) /6 4
- dX
J (c+dx)”/®
Optimal (type 3, 332 leaves, 13 steps):

\/3 bl/6 Ar‘cTan[L 240 (asbx) 0 ]

V3 V3 b6 (cidx) Y0

- - +
d <C+dX>1/6 d7/6

6 (a+bx)'e

1/6 1/6 1/6 1/6
4/3 b1/6 Ar‘cTan[ 1 . 2d ’ a+tbx) Y - ] 2b1/6 Ar‘cTanh[d’/ a+b x / }
V3 V3 b8 (c+dx)/® b/® (c+dx)/®
+ —
d7/e d7/6

pl/6 Log[b1/3 L 4 (asbx) V2 bYodYC (asb x)l/s} b1/6 Log[b1/3 L 42 (arbx)Y2 | Y/ dYS (ash x)l/s}
(c+dx)1/3 (c+d x) /6 (c+dx)1/3 (c+d x) /6

+

2d7/6 2d7/6

Result (type 5, 89leaves):
d(a+bx)
-bc+ad
(5% (a+bx)*® (crdx)*®)

5/6

6|-5d (a+bx)+b (c +dx) Hypergeometric2Fl|

k)

5 5 ole+rdx)
6 6 6 bc-ad

Problem 1779: Result unnecessarily involves higher level functions.

J(aerx)S/6 (c+dx>1/6d1x

Optimal (type 3, 427 leaves, 14 steps):
(bc-ad) (a+bx)5/6 (c+dx>1/6 (a+bx)11/6 (c+dx)1/6
+
12bd 2b

5 (bc-ad)?ArcTan| L - 285200 | 5 (o g4)2ArcTan| L 4 2E0(asble ]
A3 bY/® (c+dx)Y/® V3 /3 bY/6 (ckdx)V/6E

N _
244/3 b7/6 d11/6 24_4/3 b7/6 d11/6
5 (bc-ad)®ArcTanh| &% (asbx) V2 1/6} 5(bc-ad)?Log[b'?+ 4" (arbx) 2 pYede (a+b/)()1/’s}
b6 (c+dx)V/® . (c+d x)1/3 (c+d x)/®
36 b7/6 d11/6 144 b7/6 d11/6
5 (b c_3a d)z Log[b1/3 L e (a+bx)/1/3 L bYede (a+b/x)1/’5}
(c+d x) /3 (c+d x)1/®
144 b7/6 d11/6
Result (type 5, 109 leaves):
d(a+bx) )\
(c+dx)1/6 d(a+bx) (5ad+b (c+6dx)) -5 (bc—ad)2 g
-bc+ad

1 1 7 b(c+dx]
Hypergeometric2F1[~, —, —, ———
6 6 6

J/ (12bd? (a+bx)"°)
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Problem 1780: Result unnecessarily involves higher level functions.

b x)5/6
J(a+ x) ix

(c+dx>5/6

Optimal (type 3, 378 leaves, 13 steps):

1 1/6 (a4 1/6
(a+bx] ¥ (coax)me 5 (be-ad)ancTan[Zn - 28

d 2 \/? bl/6 ¢11/6

1/6 1/6 1/6 (a4 1/6
5 (bc-ad)ArcTan| 21—y 2&—@DX ] 5 (hc - ad) ArcTanh| & 20X =]
N3 /3 bYE (cedx)V/E b'/6 (c+dx)1/®

- +
1/6 411/6
2 \E bl/6 g11/6 3b*/°d
5(bc-ad) Log[b'?+ d¥3 (atbx)¥? b6 dYe (arbx)V/° ]
(c+dx)1/3 (c+d x)1/6

12 b1/6 d11/6

5(bc-ad) Log[b'/?+ 43 (asbx)¥?  bY0dYC (asbx)V/° ]
(c+dx)1/3 (c+d x) /6

12 b1/6 d11/6

Result (type 5, 74 leaves):

(a+bx)5/6 (c+dx)1/6 1+

Problem 1781: Result unnecessarily involves higher level functions.

(a+bx)>®
J<C+dx>11/6 dx
Optimal (type 3, 334 leaves, 13 steps):

5/6 1 2dY/6 (a+bx) /6
6 (a+bx)®® \/3 b%%ArcTan| N 4(—)_* "y (de)l/s}

75d<C+dX)5/6+ d11/6

1/6 1/6 1/6 1/6
V/3 b6 ArcTan| L 2E—(@bXl ] 5 p5/6 ApcTanh [ L {a0X =]
V3 /3 bY/6 (cedx) /6 b'/6 (c+d x) /6
+ _
d11/6 d11/6

5/6 1/3 d1/3 (atbx) /3 B pl/6 41/6 (a+bx)1/5 5/6 1/3 d1/3 (atbx) /3 pl/6 41/6 (a+bx)1/5
b>/° Log| bt/ + b>/° Log| bt/ + +

(c+dx)1/3 (c+dx)/8 (c+dx)1/3 (c+dx)1/8
+
2 g11/6 5 gi1/e
Result (type 5, 90leaves):
d(a+bx)|** , 1 1 7 bc+dx)
-6d (a+bx) +30b | —— (c +dx) Hypergeometric2F1[ =, =, —, ——— ] /
-bc+ad 6 6 6 bc-ad

(52 (a+bx)"® (c+dx)**]
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Problem 1792: Result more than twice size of optimal antiderivative.

J(a+bx)7/6 (c+dx)13/6dlx

Optimal (type 5, 84 leaves, 2 steps):
1

13 b3 (b(c+dx) )1/6
bc-ad

6(bc-ad)? (a+bx)™® (c+dx)l/sHyper‘geometr‘iCZFl[—E, 131 dlaxvx
6 6 6 bc-ad

Result (type 5, 234 leaves):
1

8320b%d* (a+bx)>°

3(c+dx)¥®|-d(a+bx) (91a*d*-26a’bd® (15c+dx) +2a’b?d? (320c?+55cdx +8d?x?) +

2ab’d (195¢*+1225c®dx + 1280 c d® x* + 432d°> X°) +
b* (—91c4+26c3dx+1264c2d2x2+1696cd3x3+640d4x4)) -
d (a+bx) 5/6

-bc+ad

5 7 b(c+dx)

1
Hypergeometric2F1[ =, =, -, ]
6 6 6 bc-ad

)

91 (bc—ad)s(

Problem 1793: Result more than twice size of optimal antiderivative.

J(a+bx)7/6 (c+dx>7/6d1x

Optimal (type 5, 82leaves, 2 steps):
1

13 b2 (b(c+dx) )1/6
bc-ad

7 13
6 (bc-ad) (a+bx)*® (c+dx)*®Hypergeometric2Fi[- -, —, —, - ———
6 6 6 bc-ad
Result (type 5, 183 leaves):

[3 (c:+dx)1/6 [—d (a+bx) (7a3d3—a2bd2 (23c+2dx) -ab’d (23c2+92cdx+48d2x2) +

d(a+bx)\>*®

b3 (7c3—2c2dx—48cd2x2—32d3x3>) +7 <bcad)4[
-bc+ad

b (c+dx)

_ 15 7
Hypergeometric2F1[ =, =, -,
6 6 6 bc-ad

] ]/ (32007 (a+bx)**]
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Problem 1798: Result unnecessarily involves higher level functions.

b 7/6
JH ix

(c+dx>1/6

Optimal (type 3, 424 leaves, 14 steps):

7 (bc-ad) (a+bx)1/6 (c+dx)5/6 (a+bx)7/6 (c+dx>5/6
_ N _

12 d? 2d

7 (bc-ad)?ArcTan| -t - 2E—labX 7 (h e ad)? ArcTan| 1 4 24— (DX
/3 bY6 (c+dx)V/C V3 3 bY6 (cedx) /e

+
24ﬂ/3 p5/6 ¢13/6 24 /3 b5/6 ¢13/6

1/6 1/6 1/3 1/3 1/6 41/6 1/6
7 (bc—ad)ZAr‘cTanh[d// (a+b x) / } 7 (bc—ad)z Log[b1/3+d (a+bx)’ _ bt/ dY (a+b/x) }

b/6 (c+dx) /6 (c+d x) /3 (c+d x)1/6

- +
36 b°/6 d13/6 144 b>/® d13/6
1/3 1/3 1/6 41/6 1/6
7 (bc—ad)z Log[b1/3+ d (a+bx)/ . b'/® d¥Y/ (a+b/x) }
(c+d x) /3 (c+d x)/®

144 b5/6 d13/6

Result (type 5, 108 leaves):
1

(c+dx)*® [5d(a+bx) (-7bc+13ad+6bdx) +
3 5/6
60 d (a+bx)
d(a+bx) 5/6
_ Hypergeometric2F1 |

-bc+ad

11 b (c+dx)

) )

>
6 6 bc-ad

)

7(bc—ad)2[

a |

Problem 1799: Result unnecessarily involves higher level functions.

(a +b X> 7/8 4
E— D ¢
J (c+dx)”/®
Optimal (type 3, 403 leaves, 14 steps):

1 1/6 (a4 1/6
(6(asbx]7 7b(arbx)VC (codx)® TP (be-ad) ArcTan[ - - 24 e o]

d (c+dx>1/6 d? 2+/3 /6

1/6 1/6 1/6 1/6
7bY6 (bc-ad) ArcTan| L ZE(abX ] 751/6 (b ¢ ad) ArcTanh [ £ {(abx 2]
N3 /3 bYE (crdx)V/E b/ (c+dx)/®

- +
2 /3 d13/6 3d13/6
7bY/6 (bc-ad) Log[bl/? 4 E1abx) 2 BUEAE (acbx) 2]
(c+dx)V/3 (c+d x) /6
12 d13/6
7b1/6 (bc-ad) Log[bl/3 + @/ 1ab | bYEdE (aibx) 2]
(c+dx)V/3 (c+d x) /6
12 d13/6

Result (type 5, 99 leaves):
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5(7bc-6ad+bdx) 7bHypergeometric2F1[2, 2, i, Bled ]

1 _
(a+bx>1/6 <C+dX)5/6 + 6 6 bc-ad
5d? c+dx (M)M
-bc+ad

Problem 1800: Result unnecessarily involves higher level functions.

(a+bx)7/6
J( 13/6 dx

c+dx)

Optimal (type 3, 358 leaves, 14 steps):

/3 b7/ ArcTan [ 1 M}
V3 V3 bYE (cedx) 0
- +

6(a+bx)”® 6b(a+bx)V®
7d (c+dx)”®  d? (c+dx)1/6 d13e

1/6 1/6 1/6 1/6
/3 b7/6 ArcTan| L 2E—(@bXi ] 5 p7/6 ApcTanh [ & La0X =]
V3 /3 bY/6 (cedx) /o bY/® (c+dx)*/®
+ —
d13/e d13/e

p7/6 Log[b1/3 L 4 (asbx) V2 bYodYC (asb x)l/s} b7/6 Log[b1/3 L 4 (asbx) VP bY/odYC (asb x)l/s}

(c+dx)1/3 (c+d x) /6 (c+dx)1/3 (c+d x) /6
2d13/6 * 2d13/6
Result (type 5, 107 leaves):
d(a+bx))%®
-30d (a+bx) (7bc+ad+8bdx) +42b? Q (c+dx)2
-bc+ad

11 b (c+dx)

» 7})/ (35d% (a+bx)*® (c+dx)”®)

Hyper‘geometr‘icZFl[E, 2
6 6 6 bc-ad
Problem 1805: Result unnecessarily involves higher level functions.
d 7/6
J(c+ x) i
(a+bx>1/6
Optimal (type 3, 424 leaves, 14 steps):
7 (bc-ad) (a+bx)5/6 (c+dx)1/6 (a+bx>5/6 (c+dx)7/6
+

12 b2 2b
7 (bc-ad)?ArcTan| 1= M] 7 (bc-ad)?ArcTan| -2 ST UANCHLE LA ]

+

— - —_ - -
V3 /3 bV (crdx)V/6 N3 /3 b6 (cdx)V/E
244/3 b13/6 d5/6 24A/3 b13/6 d5/6

1/6 1/6 1/3 1/3 1/6 41/6 1/6
7 (bc—ad)ZAr‘cTanh[Q—)—d ~(a+bx) | 7 (bc—ad)ZLog[b1/3+CI tasb s 0R Rdt R iachgt ]

bY/6 (codx) /6 (crdx) Y3 (crdx)"/®

- +
36 b13/6 d5/6 144 b13/6 d5/6
1/3 1/3 1/6 41/6 1/6
7 (bc—ad)z Log[b1/3+ d (a+bx2 . b*/° dY/ (a+b/x) }
(c+d x) /3 (c+d x)/®

144 b13/6 d5/6

Result (type 5, 111 leaves):
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d(a+bx)\*®

-bc+ad

)/ (12b%d (a+bx)*°)

[(c+dx)1/6 [_d (a+bx) (-13bc+7ad-6bdx) +7 (bc—ad)z(

b (c+dx)

, 11 7
Hypergeometric2F1[~, =, —,
6 6 6 bc-ad

Problem 1806: Result unnecessarily involves higher level functions.
1/6
J(c +dx) ix
(a + bX>1/6
Optimal (type 3, 378 leaves, 13 steps):

1 1/6 (54 1/6
(a+bx)*® (c+dx)¥® ) (bc-ad) ArcTan| \/1? - 4—)—\/237‘1171/63“:‘)()1/6} )
b 2+/3 b7/6d5/6

(bc-ad) ArcTan| # + 4—)—\;1;;6"’(1?:)::6 | (bc-ad) ArcTanh| 4—)—212 (:izz)ifz ]

24+/3 b7/6 d5/6 3 p7/6 d>/6
(bc-ad) Log[bl/3 € (kx>  pEdt byl |
(c+dx)/3 (c+d x) /6 .
12 b7/6 d5/6
(bc-ad) Log[b?/3+ 42 (asbx)¥3 b dYS (arbx) VO ]
(c+d x)1/3 (c+d x)V/®
12 b7/6 d5/6
Result (type 5, 90 leaves):
o
bd (a+bx)*®
d(a+bx) )8 1 1 7 bc+dx
(c+dx)1/6 d(a+bx)+ (bc-ad) Q Hypergeometric2Fl[~, =, —, ( )
-bc+ad 6 6 6 bc-ad

Problem 1807: Result unnecessarily involves higher level functions.

j 1 dx
(a+bx>1/6 (c+dx)5/6

Optimal (type 3, 309 leaves, 12 steps):

1 2dY/5 (atbx)Y/s 1 2dY% (asbx)V/® dv/6 (a+b x)1/6
/3 ArcTan|-L- - 24 —(abx— 1/6] /3 ArcTan| =+ %—>—w —| 2ArcTanh|[ < —]
N3 /3 b6 (ctdx) A3 /3 bYE (crdx)Y b6 (c+dx)V

b1/6 d5/6 b1/6 d5/6 b1/6 d5/6

1/3 1/3 1/6 41/6 1/6 1/3 1/3 1/6 41/6 1/6
Log[b1/3 i d (a+b x) ¥/ _ b/°d (a+b x) ] Log[b1/3 4 d (a+b x) %/ 4 b*/°dY/° (a+b x) ]

(c+dx)V/3 (c+d x) /6 (c+dx)1/3 (c+d x)1/6

+

2b1/6 d5/6 2b1/6 d5/6

Result (type 5, 71 leaves):
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. 1/6 ) .
6 (M) (c+dx)1/6 Hypergeometric2f1[%, 1, Z, bledx |
-bc+ad 6 6 6 bc-ad

d (a+bx)1/6

Problem 1824: Result unnecessarily involves higher level functions.
+d 11/6
[l —g,
(a+bx)>
Optimal (type 3, 424 leaves, 14 steps):
11 (bc-ad) (a+bx)1/6 (c+dx)5/6 (aerx)l/6 (c+dx>1l/6
12b2 i 2b )

1/6 1/6 1/6 (a4 1/6
55 (bc-ad)?ArcTan| L- - 240X ] 55 (hc-ad)?ArcTan[ L+ 24— labX |
V3 V3 bY/°® (c+dx)V/® V3 b6 (c+dx)Y/6

24+/3 b17/6 d1/6 24A/3 b17/6 d1/6
1/6 1/6 1/3 1/3 1/6 41/6 1/6
55 (bc-ad)?ArcTanh | &30X =1 55 (bc-ad)? Log[bl/3 + &2 v
bt/6 (c+d x)/® (c+dx)1/3 (c+d x)1/6
- +
36 bl7/6 g1/6 144 pl7/6 d1/6
1/3 (a4 1/3 1/6 41/6 1/6
55 (bc-ad)?Log[bl/3 4 abxm, bmdm(abx ]
(c+dx)/3 (c+d x)/®

144 b17/6 d1/6

Result (type 5, 111 leaves):

d(a+bx) 5/6

[(c+dx)5/6
-bc+ad

-d(a+bx) (-17bc+1lad-6bdx) +11 (bc—ad)z[

)

Hypergeometric2Fi |

5 3
6 6 6 bc-ad

i tj(ﬁdx)})]/ (12b%d (a+bx)*°]

Problem 1825: Result unnecessarily involves higher level functions.

d 5/6
j(C-%— X) dx

(a+bx>5/6

Optimal (type 3, 378 leaves, 13 steps):
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2dY/6 (arbx) /6 ]
V3 b6 (cedx) /6

b 2 \/? pll/6 41/6

(a+bx)¥® (c+dx)>® 5(bc-ad) Ar‘cTan[ﬁ_

_2dY5 (asbx) V6 Y6 (arbx) /6
5(bc-ad) ArcTan| - 4 24 —(2:bX - (bc-ad) ArcTanh[ ¢ 20X ]
\/3 b/ (cdx)/E bY/6 (c+d x)/®
2+/3 b11/6 d1/6 3b11/6 d1/6
5 (bc-ad) Log[bl/3  $labx®>  bUod (aubx) e ]
(c+dx)1//3 (c+dx)1/5

12 b11/6 d1/6

1/3 1/3 1/6 41/6 1/6
5 (bc—ad) Log[b1/3+d/ <a+bx>/ , bYedYe asbx)Y ]
(c+d x) /3 (c+d x)1/5

12 b11/6 d1/6

Result (type 5, 90 leaves):
1

bd (a+bx)>*®

5/6

11 b (c+dx]
Hypergeometric2Fi |

el

d(a+bx) 5
6 6 bc-ad

-bc+ad

)

(c+dx)5/6(d(a+bx)+(bc—ad)[ Z

Problem 1826: Result unnecessarily involves higher level functions.

J ! dx
(a+bx)*® (c+dx)?®
Optimal (type 3, 309 leaves, 12 steps):

1/6 1/6 1/6 1/6 1/6 1/6

V3 ArcTan| L - 24 abX— ] /3 ppcTan| -+ 2&(abX— | 5 ApcTanh | (20X =]
V3 V3 bY/E (crdx)V/E V3 V3 bY6 (c+dx)V/6 b2/6 (c+dx)?/6

- +

b>/6 d1/6 b>/6 d1/6 b>/6 d1/6
1/3 1/3 1/6 41/6 1/6 1/3 1/3 1/6 41/6 1/6
Log[b1/3+ dv/ (a+bx)/ /> bY°d (a+b/x) ] Log[b1/3+ d (a+bx)/ 4 b*/°d (a+b/x) ]
(c+dx)/3 (c+d x)/® N (c+dx)1/3 (c+d x)/®
2 b5/6 g1/6 2 b5/6 g1/6

Result (type 5, 73 leaves):

5/6 ,
6 (—(—)—d atbx ) (c+dx)5/6 Hypergeometric2F1[ >, 2, %, b (erdx) ]
-bc+ad 6 6 6 bc-ad

5d (a+bx)5/6

Problem 1831: Result unnecessarily involves higher level functions.

(c+dx>13/6 i
S~ dx
J(a+bx)7/6

Optimal (type 3, 449leaves, 15 steps):
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91d (bc—ad) (aerx)‘:‘/6 (c+dx>1/6 13d (a+bx)5/6 (c+dx>7/6

+

12 b3 2 b?

91dY/¢ (bc-ad)?ArcTan| 2= M]

V3 /3 bY/E (crdx) Ve
" _

6 (c+dx)13/6

b(a+bx)1/6 24 /3 bl9/6

1 / /! / //
91dY® (bc-ad)?ArcTan| -, 2E—(a:bX22 1 91 ¢1/6 (hc - ad)? ArcTanh [ E—2bx "2

V3 /3 bY8 (cedx) /6 b'/6 (c+d x) /6

+
24+/3 pt9/e 36 b19/6
91 d1/6 (b c—-a d) 2 Log [b1/3 L @ (asbx)¥? Y0 dY6 (asb x)l/s}
(c+dx)1/3 (c+d x) /6

144 p19/6

1/3 1/3 1/6 41/6 1/6
91 d1/6 <bc—ad)2 Log[b1/3+ d (a+tbx) ¥/ + b*/6 d*/ (a+b/x) }
(c+dx)/3 (c+dx)Y/®

144 b1°/6

Result (type 5, 129 leaves):
1

(crdx)Ve

12 b3 (aerx)l/6
d (a+bx)

Hypergeometric2F1|
-bc+ad

[N

1 7
> T T
6 6

91 (bcad)z(
bc-ad

1/6 b(c+dx)

Problem 1832: Result unnecessarily involves higher level functions.

J (c+dx)”/® 5

- dX

(a +b X> 7/6

Optimal (type 3, 403 leaves, 14 steps):

7d (a+bx)5/6 (c+dx)1/6 6 (c+dx)7/6

-91a%d?*-13abd (-13c+dx) +b? (—72c2+25cdx+6d2x2) +

1/6 (3. 1/6
7dY6 (bc-ad) ArcTan| L - 24 labxi
V3 V3 bY® (c+dx) /6

.
b2 b<a+bx)1/6 2/3 b13e

7dV¢ (bc-ad) ArcTan[ L %} 7dV6 (bc-ad) ArcTanh |
/° (c+d x) Y/

, ,
d¥/5 (a+bx)Y/®

pl/6 (c+d x) /6

]

+

2 /3 pl13/6 3 pl3/6
7dY¢ (bc-ad) Log[b? + a2 (arbx) Y2 pYodY/C (arbx)VC ]
(c+dx)V/3 (c+dx)V/® .
12 bl3/6
1/3 1/3 1/6 41/6 1/6
7dY6 (bc-ad) Log[bl/3+ S (abx)n  bImd (asbx) 2 ]
(c+dx) /3 (c+d x)/®
12 b13/6

Result (type 5, 93 leaves):

| 231
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_r <c+dx)1/6
bz(a+bx)1/6

d(a+bx)\*® 1 1 7 bfc+dx)
-6bc+7ad+bdx+7 (bc-ad) [ Hypergeometric2F1[~, =, —,

-bc+ad 6 6 6 bc-ad

Problem 1833: Result unnecessarily involves higher level functions.

(C +d X) 176 4
- dX
j (a+bx)”/®
Optimal (type 3, 332 leaves, 13 steps):

1/6 1 2dY/5 (atbx)Y/s
6 (c +d x) 16 3 d Ar‘cTan[—ﬁ 3 b7 (crd 70 ]

7b(a+bx>1/6+ b7/6

1/6 1/6 1/6 1/6
4/3 d1/6 Ar‘cTan[ 1 . 2d / a+bx) Y : ] 2 d1/6 ArcTanh [ d - a+b x : }
V3 \/3 bY/6 (c+dx)V/® b/ (c+d x) /6

b7/6 b7/6

d/¢ Log[b/3 + d? (asbx)V? b5 dY6 (asb X)l’/s} d/¢ Log[b/3 + di? (asbx)¥2  bYCdC (asb X)l/’s}
(c+d x)1/3 (c+d x)1/6 (c+dx)1/3 (c+dx) /6

+

2b7/6 2 b7/6

Result (type 5, 74 leaves):
1/6

1
Hypergeometric2F1 [

d (a+bx)
b (a+bx)1/6

-bc+ad

b<c+dx)
bc-ad

]

k)

6 (crdx)tS [1[

|

Problem 1843: Result more than twice size of optimal antiderivative.

1
J 7/6 19/6 dx
(a+bx) (c+dx)

Optimal (type 5, 82leaves, 2 steps):

1/6 . .
6 b2 (M) HypepgeometrlczFl[_l, 5 _d_(a_be}
bc-ad 6 6 bc-ad

6
(bc—ad)3 (a+bx)1/6 (c+dx>1/6
Result (type 5, 179leaves):

30 (ad® -a’bd? (5c+2dx) +

ab%d (23c2+36cdx+16d2x2) + b3 (13c3+62c2dx+80cd2x2+32d3x3>) +

d b 176 b d
M (c+dx)3Hyper‘geometr‘icZFl[l, > 1 M] /

768 b3 s
6 6 6 bc-ad

-bc+ad

(65 (bc-ad)* (a+bx)¥® (c+dx)13/6)
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Problem 1850: Unable to integrate problem.
j(a+bx>’" dx

(c+dx) 2
Optimal (type 5, 52 leaves, 1 step):

b (a+ bx)l*"‘ Hypergeometric2F1[2, 1+m, 2+m, - d—;ﬁ)—}

(bc-ad)? (1+m)

Result (type 8, 17 leaves):

J(a+bx>'" ix

<C+dx>2

Problem 1851: Unable to integrate problem.
J(a+bx>m dx

(C+dx>3

Optimal (type 5, 54 leaves, 1step):

b? (a+bXx) Y™ Hypergeometric2F1[3, 1 +m, 2 +m, - 4(2:0X0]

bc-ad
(bc—ad)3 (1+m)

Result (type 8, 17 leaves):
J(a+bx>m 4

(c+dx>3

Problem 1857: Unable to integrate problem.

J (c +d X>n dx

<a+bx>2

Optimal (type 5, 51leaves, 1step):

d(c+d x)l”' Hypergeometric2F1[2, 1+n, 2 +n, bgbm_d;q]
c-a

(bc—ad)2 (1+n)

Result (type 8, 17 leaves):

(c+dx)"
J(a+bx>2 >
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Problem 1858: Unable to integrate problem.
J (C +d X>n dx

(a+bx) 3
Optimal (type 5, 54 leaves, 1 step):

d* (c+d x)l*” Hypergeometric2F1[3, 1+n, 2+n, b—b(ﬁ)—]

(bc-ad)® (1+n)

Result (type 8, 17 leaves):

J<c+dx)"dlx

<a+bx)3

Problem 1864: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+bx)1*” (c+dx) " dx
Optimal (type 5, 72 leaves, 2 steps):

b(c+dx>

bc-ad

n d(a+bx)

(a+bx) 2z (c+dx)™ Hypergeometric2F1[n, 2+n, 3+n, -
bc-ad

]

b (2+n)

Result (type 6, 200 leaves):

afa+bx)" (c+dx)™"

b x d x
/(GacAppellFl[Z, -n, n, 3, -—, ——] +2nX
a d

2 . _bx dx
3bcx?AppellF1[2, -n, n, 3, s ]
a c

bcAppellfF1[3,1-n,n, 4, -—, - —| -adAppellF1[3, -n, 1+n, 4, - —, - —|

( b x d x b x d x
a C a C

-bc+ad bc-ad

(gm_be)m (c +dx) Hypergeometric2F1[1-n, -n, 2 -n, 2(cdX] ]

d (—1+n)

Problem 1865: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+bx)2*” (c+dx)Mdx

Optimal (type 5, 72 leaves, 2 steps):
b(c+dx> n d<a+bx)

(a + bx)3+n (c +dx)’” Hyper‘geometr‘icZFl[n, 3+n,4+n, -
bc-ad

J

b(3+n) bc-ad
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Result (type 6, 317 leaves):

afa+bx)" (c+dx)™

) b x d x b x d x
[3abcx AppellF1[2,—n, n, 3,**,7*} /(3acAppellF1[2,—n, n, 3,7—,7—]“1)(
a C a C
b x d x b x d x
(bcAppe11F1[3, 1-n,n,4, -—,-—|-adAppellF1[3, -n, 1+n, 4, - —, - —] ) N
a C a C
2 .3 b x dx
4b% cx®AppellF1[3, -n, n, 4, - —, - —| /
a C
b x d x b x d x
[12acAppe11F1[3, -n,n, 4, - —, _7] +3bcnxAppe11F1[4, 1-n,n,5, -—, _—] _
a C a C
b x d x 1
3adnxAppellF1[4, -n, 1+n, 5, - —, - — || - —————
a c d(-1+n)
d(a+bx) )™ b (c+dx)
a|———| (c+dx) Hypergeometric2fF1[1-n, -n, 2-n, ——————
-bc+ad bc-ad

Problem 1882: Result unnecessarily involves higher level functions.
j(aerx)m (ac(1+m)+bc(2+m)x)>"dx
Optimal (type 3, 95leaves, 2 steps):

) (a+bx>1”" (ac(1+m)+bc (2+m) x)’z’m+ (a+bx)1+m (ac(1+m) +bc (2+m) x)’l’m

abc (2+m) a’bc? (1+m) (2+m)

Result (type 5, 82 leaves):

_m(amx)m (c(a(tem) +b(2+m) x))"

b (2+m)x\"
-1-m- — Hyper‘geometr‘icZFl[l +m, 3+m, 2+m,
a a

(2+m) (a+bx>

]

Problem 1884: Result unnecessarily involves higher level functions.

2bcsad bc-2ad
J(a +b x) be-ad (c +d x> Tbead dX

Optimal (type 3, 97 leaves, 2 steps):

b ) s ol b x| - o) 22
- (a+ X) bc-ad <C+ X) bc-ad . <a+ X) bc-ad (C+ X) bc-ad

bc abc

Result (type 5, 159 leaves):

2bc+ad

-2bc+a d b -bc+a a
i(bc—ad) (a+bx) =T [(a+x) T (c+dx)bc—daa
ad? ~bc+ad

ad -2bc+ad bc b (c+dx)

Hypergeometric2Fi |

bc—ad) -bc+ad ’ bc—ad, bc-ad
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Summary of Integration Test Results

1917 integration problems

A - 1566 optimal antiderivatives

B - 88 more than twice size of optimal antiderivatives
C - 259 unnecessarily complex antiderivatives

D - 4 unable tointegrate problems

E - Ointegration timeouts



